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Nonequilibrium Thermodynamics 


NeEwMaN A. HALL 
University of Minnesota, Minneapolis, Minnesota 


(Received January 13, 1953) 


The foundations and implications of the concepts essential to 
the thermodynamic analysis of nonequilibrium systems are 
investigated. Following a review of the background developments 
in irreversible thermodynamics the concept of thermostatic 
isolation is introduced. This provides a conceptual device whereby 
a thermostatic state may be established for any nonequilibrium 
system and a means of justifying extended use of basic relations 
of classical thermodynamics or thermostatics. 

The conventional development of the form of entropy produc- 
tion is outlined. This in general is the sum of extrinsic entropy 
production and intrinsic entropy production. The former occurs 
as the sum of products of generalized diffusion effects and property 
gradients and is the result of interactions with discrete adjacent 


systems. The latter occurs as the sum of products of generalized 
affinities and generalized reaction rates and is the result of inter- 
action between geometrically coincident overlapping systems. 
Between the diffusion effect and gradients of extrinsic entropy 
production generally occur linear relations with phenomenological 
coefficients subject to the Onsager reciprocal relations. The 
intrinsic entropy production occurs as a relaxation phenomenon 
developed from the first-order relaxation between the affinity and 
the displacement of the reaction from equilibrium. 

The relation of the ultimate limits of applicability of thermo- 
dynamics to the uncertainty in establishitig thermostatic state 
under conditions of microscopic fluctuations is discussed. 





N the development and application of thermo- 
dynamics much has depended on the precision and 
comprehensiveness of the postulates and principles on 
which the structure of analysis is based. The significance 
of the contributions of Clausius, Helmholtz, Gibbs, 
Carathéodory, and Keenan has been their concern 
that an unambiguous description of the analytical 
model be set forth. This concern has established the 
logic of thermodynamics with sufficient firmness so that 
further developments may be made with confidence. 

The structure of thermodynamics which has arisen 
contains certain severe limitations, however, when 
applied critically to actual physical phenomena. These 
limitations are associated primarily with questions 
of equilibrium and continuity. While classical thermo- 
dynamics admits the existence of nonequilibrium states, 
it provides definitive information only when the system 
or medium is in equilibrium or can be subdivided into 
subsystems in equilibrium. 

Likewise any encounter with the microscopic struc- 
tures of molecular discontinuities effectively removes 
thermodynamics as a useful tool. 

In spite of these difficulties the formal procedures of 
classical thermodynamics have been applied with success 
in many cases where a strict logic would prohibit their 


use. This is unsatisfactory primarily in that without 
a firm basis for such an extension, a critical analysis is 
impossible. A very familiar example of current interest 
is the thermodynamic analysis of shock waves. By 
virtue of both of the limitations mentioned, the princi- 
ples of thermodynamics should not be applicable. 
Yet to some extent the results of such an analysis 
appear to be useful. 

The most popular alternate to thermodynamics in 
such cases is kinetic theory and statistical mechanics. 
While these theories have given much substance to 
thermodynamics since the time of Gibbs there are two 
serious disadvantages. The methods of analysis are 
of such complexity that they shquid be used only 
when essential, and in addition, the question of the 
extent of validity of the thermodynamic method is set 
aside rather than answered. 

A partial answer to the basic question has appeared 
in recent years as a thermodynamic theory of irrever- 
sible processes. This development was inspired by the 
work of De Donder' who was concerned with irre- 
versible processes in chemical reaction. Later L. 
Onsager,’ considering heat transfer as well as thermo- 


1T. L. De Donder, L’A ffinité (Paris, 1926). 
?L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 
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chemical problems, set forth certain general correlations 
characteristic of these processes. Subsequent studies 
by Meixner,’ Eckart,‘ Verschaffelt,> Prigogine,* De 
Groot,’ and others developed applications to thermo- 
diffusion, thermoelectricity, viscous flow, and heat 
transfer as typical irreversible processes. 

This approach has been summarized more recently 
by three monographs by De Groot,’ Prigogine,® and 
Haase,* which are essentially equivalent in initial 
premises and major aspects of exposition. In each case 
the basic Gibbs relation between entropy, internal 
energy, specific volume, and chemical potentials (Eq. 
18) is assumed valid in the extended domain of action 
of irreversible processes. This provides a device whereby 
a formal application of classical thermodynamics may 
be made and the direct quantitative effects of irre- 
versibility on the thermodynamic state evaluated. 
The principal elements of this theory have also been 
summarized by Prigogine® and by Denbigh.” 

In general the potential usefulness of such an ex- 
tension of thermodynamics lies in its ability to put 
many phenomena on a common basis and thereby 
establish more firmly their possible interrelation and 
the more fundamental aspect of their own nature, 
and also the possibility of providing quantitative 
criteria of the boundary between continuum thermo- 
dynamics and discrete theories such as statistical 
mechanics. 

These objectives have been attained in part and it is 
intended in these remarks to explain more fully certain 
fundamental questions and to suggest some of the 
areas where uncertainties remain. 

Before extending the domain of classical thermo- 
dynamics it is well to review certain of its own funda- 
mental concepts. The most essential is that of equi- 
librium. A system in thermodynamic equilibrium is 
one such that if it is isolated from all external influences, 
its state remains unchanged. Classical thermodynamics 
makes quantitative statements with reference only to 
such equilibrium states. For this reason it has been 
appropriately proposed to refer to this theory as 
thermostatics. 

Associated directly with the concept of equilibrium 
is that of reversible processes. A process is reversible 
if the system undergoing the process is at all times in a 
state of thermodynamic equilibrium. Thus an adiabatic 
reversible compression or expansion is one such that 


*J. Meixner, Ann. Physik 35, 701 (1939); 36, 105 (1939); 
39, 333 (1941); 40, 165 (1941); 41, 409 (1942); 43, 244 (1943). 

*C. Eckart, Phys. Rev. 58, 267, 269 (1940). 

5 J. E. Vershcaffelt, Bull. classe sci. Acad. roy. Belg. 28, 436, 
455, 476, 490 (1942); 30, 330 (1944) ; 34, 126 (1948). 

*T. Prigogine, Etude thermodynamique des phénomenes irréver- 
‘ sibles (Liége, 1947). 

7S.-R. De Groot, Thermodynamics of Irreversible Processes 
(North Holland Publishing Company, Amsterdam, 1951). 

*R. Hasse, Z. Naturforsch. 6a, 420, 522 (1951). 

*I. Prigogine, Appl. Mechanics Rev. 5, 193 (1952). 

“K. G. Denbigh, The Thermodynamics of the Steady State 
(Methuen & Company, London, 1951). 
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if the process is instantaneously terminated and the 
system isolated no further change of state will occur. 
Similarly reversible heat transfer will occur in a system 
where work is being transferred at the same time so 
as to maintain an isothermal state. Again isolation of 
the system will leave it unchanged and in an equilibrium 
state. 

So long as a system is in thermodynamic equilibrium 
there is no uncertainty in referring to its state or 
properties. However, in extending thermostatics to 
irreversible thermodynamics, there exists a critical 
uncertainty. As typified by temperature, the funda- 
mental properties of a system are defined conceptually 
in terms of equilibrium correlation or effectively by 
thermodynamic coincidence with reference measure- 
ment standards. The so-called zeroth law of thermo- 
dynamics" which establishes the temperature concept 
states that two systems in thermal equilibrium with a 
third are in thermal equilibrium with each other. In 
this respect it is as essential to have an equilibrium 
condition to define temperature as it is to have geo- 
metric coincidence to define distance. 

Not only is it essential to have equilibrium from a 
conceptual viewpoint but also from a critical experi- 
mental standpoint as well. It is only to the extent that 
a thermometer is in true thermal equilibrium that an 
unambiguous temperature can be determined. If the 
system whose temperature was to be determined 
consisted of two portions, A and B, separated by an 
adiabatic barrier, it is clear that if the local tempera- 
tures of A and B differed, the temperature readings 
could be either that of A or B depending on whether 
the thermometer was in contact with A or B. Also, 
if the thermometer were in thermal contact with both 
A and B, the very nature of the thermometer itself 
would determine the temperature. In any case where a 
temperature gradient exists, the same difficulty provides 
one element of uncertainty in experimental measure- 
ments. 

The same type of conceptual and experimental 
question arises in cases where gradients or discontinui- 
ties in other properties such as concentration or velocity 
occur. , 

The establishment of a satisfactory definition of state 
accordingly requires either some new procedure of physi- 
cal coincidence in order to obtain properties under non- 
equilibrium conditions or some method whereby the 
nonequilibrium condition during the irreversible proces- 
ses can be associated with an equivalent equilibrium 
state. 

The latter is proposed as more useful and effective. 
An irreversible process is maintained together with an 
implied nonequilibrium state because of the action of 
some influence external to the system. If such influences 
are removed, isolating the system, it will proceed 
spontaneously to a state of thermodynamic equilibrium. 


“J. H. Keenan and A. H. Shapiro, Mech. Eng. V, 915 (1947). 
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The properties of this resulting equilibrium state may 
then be defined as the properties of the original non- 
equilibrium system. Specifically these may be termed 
the thermostatic properties. To be satisfactory this 
definition must be consistent with the principles of 
thermostatics and with accepted terminology in relation 
to experimental techniques. 

The correlation with thermostatics is certainly 
satisfactory since no other direct criteria regarding 
nonequilibrium states exist. Furthermore the usual 
procedure in experimental observations is to search 
for a condition where equilibrium conditions are ap- 
proximated either by controlling the environment or, 
where gradients are unavoidable, by reducing the size 
of the instrumentation. In either case the ultimate in 
experimental procedure either of extensive or differential 
uniformity would measure properties coincident with 
those of the thermostatic state. 

In addition to resolving the question of state in 
irreversible processes the thermostatic properties pro- 
vide a useful device for thermodynamic analysis of 
extensive systems where property gradients are known 
to occur. In effect the thermostatic properties provide 
a thermodynamic average in such cases. 

For example, a substantial amount of engineering 
analysis in fluid motion involves the assumption of 
one-dimensional flow. The conventional procedure is 
to apply standard equations as if no radial gradients 
occurred. The same result can be attained, but on a 
more rigorous basis, if the properties used in the one- 
dimensional analysis are the thermostatic properties 
for a section across the stream tube of differential 
length. Thus in the case of constant area flow thermo- 
Static isolation is obtained by an adiabatic frictionless 
transition from the real flow with cross stream gradients 
to uniform thermostatic flow. The thermostatic state 
is then determined by the relations 


w=pAV.= f vad, (1) 
1 1 

F=p,A+—wV,.= f pdA+— f pV°dA, (2) 
8c Se 


1 1 
wit =wh-+—wV = fpVidA-+— fovraa, (3) 
2g 2ge 


where the thermostatic properties /,, p,, and p, are 
also related by an equation of state. These four equa- 
tions are sufficient to determine the thermostatic state 
for any initial distribution. 

For laminar isothermal flow in a circular pipe of a 
constant density fluid, this analysis gives the following 
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thermostatic properties : 


V.= Vimy (4) 
Ps=p, (S) 
1 
pi=pt—rVn’, (6) 
38 
1 
h,=h+—V,/, (7) 
2g¢ 
1 
us=uU+t—V 4’. (8) 
6g. 


These results follow directly from the local parabolic 
velocity distribution 


V=2V el 1— (r2/a?)]. (9) 


The local thermostatic properties for a differential 
element will be the local thermodynamic properties as 
conventionally used. There is no significance in referring 
to an internal distribution as in the case just discussed. 
Furthermore, while a differential system may be 
formally defined from a thermodynamic viewpoint, the 
actualities of microscopic physical structure impose 
severe practical limitations. The thermodynamic system 
at all times must be sufficiently large that it is not 
affected by microscopic statistical fluctuations. Under 
normal circumstances the number of molecules in a 
gas, say, is sufficiently large that differentials may 
approach the infinitesimal limit to satisfy mathematical 
requirements and still remain above the fluctuation 
range. However, if an extreme degree of irreversibility 
occurs, there will exist property gradients of sufficient 
magnitude that an attempt to analyze detail behavior 
as in a shock wave or a flame front will require reference 
to differentials small enough that the fluctuation limit 
is reached. 

In the domain where statistical fluctuations are 
significant the concept of thermostatic state fails, as 
the state is no longer unique. The procedure of thermo- 
static isolation for the system would establish properties 
dependent on random statistical fluctuations in addition 
to the conventional thermodynamic environment. Thus, 
thermodynamic analysis would no longer be applicable. 
This circumstance can be developed quantitatively to 
provide criteria for the limits of thermodynamics in 
irreversible processes. 

The conceptual procedure of thermostatic isolation 
which stops any interaction between the system and 
any other system in contact has particular significance 
when two or more systems occupy the same space. 
This occurs, for example, when several radiation fields 
of different temperatures occupy a volume which may 
also contain a gas at a still different temperature. The 
same situation occurs in the phenomena of thermal 
relaxation of a gas where the two. systems are the 
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internal or vibration system and the external or trans- 
lation rotation system. In a reacting chemical mixture 
the two sets of chemical species comprise the systems; 
although on thermostatic isolation any diffusion 
gradient is to disappear while the reaction is to be 
frozen, maintaining a difference in free energy between 
the systems. 

In each of these cases the discontinuity or gradient 
which gives rise to the irreversible action is not spatial 
but is distributive and intrinsic. The irreversible 
interaction is essentially local and unless external 
influences are involved will proceed as a transient. 
The terminal state of such a transient when external 
factors are absent or removed is frequently identified 
as the state of thermodynamic equilibrium for the 
resulting combined system. This equilibrium must be 
carefully distinguished from the equilibrium involved in 
the thermostatic isolation of the component system. 

Since any thermostatic property is defined with 
reference to an equilibrium state, any principle of 
thermodynamics stated implicitly in terms of equi- 
librium states may be applied, in general, without 
qualification, provided thermostatic properties are used 
consistently. The first law of thermodynamics defines 
the property internal energy by the relation 


dU=dQ—dW, (10) 


assuming heat and work to be known. According to 
reference 11, equally satisfactory statements express 
internal energy in terms of work and an adiabatic 
process or heat and a no-work process. 
The second law similarly defines entropy as a property 
by the relation 
ds=dQ/T, (11) 


where the system is closed and the process is reversible. 
This is somewhat analogous to the definition of internal 
energy in terms of heat transferred during a no-work 
process. A further implication of the second law is that 
for an adiabatic process 

ds>0 (12) 


also analogous to defining internal energy in terms of 
work transferred in an adiabatic process. The increase of 
entropy implied is due to irreversibility taking place 
and can be expressed in terms of a rate of irreversible 
entropy production o. Thus 


ds= dt. (13) 


Combining these specialized expressions, the general 
expression for entropy corresponding to Eq. (10) for 
internal energy is 


ds= (dQ/T)+ edt. (14) 
The second law states that 
o>0. (15) 


The nature of the entropy production oa is the primary 
concern of the theory of irreversible thermodynamics. 
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The two terms in the entropy equation (14) are 
frequently identified separately®7: as the external 
entropy transport, 

ds.=dQ/T, (16) 


and the internal entropy production, 
ds;= cdl. (17) 


Neither of these is a property differential unless 
associated respectively with reversible or adiabatic 
processes in the same way that dQ and dW do not 
represent property differentials in general. 

For any closed system the rate of entropy production 
may be determined from Eq. (14) by knowing the heat 
transferred together with the thermostatic state at 
successive time intervals. The entropy change ds 
follows from the differential change in thermostatic 
state corresponding to the time change d/. 

In the more general case of an open multicomponent 
system additional factors are involved in determining 
entropy transport and production. The statements of 
the first and second law, Eqs. (10) and (15), are still 
applicable. In addition, the general theory of thermo- 
statics of equilibrium thermodynamics provides the 
Gibbs relation 


Tds=dU+dW,-> py.dm,, (18) 
k 


where dW’, is the reversible work. In general, this may 
be expressed as the sum of products of generalized 
forces and generalized displacements 


dW,=> F,dXp. (19) 


n 


The forces F, will be intensive quantities such as 
pressure, elastic stress, or electric or magnetic potential. 
The displacements will be extensive quantities such as 
volume, displacement, or charge. The most familiar 
form for simple mechanical-chemical fluid systems is 


dW ,=pdV. (20) 


The Gibbs relation is one between thermostatic proper- 
ties and accordingly may be applied to irreversible 
processes provided the thermostatic state at any time 
is determinate. 

To illustrate the structure of the entropy production 
for continuous systems the intrinsic form of the Gibbs 
relation Eq. (18) may be applied to the limited case of 
a fluid multicomponent system in which the component 
systems interact according to a set of chemical reactions 
and in which the only reversible work is that of the 
form Eq. (20). This is a rather specialized type of 
system but includes a larger number of common 
phenomena. 

In this case the Gibbs relation for unit mass assumes 
the form 


Tds=du+ pdv—> pu,dcy, (21) 
k 
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where c, is the concentration 
(22) 


The internal energy is changed according to the 
first law Eq. (10) by the action of (a) heat transfer and 
(b) work transfer. The concentration is changed by the 
action of (a) mass transfer and (b) chemical reaction. 

Since the general thermodynamics of a fluid system 
involves accelerated flow, it is convenient to apply 
Eq. (21) to a volume of fluid following the mean motion. 
In this case 


Ch=m,/m. 


a du p dp 
dt dt pdt ‘& dt 


where the time derivative is taken along the path of 
mean motion. 

The flow of heat in such a convective field can be 
described by a vector q which gives the heat flow rate 
per unit area. Applying this to a differential unit 
volume the rate of heat addition will be 


dQ 
p—=—V-4q. 
dt 


(23) 


(24) 


This can be obtained by direct consideration of the heat 
flow across the differential volume boundaries or by 
use of Gauss’ theorem. 

The work transfer will be that caused by surface 
forces, external forces, and acceleration. The surface 
forces comprise the net effect of the normal pressure p 
and the stress tensor *. 

These result in a net work transfer from their action 
on the surface of the fluid element, consequently, the 
rate of surface work transfer is 


dw, 
p—=V-(pv)—V: (*-v). (25) 
dt 
The external forces and acceleration, however, act on 
the fluid element as a whole, so the resulting rate of 
work transfer is 


dW, dw, dv 
p—+p—=— pF.-v+p—-v. (26) 
dt dt dt 


The general equation of motion for such a fluid 
element as expressed by the Navier-Stokes equation is 


dv 


p—=pF.—Vp+Vr. (27) 
dt 


Consequently, the total rate of work transfer per unit 
volume is 


dW dv 
p—=V-(pv)—V-(*-v)—pF.-vtp—-v 
dt dt 


(28) 
=V-(pv)—V-(*-v)—Vp-v+Ve-v 


= pVv—(*-V)v. 
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The equation of continuity for the fluid element is 
dp 
—+pVv=0, (29) 
dt 
so that 
dw p dp 
p—=—— ——(*-V)-v. (30) 
dt p dt 


Combining the rate of heat and work transfer 
according to the first law, Eq. (10), the rate of internal 
energy change is given by 


du p dp 
p—=—V-qt+— —+(<-V)-v. (31) 
dt p dt 


The rate of change of concentration may be shown’ 
by considering the two factors of mass transfer and 
chemical reaction to be given by 


dcx 


ew —VemitD va5-&;, (32) 


where m, is a vector mass velocity describing the 
selective flow of certain of the components relative to 
the mean motion, »;; is the product of the chemical 
reaction stoichiometric coefficient and the molecular 
weight, and &; is the reaction rate of the jth chemical 
reaction. 

Combining Eqs. (23), (31), and (32) the total rate 
of change of entropy is given by 


ds 
rae ee 
t 


+> uiVm,.— >, Kk > V Eiki. (33) 
k k 7 


In dividing this into entropy production and entropy 
transport, it should be observed that in applying the 
first law as given by Eq. (10) to the unit volume of 
fluid in an open system the thermal effects of mass 
transfer have been included in the term dg. Thus the 
heat flow vector q includes the transport of energy 
across the fluid element boundary resulting from diffu- 
sion as well as conduction. This vector energy transport, 
characterizing action at a surface and not within a 
volume, is locally reversible and contains effects only 
other than work transfer. Accordingly, the correspond- 
ing entropy vector transport will be indicated by the 
Gibbs relation Eq. (18) omitting the terms derived 
from work transport. Thus the entropy flow vector is 


q->d u,~M, 
k 


=————_———__, 


34 
-. (34) 


and the corresponding net reversible entropy transport 
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per unit volume is the negative divergence 


q—-> uum: 
ds, k 
p—=—V-s= —-V-——_—_—_-. (35) 
dt T 


The rate of entropy production per unit volume 
follows from Eqs. (33), (34), and (35) as 


ds ds. 
Tpo = Tp—— Tp— 
dt dt 
=(#-V)-v+) Ajé; (36) 
? 


Mk 
k T 


The affinity of the chemical reactions A; is also the 
negative of the free-energy difference between reactants 
and products 


Aj=—Q vejur=— Fj. (37) 
k 


This development of the entropy production is 
representative of more general forms.**- In all cases 
it appears that it can be presented as a sum of terms, 
each corresponding to a different effect and each 
occurring as the product of two terms which can be 
identified as causes and effects. The effects are some- 
times termed thermodynamic fluxes and the causes, 
thermodynamic forces.’ 

The items making up the entropy production may be 
divided into two general classes. The first class com- 
prises those associated with transport phenomena and 
occurs essentially as the product of a diffusion effect 
such as shear stress, heat or mass, and the gradient of 
the property correlated with this diffusion. As these 
all involve an interaction of the system with the 
surroundings by virtue of the gradients, the total 
effect may be termed the extrinsic entropy production 
a.. In general, 


oe=), Dua: VP an. (38) 


In the foregoing development 


D\=/Tp, fi=vV 
D=—-@/Tp, P:=inT (39) 
Di=mi/p, Pi=p./T. 


The second class is represented in the above develop- 
ment by the term dependent on the rate of the chemical 
reaction. As described earlier the chemical reaction is 
not controlled primarily by any external gradient but 
rather by the intrinsic free-energy differential between 
the reactants and products in the system. Accordingly, 
the resulting effect may be termed the intrinsic entropy 
production. Not included in the analytical formulation 


but causing the same type of intrinsic entropy produc- 
tion are the phenomena of thermal relaxation of gases 
and interaction between radiation fields and gases 
referred to earlier. 

If several of these effects occur, the total intrinsic 
entropy production ¢; can be expressed as a sum of 
products where in this case a generalized affinity 
corresponds to the thermodynamic force and a general- 
ized rate to the thermodynamic flux. 

While the entropy production may be formulated 
and classified in this very general manner, the central 
problem of nonequilibrium thermodynamics remains 
the complete description of the several factors involved. 
Beyond the type of general development presented 
above, the basic principles of thermostatics can provide 
no information. 

In the case of extrinsic entropy production, phe- 
nomenological principles propose certain very general 
linear relations. These are of the form 


Da= dX YurVP,. (40) 


These include such familiar relations as Fourier’s law 
for heat transfer, Ficks’ law for diffusion and Newton’s 
law for viscosity. The coefficients y,, generalize such 
terms as the thermal conductivity, coefficient of 
viscosity, etc. 

The implications of the linear relation Eq. (40), 
comprise most of the recent expositions on irreversible 
thermodynamics. In particular the phenomenological 
coefficients ym, appear to obey the Onsager relation?:?. 


Ymr=Yrm) (41) 


which have simplified implications in regard to coupling 
of irreversible actions.’ 

The linear relations Eq. (40), however, represent 
empirical approximations. If the coefficients are given 
a more general definition, 


Ymr=9D,,/OV P;, (42) 


there is reason to expect that they may themselves 
depend on the gradients in a manner analogous to the 
way specific heat defined as a differential still depends 
on temperature. Furthermore, with this more general 
definition it is uncertain whether the Onsager relations 
remain valid. 

The intrinsic entropy production requires a different 
approach as indicated by the complexity of chemical 
kinetic theories. Attempts to relate the generalized 
affinities and rates by linear relation of the type 
have had limited success*? with any range of usefulness 
being limited to a very restricted neighborhood of the 
equilibrium for the combined systems. 

A more promising approach is that followed custom- 
arily for thermal relaxation of gases which introduces 
a relaxation time to characterize the essential transient 
character of the action. This approach has been applied 
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to the case of chemical reaction rates recently” with 
promise that it may be very generally applicable. 
Reference may be made to this treatment of Kirkwood 
and Crawford to observe the general type of formulation 
which may be made. A recent study by Meixner™ 
suggests that intrinsic entropy production may give 
rise to certain dynamic effects in fluid motion of a type 
essentially different from those associated with the 
extrinsic entropy production correlated with viscosity. 
In summary, it appears that the concept of thermo- 
.static isolation provides a means whereby the concept 
of state dependent on thermodynamic equilibrium may 
be extended to nonequilibrium systems. Furthermore, 
such nonequilibrium systems are differentiated from 
the corresponding equilibrium systems by the occurrence 
of entropy production. This may be extrinsic and 
dependent on generalized diffusions and gradients 
or intrinsic and dependent on generalized affinities 
and rates. The limitations on the applicability of 
thermodynamic analysis appear to be associated with 
the uniqueness of the thermostatic state as it may be 
affected by microscopic statistical fluctuations. The 
investigation of this limitation and of the structure of 
entropy production remains as central problems for the 
thermodynamics of nonequilibrium systems. 


NOTATION 


A Cross-section area—one-dimensional flow 
a Cross-section radius—one-dimensional flow 
A;=—AF; Affinity—multicomponent system 
C, Concentration—multicomponent system 
D, Diffusion effect 

F Thrust functions—one-dimensional flow 
F, Generalized force for reversible work 

F, External body force field 

g- Gravitational conversion factor 

h Enthalpy 

h, Thermostatic enthalpy 


Ss 


2 J. G. Kirkwood and B. L. Crawford, J. Phys. Chem. 56, 
1048 (1952). 
13 J. Meixner, Z. Physik. 131, 456 (1952). 
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Stagnation enthalpy 

Mass of fluid element 

Mass of component in fluid element 

Mass vector velocity of component 
Property—extrinsic entropy production 
Pressure 

Thermostatic pressure—one-dimensional flow 
Heat 

Heat flow vector 

Radial position—one-dimensional flow 
Entropy 

External entropy—as entropy transport 
Irreversible or internal entropy—from entropy 
production 

Specific entropy 

Entropy flow vector 

Temperature 

Time 

Internal energy 

Specific internal energy 

Thermostatic internal energy—one-dimensional 
flow 

Volume 

Velocity—one-dimensional flow 
Thermostatic velocity—one-dimensional flow 
Average velocity—one-dimensional flow 
Vector velocity 

Work 

Reversible work 

External work 

Kinetic work 

Surface work 

Mass flow rate—one-dimensional flow 
Generalized displacement—reversible work 
Phenomenological coefficients 

Component chemical potential 
Stoichiometric coefficients 

Density 

Thermostatic density 

Entropy production rate 

Stress tensor 

Reaction rate 
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The results of some experiments on millimeter wave and light generation by means of an undulator are 
described. After a brief survey of the theoretical background the design of a magnet system is discussed. An 
experiment is described in which a 100-Mev electron beam from the Stanford linear accelerator passed 
through the undulator. Light radiated by the beam was observed and the plane of polarization determined. 
A small linear accelerator with good bunching action was used for an experiment on millimeter wave genera- 
tion. At a beam energy of 3 Mev, radiation in a wavelength band below 1.9 millimeters was observed. A 
peak power output of the order of one watt was obtained. Millimeter waves generated in the accelerator tube 


were also observed. 


I. INTRODUCTION 


HEORETICAL investigations have shown’ that 
under certain conditions radiation ranging from 
millimeter waves to visible light is emitted by electrons 
in accelerated motion in the energy range of a few Mev 
to, say, 100 Mev. In particular, sinusoidal orbits were 
investigated in detail,’ and the power level obtainable 
in the millimeter range from electrons with an energy 
of a few Mev seemed promising. In this paper the 
results of some preliminary experiments on millimeter 
wave and light generation are presented. 

While the light generation experiments are of purely 
academic interest, the millimeter wave experiments 
may have some practical importance. In this case it 
is possible to bunch the electron beam so that groups of 
electrons radiate coherently. It was shown* that the 
power level may be higher by a factor of the order of 
a million as compared to noncoherent radiation and 
that a peak power of the order of kilowatts may be 
obtainable in practice. The first experimental attempts 
reported in this paper resulted in a power output in 
excess of one watt in the millimeter wave range. This 
result, although it falls far short of what is ultimately 
hoped for, is yet encouraging in view of the general 
situation in this field.’ Klein ef al.* report a power 
output of the order of milliwatts from magnetron 
harmonics at about 1-mm wavelength, and other 
methods give comparable results. 


Il. THEORETICAL BACKGROUND 
1. The Undulator 


Electrons passing through a magnetic field, the 
direction of which alternates in space along the electron 


* The work reported herein was performed under a contract 
between Stanford University and the U. S. Office of Naval 
Research. 

(94) L. Ginsburg, Bull acad. sci. U.S.S.R. Sér. phys. 11, 165 

?P. D. Coleman, Ph.D. thesis, Physics Department, Massa- 
chusetts Institute of Technology, 1951. 

+H. Motz, J. Appl. Phys. 22, 527 (1951). 

*K. Landecker, Phys. Rev. 86, 852 (1952). 

5 J. R. Pierce, Phys. Today 3, 24 (1950). 

® Klein, Loubser, Nethercot, and Townes, Rev. Sci. Instr. 
23, 78 (1952). 


path, describe a periodic orbit in a plane perpendicular 
to that of the field. We call the arrangement a magnetic 
undulator (Fig. 1). It was shown’ that electrons moving 
in a sinusoidal orbit radiate electromagnetic waves of 
angular frequency, 


w= 2mv/lo[ 1— (v cos8)/c ], (1) 


depending on the angle @ which the wave normal 
makes with the axis of the undulator. Here & is the 
space period of the magnetic flux distribution and » 
the axial electron velocity. This formula is valid as 
long as evBlo/m ec? is small compared to unity. For 
larger values of this quantity harmonics of the funda- 
mental frequency (1) will appear with increasing 
intensity. The foregoing formula applies to an infinitely 
long undulator and to radiation in free space. If the 
electron beam is confined by a wave guide of transverse 
dimensions comparable with the wavelength of the 
radiation the various modes of wave-guide propagation 
have to be considered. 


2. Calculation of Frequency Spectrum Radiated in 
a Wave Guide 


The radiation emitted by the electrons in a wave 
guide may be calculated by considering, at first, an 
observer riding with the electrons. Such an observer 
sees the space period J) of the undulator shortened by 
Lorentz contraction. Such an observer therefore sees 
the electron carry out oscillations of angular frequency 


w’ = 2xv/lo(1—f?)! (2) 


in a plane perpendicular to the magnetic-field direction. 

The field modes propagated in a guide of rectangular 
cross section depend on 2’ and ?’ according to the 
relation 





E’, H'~ exp(— iy’ m, n|2’|+iw'l’), (3) 
where 
mr nx w’ 
Ym, n= (k acest ’ k’'=—, (4) 
a bP c 


m=(Q, 1, 2,3---, n=0, 1, 2, 3---, m+nxO0, 
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and a, b, (a>b) are the dimensions of the guide cross 
section. 

The coordinates 2’,t’ of the observer moving with an 
electron are related to the coordinates z, ¢ of an observer 
in the laboratory frame of reference by the Lorentz 
transformations 


a! = (z—vt)/(1—B*)!, = (t—Bs/c)/(1—#*)*. (5) 


Hence, in the laboratory frame of reference for z>v/ 
the fields will depend on z, ¢ according to the relation 


E, H~ exp[i (vm, n+Bk’)z/(1—6?)! 
+i(y'm, B+ R’)ct/(1—B6*)*]. (6) 
In this system the propagation constants and fre- 
quencies are given by 
Ym, n= 24), n= (ym, n+ BR’)/(1—6)!, (7a) 
Rm, n= Wm, n/ C= (Y' m, B+’) /(1—6)}. (7b) 
It is clear that the radiation in an infinitely long guide 


would have a line spectrum with one line corresponding 
to every undegenerated mode of propagation. 


3. The Orbits 


The kinetic energy of an electron is given by the 
relativistic formula 


E=m"(1/(1—6*)!— 1], (8) 


while the radius of curvature p of the electron path 
in a magnetic field B is given by 


epB=myr/ (1-8), (9) 


where mo is the rest mass. Combining these equations 
we’ find the relation between the radius of curvature 
and_the energy 


Bo= (E2+1.02E)!104/3, (10) 


where E is the kinetic energy expressed in Mev. 
Let the orbit be expressed in Cartesian coordinates y,z. 
Then 


1/p= (@’y/dz*)/C1+ (dy/ds)*}. (11) 
The differential equation 
A f(2)= (@y/dz*)/(1+ (dy/de)*} (12) 
is satisfied by the electron path y(z). Here 
B= Buf(2) (13) 


is the flux distribution, and f(z) is a periodic function 
of unit maximum amplitude which specifies the wave 
form, and 


A=3By/10'(E°+1.02E)}. (14) 
Equation (12) can be integrated and yields 


u(32)/[ 1+? (22) }}—u(21)/L 1+? (21) }} 
=-4f- f(z)dz, (15) 
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Fic. 1. Schematic dia- 
gram of the magnetic un- 
dulator. 


' 4, 
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ELECTRON PATH 





where u=dy/dz. This equation can be integrated once 
more, and leads to the relation 


y(e)—y()= ff F@/U-F@}d, (16) 
where 
F (z)=u(z)/(1+4(s) }}. 


Let u(z2)=0 at a point z=z2 where df/dz=0, and let 
z= 2, be a point where f=0. Then, if f(z) is periodic and 
contains odd harmonics only, the same is true for 
y(z)—y(z1). 

If it is desired to impose «(z2)=0 at a position 
= Ze, it is only necessary to make 


(16a) 


u(si)/C1-+0(e) =A f f(2)dz, (17) 


i.e., to determine the injection angle at z=z, by means 
of Eq. (17). 

As a particular case, it is interesting to consider the 
path in a sinusoidal flux distribution, 


B= By cos{ 24(z—22)/lo ]. (18) 
The orbit is then given by 
y=aln{aA cos(s—22)/a 
+[1— (aA)? sin?(s—2z2)/a}}}/(1+aA), (19) 


where a@=l)/2r. This is a curve resembling a sine 
curve, i.e., for values of B and E contemplated in this 
paper the harmonic content is low. A maximum of this 
curve occurs at z=2:. Then the question arises as to 
how to inject the electrons into a finite undulator in 
order to obtain the periodic orbit given by Eq. (19) 
for z>2. The solution is, of course, obtained by means 
of Eq. (17). It is preferable to inject the electrons 
parallel to the z axis. The flux distribution preceding the 
position z= 2 must in this case be adjusted so as to make 


f y f(2)dz=0, (20) 


and this condition is independent of the electron energy. 





828 MOTZ, 














Fic. 2, The magnetic undulator partially assembled. 


Ill. GENERAL CONSTRUCTION OF THE UNDULATOR 
1. The Design 


Equation (29) of reference 3 shows that the radiation 
intensity is proportional to the square of the magnetic- 
field strength. It is therefore desirable to pass the 
electrons through a magnetic field with as high an 
amplitude of field reversal along the beam as can be 
obtained. Since a number of permanent magnets were 
available, it was decided to fit a special arrangement of 
pole pieces to an array of these magnets. 

Figure 2 shows this array. Long steel bars cover each 
set of pole faces. These bars are slotted and teeth are 
seated horizontally in the slots. The figure shows the 
upper double set of teeth, and it is seen that they are 
staggered so as to bring the right-hand set in between 
the left-hand set. A second double set of teeth comes 
from below, staggered the opposite way. Vertical gaps 
are-thus formed between the upper and lower sets of 
teeth in the manner illustrated in Fig. 3. Alternate 
upper teeth are connected to pole faces of opposite 
polarity, forming pole gaps with corresponding lower 
teeth in such a manner that the vertical component 
of ‘magnetic flux alternates along the axis of the struc- 
ture. 

There is, of course, a rather large amount of leakage 
flux. The problem of maximizing the useful flux is 
hardly amenable to an exact solution. Flux measure- 
ments were therefore carried out on a model, and an 
optimum tooth shape was determined empirically. 

At the pole tips there occurs some flux fringing which 
introduces a horizontal component of magnetic field. 
It is easy to see that the horizontal component points 
in the same direction in all the gaps and would bend 
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the beam upwards when the S poles are to the right 
of the beam. It is therefore necessary to allow sufficient 
overlap between the teeth such that the beam will 
pass through a middle portion free from horizontal 
field components. The optimum overlap was deter- 
mined by studying the field distribution with the help 
of a large-scale model of the teeth in an electrolytic 
tank. 

The complete magnet assembly carried a second set 
of magnets arranged symmetrically with respect to 
those shown in Fig. 2 in the manner indicated in Fig. 3. 
There were altogether 25 magnets and 50 pole gaps. 
The distance between pole gaps was 20 mm so that the 
flux density distribution had a period of 40 mm. 

The electrons pass through an evacuated wave guide 
shown in cross section in Fig. 3. It turned out that the 
dimensions of standard wave guide were not suitable. 
A cylindrical tube was pressed into almost rectangular 
shape by means of a simple die. In the case of the light 
generation experiment we used a copper tube of inner 
dimensions 0.37 cm X0.82 cm. For the millimeter wave 
experiments we used a silver guide 0.37 cm 0.83 cm. 


2. Accuracy of Construction 


It is clear that the field should be exactly periodic 
in the longitudinal direction in order to lead to a periodic 
electron orbit. Deviations from constant spacing 
between adjacent teeth and changes in the amplitude 
of the flux density will cause perturbations of the elec- 
tron orbits. If the fluctuations are cumulative they will 
cause a sideways drift, and the beam may eventually 
be lost. 

Analysis of orbit perturbation was carried out by 
means of Eqs. (15) and (16). It was concluded that 
the spacings should be correct within 0.001 inch and 
that the flux should repeat with an accuracy of 1 
percent. The latter means that the pole separations 
should be exact within 0.002 inch. 

Deviations should, of course, preferably occur in a 
random sequence. 


UNDULATOR SECTIONS 8-8 
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Fic. 3. Details of undulator construction. 
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3. Magnetic Measurements 


Measurement of gap fields was carried out by means 
of a calibrated coil and a fluxmeter. The coil was 
mounted in a strip of Masonite which could slide in a 
brass guide shown in Fig. 2. The flux densities were 
averaged over one-half space period and amounted to 
5600 gauss in the case of the light experiment and to 
3900 gauss in the case of the millimeter wave experi- 
ment. Deviations were within 1} percent. 


4. Injection 


It is easily seen that the electrons should be injected 
in a horizontal plane under a small angle with the axis 
or parallel to the axis if Eq. (20) can be satisfied. 
In so far as the orbit is periodic, the injection angle is 
repeated with the period of the alternating flux. The 
necessary injection angle was calculated for various 
energies. At the high energies required in the case of 
the light experiment this angle is small, and bellows 
inserted between the undulator guide and the electron 
source allowed sufficient adjustments. The whole as- 
sembly rested on a steel base plate which could be 
leveled by means of screws and rotated on a ball 
bearing situated under the first pole gap. In the case of 
millimeter generation the amplitude of the orbit, 
hence the injection angle, are larger, and the adjust- 
ments were carried out in a different way. 

“It was shown in Sec. II, Part 3, Eq. (20) that it is 
sufficient to adjust the total flux under the first pole 
gap to a suitable value in order to achieve satisfactory 
injection. The first tooth pair was made movable, and 
the gap separation could be adjusted by remote control. 

The flux under the first tooth pair includes the flux 
portion in front of the undulator. Here another problem 
arose since this part of the flux should also be free from 
horizontal components arising out of flux fringing. 
The space immediately in front of the entrance was 
therefore shielded by a mild steel tube (0.d. ? inches, 
id. 3 inch, length 23 inches) slipped over the wave 
guide. 


IV. GENERATION OF VISIBLE LIGHT 
1. The Basic Experiment 


It follows from Eq. (1) that an electron beam with 
an energy 100 Mev passing through the undulator 
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Fic. 4. Detector arrangement for light waves. 
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Fic. 5. Schematic diagram of polaroid experiment. 
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should generate visible light. Such a beam energy was 
available to us for a short period from the Stanford 
linear accelerator. The following experiment was 
carried out. The undulator was connected vacuumwise 
to the accelerator. At the exit end of the undulator the 
wave guide was closed by a thin glass plate (microscope 
cover glass). A mirror made of microscope cover slide 
on which silver had been evaporated was placed to 
intercept any light coming through the window. 
According to the equation 


6= moc*/E, 


where E is the beam energy, this light would arrive 
under an angle of 1/200 radian. Using a selsyn drive 
the mirror could be rotated by remote control. At an 
angle of 45° with the beam the mirror would reflect 
the light onto the photosurface of a photomultiplier 
tube (Fig. 4). The photomultiplier worked into a cathode 
follower and a long cable to a remote oscilloscope. 
The y-ray and neutron intensity near the undulator 
was rather large, and direct visual observation was 
therefore impossible. The y-rays also caused a back- 
ground signal from the photomultiplier, which was 
considerably reduced by careful lead shielding of the 
tube. We observed a pulse on the scope, corresponding 
to the pulsed operation of the accelerator, when the 
mirror was inclined 45°. The pulse disappeared when 
this angle was changed by a few degrees in either direc- 
tion. The signal disappeared also when the electron 
beam was magnetically deflected and thus prevented 
from entering the undulator. We regard these observa- 
tions as clear evidence that the undulator indeed gen- 
erated a beam of light. 


2. Polarization 


The light should be polarized in a plane perpendicular 
to the magnetic gap field. To check on the polarization 
two polaroid windows were mounted on a rotating 
arm (Fig. 5). Alternate positions of this arm would 
interrupt the light beam by windows having planes of 
polarization perpendicular and parallel, respectively, to 
the gap fields. This comparison of transmitted intensities 
had to be made rapidly, because the beam intensity 
of the accelerator was not constant over longer time in- 
tervals. Moreover, if the accelerator was turned off to 
allow for adjustments near the target, one could not be 
sure to obtain the same primary electron current. The 
rotation of the polaroid windows was therefore remotely 
controlled by means of a selsyn drive. 

The observed ratio of the pulse heights on the scope 
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Fic. 6. Equipment outline for buncher tests. 


corresponding to light passing through the two polaroid 
windows was 2:1 in favor of perpendicular polarization. 
Subtracting the background makes the evidence for 
polarization even stronger. A quantitative determina- 
tion was not attempted. 


3. Color 


A qualitative experiment was also carried out 
concerning the color distribution of the light. An 
interference filter passing a band 100A wide centered 
on 4400A was used. Theoretically, the color of the light 
should range from green (5500A) to blue (3400A) in 
the energy range from 95 Mev to 120 Mev. The light 
fell on a photomultiplier 1P21, which has a sensitivity 
curve starting at 3000A, rising sharply to a peak at 
4000A, and falling to almost zero at 7500A. We got 
maximum transmission at 90-95 Mev and almost no 
transmission at 120 Mev. We consider this as a very 
rough indication of agreement with theoretical pre- 
dictions. 


V. MILLIMETER WAVE GENERATION 
1. The Electron Buncher 


It has been shown that the power output of the 
undulator in the millimeter band can be greatly 
enhanced by suitable bunching of the electrons. A 
3-5-Mev electron beam was used in the millimeter 
wave generation experiment. It was produced by a 
special linear accelerator, which also achieved a high 
degree of bunching. The design of this buncher was 
carried out by Mr. R. Neal and was based on some 
calculations by Dr. E. L. Chu. It is now used as an 
injection system for the Mark III Stanford linear 
accelerator and will be the subject of a separate publica- 
tion. For our purpose suffice it to say that it is a travel- 
ing wave type of accelerator consisting of a disk- 
loaded structure in which the phase velocity changes 
from 0.5 c to approximately c over a length of 32 


inches. The filling time is 0.2 microseconds. An input 
power up to 8 Mw is required and was obtained from a 
Stanford high power klystron operating at 2856 Mc/sec. 
Electron pulses drawn at 80 kv are obtained from a 
tungsten filament gun and injected into the accelerator. 
The gun pulse lasts 1 microsecond and is applied 0.2 
microseconds after the klystron pulse. 

Tests of this buncher revealed an energy spectrum 
of 0.2-Mev half-width at 5 Mev. The accelerator 
collects electrons during the full period of the traveling 
in the accelerator and bunches them to within 30°; 
and it may have been better than indicated by the 
foregoing numbers. Figure 6 shows a block diagram of 
the set-up used for testing the buncher. The buncher 
is followed by a standard (2-ft) accelerator section, 
i.e., by a uniformly disk-loaded section which obtains 
power coupled out of the end of the buncher through 
a phase shifter which allows variation of the relative 
phases of buncher and standard section ranging over 
360°. For energy measurement purposes the beam can 
be magnetically deflected into a channel leading to a 
radiation monitor. It was necessary to insert colli- 
mators with ;s-inch clearing holes in order to obtain 
good energy resolution. 
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Fic. 7. Crystal detector for millimeter waves. 
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2. Detectors 


Crystal detectors were used which could be connected 
to the undulator guide and evacuated so that the 
radiation was not intercepted by any windows (Fig. 7). 

We used 0.002-in. tungsten whiskers, crimped as 
shown in the figure, with fine contact points etched 
by means of a process described in the literature.’ 
Standard 10-cm crystals were remounted on a brass 
stem and made very satisfactory rectifiers in con- 
junction with the fine whiskers. The detector output 
was fed into a slightly modified Hewlett-Packard 450A 
amplifier with 3-Mc/sec band width. The modification 
consisted in shortening loops in the input system to 
reduce pick-up and replacing the input resistor by a 
1000-ohm resistance, which was determined to be 
approximately the optimum resistance for the crystal. 
The detector and amplifier were placed into a carefully 
sealed copper box, and a long doubly shielded cable 
connected to a remote Tektronix oscilloscope. The 
shielding problem was considerable. We operated in 
the vicinity of the klystron pulser, which is equivalent 
to a 50-Mw spark transmitter. Another detector 
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Fic. 8. Thermistor power-measurement arrangement. 


arrangement consisted of two thermistors mounted in 
an assembly very similar to the crystal detector 
assembly. One thermistor of type WE D170575 (origi- 
nally unmounted) was inserted in the wave guide as 
shown in Fig. 8. The other one, of type WED170396 
(mounted in a glass bead), had similar electrical 
characteristics and was located near the first, in 
vacuum but outside the wave guide. The thermistors 
formed two arms of a Wheatstone bridge having a 
third arm with variable resistors. This bridge could be 
balanced (despite the fact that the thermistors are 
nonlinear devices); but the reading drifted because of 
interference picked up by the galvanometer and battery 
leads. The operation of the bridge was further improved 
by connecting one potentiometer of a ganged pair in 
series with each thermistor (Fig. 9). It was then possible 
to match the rate of change of resistance of the two 
thermistor arms and thus get a stable bridge. This 
instrument detected the heat radiated by the gun 
filament and was balanced and stabilized with the 


“H.C, Torrey and C. H. Whitmer, Crystal Rectifiers (McGraw- 
Hill Book Company, Inc., New York, 1948), pp. 318-320. 
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Fic. 9. Thermistor bridge circuit: Ri=208—~, R.=133-201~, 


Ry~150~, Ry~150~, R;=0-60~, R,=0-60 
s=0-150~, V=6 volts. 


~, R;=0-70~, 
filament running. Measurements were made by turning 
the gun pulse on and off. 


3. Wavelength Determination 


A rather crude measurement of wavelength con- 
sisted in placing various cylindrical piston attenuators 
between the undulator and the detector (Fig. 10). 
They were about 1 inch long, with diameters in the 
range of 0.035 inch to 0.200 inch. The figure shows an 
attempt to match the cylindrical holes to the rectangu- 
lar wave guides by means of tapered sections. These 
were “hobbed” into the brass cylinders by means of 
steel punches. The transmission through the section 
in the pass region was greatly improved by making the 
transitions as gradual as possible. 


4. Observations 


For the purpose of observing millimeter waves the 
following arrangements were used. 


(a) A set-up as illustrated in Fig. 6 was followed by 
the undulator. A vacuum valve connected the undulator 
to the magnetic deflector and allowed separate evacua- 
tion of the undulator wave guide including the detector. 
The undulator wave guide (internal dimensions 0.37 
cm X0.83 cm) was followed by a gradually tapered 
adapter connecting to standard RG-97/U silver guide 
(inside dimensions 0.568 cm X0.284 cm). This guide 
was 10 inches long and curved upwards through 90° 
to connect to the crystal detector. Detector and un- 
dulator were heavily shielded by lead bricks for reasons 
of radiation safety (Fig. 11). 
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Fic. 11. Detector arrangement for millimeter waves. 


Operation of this set-up produced short pulses on 
the scope corresponding to the pulsed operation of the 
buncher. Magnetic deflection of the beam in front of 
the undulator did not change the picture, but the 
pulses disappeared when a thin aluminum foil was 
placed across the guide or when a carbon-coated 
resistor strip was inserted into the guide. It was con- 
cluded that the pulses were due to a radiation of fairly 
short wavelength, since it passed through a piston 
attenuator with a cut-off wavelength of 2.7 mm. 
Further information about the nature of this radiation 
was obtained as follows: The standard accelerator 
section was run in phase with the buncher, then 90° 
out of phase leading, and also 90° out of phase lagging. 
In the first case, the standard section adds energy to 
the beam; in the other two cases it does not. However, 
when the standard section is leading, it should have a 
phase focusing and radially defocusing action, while it 
should be phase defocusing and radially focusing when 
it is lagging. In the former case the radiation was 
observed but not in the latter case. This is consistent 
with the idea that the radiation is due to radial oscil- 
lations in the fringing field of the loading disks, the 
field of the space harmonics. It is hard to determine 
the nature of these space harmonics without an exact 
determination of the frequency spectrum. 

(b) The standard section was removed, and the 
distance between buncher and undulator was shortened 
considerably. The ;-inch collimators were also re- 
moved. We now observed a detector signal at low beam 
levels which disappeared when the beam was deflected 
slightly. We also installed a vertical-deflection magnet, 
and the signal was very sensitive to its setting. At 
higher beam currents an increasing amount of residual 
signal remained after deflection, and at the highest 
beam currents this was predominant. Only the signal 
which disappeared with deflection originated in the 
undulator. The radiation passed through a piston 
attenuator with a cut-off wavelength of 1.9 mm, 
The signal was attenuated; but as the matching by 
means of tapering sections may not be effective, it is 
not certain whether the radiation has components 
with wavelengths larger than 1.9 mm. It did not pass 
through a piston attenuator with a lower cut-off 
wavelength. Theoretically, from Eq. (7), the lowest 
wavelength should be 0.44 mm at a beam energy of 
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3 Mev. The signal which did not disappear with de- 
flection is due to radiation with a longer minimum 
wavelength. Some of it passed through a 2.7-mm 
cut-off section, but no signal passed through sections 
with lower cut-off. The radiation must originate in 
the buncher. 

Measurements were made very difficult by the high 
level of interference from the pulse modulator. It was, 
however, possible to obtain fairly reliable estimates of 
the observed power levels. 

Measurements made at Columbia University (see 
reference 6) indicate that a signal-to-noise ratio of 
unity received from a crystal corresponds to a peak 
power of 0.6 microwatts in the 1-mm wavelength band. 
Their measurements were carried out with amplifier 
band width of about 1 Mc/sec, and the noise voltage 
is of the order of microvolts. We received a signal 
corresponding to 50 millivolts appearing at the crystal 
terminals, and we concluded that the peak power of the 
undulator radiation might have been of the order of 
10-100 watts. On the other hand, measurements with 
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Fic. 12. Exploration of the electron beam. 


our thermistor bridge indicated a peak power of 10 
milliwatts. The power intercepted by the thermistor 
was probably a very small fraction of the incident 
power, however, because a crystal detector placed 
behind the thermistor showed no noticeable decrease 
of signal. If the power-interception ratio was equal to 
the ratio of thermistor to wave-guide cross sections, 
we would arrive at a peak power of 10 watts. It is thus 
possible to make the conservative statement that the 
power generation by the undulator was in excess of 
1 watt. 


5. Exploration of the Beam 


The current in front of the undulator was measured 
by means of a collector electrode to be 6X 10° electrons 
per pulse. To trace the beam inside the undulator 
wave guide is a more difficult task. The method used 
consisted in obtaining scintillations from an anthracene 
crystal, 0.7 cm long, placed in the guide. This was 
followed by Lucite light pipes channeling the light to 
the photosurface of a 1P21 photomultiplier, which in 
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RADIATION BY FAST ELECTRON BEAMS 


turn was connected to a cathode follower and an 
oscilloscope. The arrangement is illustrated by Fig. 12. 
The electrons lose about 1 Mev in the crystal, and this 
energy is converted into light energy which is detected 
by the phototube. The light output is proportional to 
the electron current striking the crystal. In this way 
it was found that 90 percent of the current was lost 
in the first 15 cm of the undulator. We attribute this 
to the fact that the beam has such a large cross section 
that a large fraction is deflected by the horizontal 
component of the field arising from flux fringing and 
that the beam is too divergent. The result shows that 
a substantial increase of the power output could be 
obtained by improving the beam geometry. 
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VI. COMMENTS AND CONCLUSIONS 


It will be noticed that our results are of a provisional 
nature and that our methods of measurement were 
improvisations rather than the best possible methods. 
This is due to the fact that both the accelerator and 
the buncher were available to us for a short time only. 
(The buncher is now used as an injection system for 
the Stanford linear accelerator.) It is intended to 
continue the work, and it is hoped to improve the 
measuring technique and make several important 
changes. Regarding measurements, it would be im- 
portant to work at a larger distance from interference 
sources such as klystron or magnetron modulators. 
The beam geometry and the bunching should be 
improved and the energy spread within a bunch reduced. 
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Complex impedance-matching problems are simplified substantially when they are studied in terms of 
appropriate circle transformations in the R-X impedance plane. The geometric approach yields valuable 
insight into the behavior of specific networks and leads to the interesting Circle-Locus Theorem which ap- 
plies to any arbitrary, linear, reactive, two-terminal-pair network with lumped or distributed parameters 


(or a combination of both). 


I. INTRODUCTION 


NE of the problems regularly encountered in 

communications engineering is the design of an 
impedance-matching network, which is to be inserted 
between the power source and the load. Since the 
principal function of such a network is to maximize 
the power delivered to the load, it usually will be made 
reactive as far as possible. That is to say, any dissipation 
that is present is due exclusively to the physical 
limitations on the Q’s of coils and capacitors. Since 
coil Q’s are of the order of 100 at radio frequencies and 
capacitor Q’s are even much higher, it is justifiable to 
disregard the resistive components and to treat im- 
pedance-matching networks as purely reactive. 

If a load impedance z; and a desired input impedance 
w, are specified,! both of which are located in the right- 
half of the impedance plane and are complex in the 
general case, there is an infinite number of reactive 
networks which can be designed to carry 2; into w; ata 
fixed frequency. The choice of a specific network is 
usually guided by such relatively simple criteria as: 
(a) economy in the number of components; (b) con- 
venient values for the components; (c) attenuation of 


' The symbol “‘w”’ will be used for input impedance rather than 
“zg” in order to avoid cumbersome multiple subscripts. 


the second harmonic (in case of class C amplifiers) or 
other undesirable frequencies. 

The problem is fundamentally much more complex 
when the load impedance is not constant and may 
assume any value in a more or less well-defined area of 
the load-impedance plane. Such conditions frequently 
arise in practice, even when the operating frequency is 
fixed. It stands to reason that the input impedance “‘w”’ 
will deviate from w; in some manner and by varying 
amounts, as the load impedance “‘z” describes a path 
in the load-impedance plane with z; as the point of 
departure. But the power output drops from its maxi- 
mum value when the impedance presented to the power 
source deviates from the optimum value w;. For a 
constant-voltage generator of fixed generator imped- 
ance, the contours of constant power output are circles. 
The greater the diameter of a member of this family of 
circles, the smaller the power output which is associated 
with it. In the case of class C amplifiers, the contours 
of constant power output appear to be oval-shaped 
curves, which can be approximated fairly well by means 
of circles. 

Some of the vexing questions that one faces in the 
course of the network design are: (a) How much 
dispersion in input impedance will result, with respect 
to the optimum value w,, if the load impedance varies 
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Fic. 1. The two-terminal-pair network. 


over a certain area? (b) Will the input-impedance area 
be continuous or will it break up into several islands? 
(c) Will the dispersion be a function of the impedance- 
matching network configuration? (d) If so, how should 
this network be designed so that a certain load-imped- 


ance area can be compressed into the smallest possible 


input-impedance area, in order to achieve maximum 
power output? (e) Can the network be designed so as 
to correlate a small deviation from the nominal load 
impedance 2; with a small deviation from the optimum 
input impedance w; and is such a requirement in 
conflict with item (d) or independent of it? Only when 
the network designer has the answers to such aspects of 
the problem readily available, is he in a position to 
select a network on its actual merits and to make sure 
that the power output will not drop below the design 
value under any of the possible operating conditions. 

The method one would ordinarily adopt consists 
probably of choosing a batch of test-points in the 
specified load-impedance area and of investigating the 
behavior of one of the more commonly used networks 
(such as an L, a pi, or a T) by means of tedious point- 
by-point calculations. In the course of events, one might 
very likely decide to repeat all the computations for a 
different network, once or even several times, in the 
not unreasonable expectation to improve on the first 
set of results and to reduce the dispersion in input 
impedance. Although this “brute force” process is 
very laborious, particularly when repeated for several 
networks, it is motivated by expediency and it is 
inherently not capable of supplying a general solution. 
That is to say, satisfaction that an optimum solution 
has been reached does not lie that way. 

In this paper a more general and yet compact 
method will be developed, which deals with contours 
and areas rather than points; which is simple to apply ; 
which is geometrical in nature, and therefore stimulates 
intuition ; and which yields a very neat solution of the 
several aspects of the problem which have been out- 
lined. Although transmission-line circle diagrams have 
inspired the development of the geometrical interpre- 
tation of impedance transformations by reactive 
networks, there is no direct link. Conventional trans- 
mission-line circle diagrams*~ and related network dia- 
grams’ are based on a very specialized reference 
impedance 2; which is either the iterative or the image 


? W.° Jackson and L. G. H. Huxley, J. Inst. Elec. Engrs. 91, 
105-127 (1944). 

*H. L. Krauss, Elec. Eng. 68, 767-774 (1949). 

* Leo Storch, Elec. Eng. 69, 93-94 (1950). 

5 J. Rybner, Inst. Elec. Engrs. 95, 243-252 (1948). 


impedance of the network, so that they are far too 
restrictive to be helpful here. Properties of the imped- 
ance transformation (5a) that are much wider in scope 
are needed to answer the questions raised in items 
(a) to (e), and they are the ones which are used to 
derive the Circle-Locus Theorem. 


II. FOUR-TERMINAL NETWORKS AS IMPEDANCE 
TRANSFORMERS 


A linear, finite, two-terminal-pair network is char- 
acterized by the pair of equations 


Vi=AV2+ Bla, (1) 
qT; = CVot+ DI». (2) 


The two equations express the input voltage V; and 
the input current /; as a linear transformation of the 


‘load voltage V2 and load current J, (Fig. 1). The four 


“general circuit parameters” A, B, C, and D are fixed, 
complex numbers when the network is excited by a 
sinusoid of fixed frequency and has reached the steady 
state.® They are related by AD— BC=1 if the network 
obeys the reciprocity theorem, i.e., if it is passive and 
nondegenerate. 

Let the input impedance be designated by 


wu, 

Ii 

and let the load impedance be designated by 
Ve 


I; 


Dividing (1) and (2) and making these substitutions 

for V;/I, and V2/Js, it follows that 
Az+B 
Cz+D 





w= 


(3) 


The input impedance “‘w” is a linear fractional trans- 
formation of the load impedance “zs.” The degenerate 
case AD— BC=0 is excluded from further consideration, 
since it amounts to w=A/C=B/D for all values of 
“s.” It arises only when the input terminals are not 
linked to the output terminals or when a permanent 
short circuit across the output terminals is part of 
the network. 

The transformation (3) has many interesting proper- 
ties, some of which can be forged into a tool which is 
valuable in the design of impedance-matching networks. 
Of particular interest is the subgroup of transformations 
characteristic of reactive networks. Equations (1) and 
(2) are satisfied dimensionally when A and D are 
numerics (i.e., ratios of two impedances), B is an 
impedance, and C is an admittance. The general 


* Massachusetts Institute of Technology Staff, Electric Circuits 
(John Wiley and Sons, Inc., New York, 1940), pp. 452-456. 
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circuit parameters A, B, C, D are functions of the 
network elements only and are independent of the 
terminating impedance. Since reactive networks contain 
only impedances of the form 7X, i.e., reactances due to 
capacitances, self- or mutual inductances, it follows 
that A and D are real and that B and C are pure 
imaginaries. In terms of the real quantities a, 6, c, and 
d, the general circuit parameters of reactive networks 
may be written as 


A=a (4a) 
B=}b, (4b) 
C=je, (4c) 
D=d; (4d) 
also, 
ad+bc=1 (4e) 


for passive, bilateral networks. 
For reactive networks, Eq. (3) takes the form 


az+jb 
Ww = ’ 
jeat+d 





(Sa) 


where the degenerate case ad+dc=0 is disregarded as 
before.’ 

In a moment, the fact that reactive networks trans- 
form load impedances symmetrical with respect to the 
reactance axis into input impedances also symmetrical 
with respect to the reactance axis will assume signifi- 
cance. This statement is expressed symbolically by 
w=—wW when z=—zZ.§ It can be proved by taking 
conjugates in (5a) 


az—jb 


= ————__., 
—jcz+d 


and multiplying both sides by (— 1), 
a(—Z)+ 7b 
je(—2) +d 


—wD= 


(Sb) 


The recognition that neither (—2Z) nor (—w) are 
impedances realizable by passive networks, on account 
of their resistive components being negative, need not 
cause any apprehension. They are used merely in the 
course of deriving interesting results about physically 
realizable impedances. 


7 “Reactive network” is used from here on as a shorthand 
notation for “linear, finite, nondegenerate, fixed (fixed elements 
and fixed frequency), reactive, two-terminal-pair network.”’ Note 
that “passive, bilateral,” reactive networks (containing capac- 
itances, self- and mutual inductances) are a subclass of “non- 
degenerate,” reactive networks. 

*The bar indicates the complex conjugate of a vector, i.e., 
9=gi—jg2 when g=gitjge. 


IMPEDANCE-TRANSFORMING PROPERTIES OF REACTIVE NETWORKS 
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Fic. 2. The circle | (W—W:)/(W+W))| =k. 





III. A CIRCLE-LOCUS THEOREM FOR 
REACTIVE NETWORKS 


The transformations (3) and (5) possess the impor- 
tant property of transforming circles into circles; 
in this connection, straight lines are considered as 
circles of infinite radius. Consider the expression 


(w—w,)/(w+)), (6) 


where “‘w” is a variable vector and w; and @, are fixed 
vectors. Each vector is represented by a point in the 
plane which has the coordinates of its tip. The range of 
all points “w’’ which result in a constant magnitude of 
(6) forms a circle. To verify that 


| Ww— 2) 





=k, Wx —W, (7) 





iw+w, 


is actually the equation of a circle when 0<k< &, and 
to derive some further results, all points w, are written 
in terms of their rectangular components “,+7?,4: 


(u—uU)?+ (v—2,)? -_ 
(u-+-u1)?+ (v—2;)? 














or 
i+ 
u?-+-u;?+ (v—;)?— 2u- uy =(, (8a) 
1— 
1+k?7 2k + 
| wm +[>—n =| . (8b) 
1—F 1—F 


This is the equation of a circle (see Fig. 2) in its familiar 
form, with center 


1+# 
1—# 





We= Ue jVe= U1" +r, (9a) 
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and radius 
2k 


1-k 





(9b) 


Pw" 


In preparation for the further development, it is 
imperative to note that the ratio of the diameter to 
the resistive component of the center of the circle is 
completely determined by the parameter “‘k.”’ Likewise, 
it is useful to establish a relationship between the 
impedance points we, Ws, We, and w; in Fig. 2, which 
have in common ?4=?)=?.= 1. 

Owing to the way w, and wy» have been located 
Uo, b= U-tpw. Writing u, and p, in terms of (9a, 9b), 





1+k 
Ug=Uet py = U1:-—, 
i—k 
; 1—k 
Up= Ue— Pw= Uy" : 
1+k 
It is convenient to define a parameter “s’’ which is 
expressed in terms of “k”’ only 
1+k 
s=—, (10a) 
1—k 
so that 
Ug=S* Uy, (10b) 
Up=U;/s. (10c) 


Therefore, when a circle is specified as usual by means 
of the center and the radius, the equivalent parameters 


“wu,” and “s” are simply 
= (Ua' uy), (10d) 
Ua\?* 
s= (=) , (10e) 
Up 


where t%.=U-tp. (see Fig. 2). According to (10e), 
the ratio of the maximum to the minimum resistive 
component of points on the circle is a function of “‘s”’ 
or “k” only. This is equivalent to the previous state- 
ment: the ratio of the diameter to the resistive compo- 
nent of the center of the circle is completely determined 
by the parameter “‘k.” 

A single restriction has been placed on the location 
of w; in (7). It must not lie on the reactance axis, i.e., 
w; must not equal (—w,). Otherwise, the expression 
(7) would be trivial, since it would be satisfied by every 
point in the plane provided k=1 and by no point if 
k#1. In general, if 0<k<1, the corresponding circle 
lies wholly in the right half-plane if ‘‘w,’’ does so, and 
it encloses w,; if k=1, the circle coincides with the 
reactance axis; if 1<k<«, the corresponding circle 
lies wholly in the left half-plane and encloses (—w,). 

The input-impedance circle (7) in the w plane 
corresponds to a load-impedance curve in the z plane. 
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To determine the shape of this curve, substitute for 
w and w, in terms of (5a) and for (—)) in terms of (5b) 


| az+jb az,+jb 


| jeetd jeatd | 








W—-W) 


lw—(—w,)| last+j>b —a2,+jd) 


























jeztd —jcz+d 
d— jcz,| |\3— 21 
= | . |e | = k. (11) 
d+-jez,| ls+2,| 
Since numerator and denominator are conjugate 
complex vectors, 
|d— jc2,| 
ree tee 
d+ jez; | 
Consequently, 
| wW— Wy 2—21 
| = |=. (12) 
wt+w, z+2Z,| 


A circle in the z plane transforms into a circle in the 
w plane and the parameter “k” is not modified by the 
transformation. In view of the relationship that ‘“k”’ 
has beén shown to control, it is now possible to state 
the first part of the Circle-Locus Theorem: 

Theorem 1a: A load-impedance circle not having any 
point in common with the reactance axis is transformed by 
a nondegenerate, linear, finite, fixed, reactive network 
into an input-impedance circle which must possess the 


same ratio of diameter to resistive component of the 


impedance of the center, irrespective of the network 
configuration. 

If the load impedance lies on a certain ¢ circle, the 
input impedance must lie somewhere on the correspond- 
ing w circle. If two pairs of circles are considered of 
different “k” but with respect to the same 2; and w, 
it follows from Eq. (12) that the z circle lying closer to 
z, transforms into that w circle which lies closer to w,. 
As a consequence, if a load impedance lies somewhere 
inside a given z circle, the input impedance must lie 
somewhere inside the corresponding w circle and 
Theorem 1a can be stated in terms of enclosed circular 
areas as well as in terms of their perimeters. 

The Circle-Locus Theorem 1a applies to any reactive 
network’ of arbitrary configuration, which may possess 
any finite number of branches, containing elements of 
lumped or distributed parameters. It gives compact, 
definite, and precise answers to the questions about 
dispersion in input impedance and about differentiation 
between networks, which were raised in the introduc- 
tion. Any reactive network’ transforms a circular 
load-impedance area into a single, connected, circular 
input-impedance area. Irrespective of the network 
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configuration, all reactive networks are equivalent as 
far as their impedance-confining properties are con- 
cerned. This means that if a specific, reactive network 
transforms a given z circle area into a certain w circle 
area, no reactive network can be found which will 
transform the same z circle area so that it lies wholly 
inside the w circle but without filling it completely. 

If a network is to link two specific circles which satisfy 
Theorem 1a, it must be designed in accordance with 
Theorem 1b, which states 

Theorem 1b: The necessary and sufficient condition 
that a nondegenerate, linear, finite, fixed, reactive network 
link two specific circles (or circular areas) related as in 
Theorem 1a is that it should transform the load-impedance 
S1= (ra-ro)'+jx. into the inpul-impedance w= (ua: Us)! 
+]te. 

The meaning of the symbols is such that a parallel 
to the R axis which is passed through the center of the 
s circle intersects it in the points r,+jx, and r,+jx, and 
that a similar line passed through the center of the 
w circle intersects it in the points u.+jv, and uy+j?-. 

In view of the fact, that the transformation (5a) 
is one-to-one (univalent),® the proof of Theorem 1b is 
implicit in expression (11); also, the expressions for 
3, and w; in terms of certain points on the two respective 
circles are supported by (10d) as derived from (7). 
Since (5a) implies (5b), it may be deduced that any 
reactive network maps the right half-plane on itself. 
It is always possible to find reactive networks which 
will transform a given 2; into any desired w;, both lying 
in the right half-plane. In other words, Theorem 1b 
can be applied to any two circles whatsoever which 
possess the same ratio of diameter to resistive compo- 
nent of the center and lie wholly in the right-half of the 
impedance plane. 


IV. LOCI OF CONSTANT POWER OUTPUT 


The selection of a value for w; to achieve optimum 
power output depends on the properties of the power 
source. It is easy to show that for a constant-voltage 
generator E,, of fixed internal impedance Z,, the circle 
(7) or (8b) represents a locus of constant input power if 
wi=Z,. Since the network is lossless by hypothesis, 
the corresponding load-impedance circle (12) represents 
a locus of constant output power, which is equal in 
value to the input power. 

The power delivered to the network is 


E,?-u E,?-u 


w+Zo|?  |w-+w,|? 





P= | Z1|?- Rinput= 


Ef*-u 
~ (wtuy)?+ (o—9,)? 


Making use of (8a), the denominator is seen to be equal 





*Zeev Nehari, Conformal Mapping 


(McGraw-Hill 
Company, Inc., New York, 1952), p. 158. 


Book 


to (4uu,)/(1—k*). Therefore 





P=E,- 





g 
=—________=____——__,, (13a) 
Y 
n(vst+—) R,( vst+—) 
a/s /s 


where “‘s”’ is defined by (10a) or (10e). Similarly, for a 
constant-current generator J, shunted by a fixed 
internal impedance Z,= w,: 








P=12| 





- 1 2 1 2 
u +—) ( s+—) 
(s V/s P “/s 


V. APPLICATIONS OF THE CIRCLE-LOCUS THEOREM 


(13b) 


While it is not practical to describe the various 
applications of the Circle-Locus Theorem and to cite 
typical examples, it is difficult to refrain from pointing 
out two important illustrations, which might not 
otherwise come to mind. 


A. Frequency as a Variable 


There are many factors which cause sizeable changes 
in load impedance at a fixed frequency. But at least of 
equal importance are the effects of frequency, both on 
the load impedance and on the network impedances, 
when the operating frequency is variable and may 
assume different values. 

Most communications systems operate on more than 
one channel, some on very many. In order to study the 
behavior of a given matching network as a function of 
frequency, it is sufficient to trace merely the path of a 
single impedance point provided that advantage is 
taken of the Circle-Locus Theorem. Let it be assumed 
that w, is independent of frequency, which is usually 
the case when Z, is purely resistive. Then, for a fre- 
quency ‘“‘f,” let the corresponding general circuit 
parameters of the passive, reactive network be a’, 0’, 
c’, and d’. It follows from (5a) and (4e) that 2,’ corre- 
sponding to this frequency is given by 


dw; — jb’ 
+ =—————_— ° (14) 
—jc'w,+a’ 


If the permissible input-impedance circle is character- 
ized by s=Sq with respect to w,, then the impedance 
points of the < circle with maximum and minimum 
resistive components are equal to 24’=17;'-Sa+jx;' and 
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t» =r /Sat+jx;. Therefore, the z circle is completely 
determined. Since the frequency characteristics of the 
load, e.g., antenna, and its associated tolerance area 
are known, it is very easy to determine whether at 
this frequency the load-impedance area lies inside the 
permissible z circle or not. In this way, the frequency 
limits for each network adjustment can be determined 
without much effort. 

The Circle-Locus Theorem is still very helpful 
although the problem is not a linear one any more. 
The movement of merely a single point 2,’ as a function 
of frequency needs to be scrutinized and the network 
can be selected with the single idea in mind of steering 
the point 2,’ in the optimum direction. Altogether, 
this scheme introduces remarkable simplifications in 
comparison to the more conventional methods, both 
by eliminating a mass of cumbersome calculations and 
by displaying boldly the essentials of the problem as 
well as a straightforward method of solution. 


B. RF Transmission Lines as Network Links 


Very often an rf transmission line is an integral link in 
an impedance-matching system, since the load may be 
situated at a considerable distance from the source of 
rf power. In such cases, the SWR (standing-wave ratio) 
is either an item of interest or its maximum value is 
specified. If a circular operating area has been demar- 
cated anywhere in the right half of the load-impedance 
plane, the maximum SWR prevailing on an rf transmis- 
sion-line link can be obtained with the help of the 
Circle-Locus Theorem. A little reflection will show 
that the maximum SWR is equal to Smax=(ra/ro)', 
provided the point 2;, as determined by the values r, 
and r, associated with the boundary circle, is trans- 
formed into the characteristic impedance Ro of the 
rf transmission line. Furthermore, it is easy to show 
that this match of 2; to Ro represents optimum 
conditions. 

It will be recalled that a constant-SWR circle of an 
rf transmission line has its center on the R axis and 
intersects it at the points ¢Ry and Ro/a, o being equal 
to the SWR value.” The SWR is minimized, i.e., 
transmission is optimized, when the boundary :z circle 
fills completely a constant-SWR circle. If 2; as defined 
in Theorem 1b is transformed into Ry by a reactive 
network, the boundary-circle intercepts the R axis at 
Smax* Ro and Ro/Smax by Theorem 1a. But the inverseness 
of these intercepts in Ro’ has been shown to be the 


”P,. H. Smith, Electronics, p. 29, Fig. 1 (January, 1939); 
W. R. LePage and S. Seely, General Newtork Analysis (McGraw- 
Hill Book Company, Inc., New York, 1952), Chap. 10, p. 341. 


criterion of a constant-SWR circle. By comparison 
with the expressions aR» and Ro/o 


ra\} 
max > Smax> (=) ’ (14) 
Tb 


at the load terminals of the rf transmission line. Since 
an rf transmission line is conventionally assumed to be 
lossless, the SWR at any point on the line is equal to 
the SWR at the load terminals by Theorem 1a. There- 
fore, Eq. (14) represents truly the maximum SWR on 
the line, corresponding to the given circular load- 
impedance area. 

This value of SWR has to be contended with when 
the load impedance assumes values on the boundary 
circle. For a load impedance 2z; in the interior, the 
corresponding SWR is smaller and is equal to the “s” 
of the circle which passes through z; in such a manner 
that the product of the abscissas of the points of 
intersection with a line through 2; and parallel to the 
R axis is equal to r,’. This value may be determined 
graphically or analytically from a combination of 
(10a) and (8a) :" 





1 it+-k? r?+re+ (%:—2:)° 
scm 2- + ’ (15) 
Si 1—k? T5°7\ 

In expositions on rf transmission lines,” it is usually 
shown that the input impedance of an arbitrary length 
of line lies on the same SWR circle as the load imped- 
ance, or, in other words, that an SWR circle transforms 
into itself. But this is only a special case of the Circle- 
Locus Theorem. For an SWR circle, 21:= Ro. Since Ro 
is the characteristic impedance of the transmission line, 
w, is also equal to Ro. When wi=2; in Eq. (12), then 
clearly the input-impedance circle and the _load- 
impedance circle coincide since they have in common 
not only “k’’ but also the reference impedance 2}. 

The Circle-Locus Theorem takes its place in the 
hierarchy of nétwork theorems as a very broad general- 
ization of this known property of rf transmission 
lines, generalizing from the symmetrical, distributed- 
parameter structure of the rf transmission line to the 
much wider class of arbitrary linear, reactive networks 
and from the single, very special reference impedance 
Ro (the chara‘eristic impedance) to any arbitrary 
reference impedance not lying on the reactance axis. 


11 Equation (8a), of course, may be expressed in terms of 
s=r+yjx rather than w=u-+ jv without losing any of its validity. 
2P, H. Smith, reference 10; W. R. LePage and S. Seely, 


’ reference 10. 
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Experimental Verification of the Metal-Strip Delay-Lens Theory* 


SEyMouR B. CoHN 
Stanford Research Institute, Stanford, California 
(Received November 3, 1952) 


In this paper a comparison is made between the index-of-refraction values measured on five metal-strip 
test samples and values computed from four solutions that have appeared in the literature. Three of the 
samples are wave-guide equivalents, and two are free-space arrays. The techniques of measurement for the 
two types of structures are described briefly. It has been found that all four solutions have certain ranges of 
validity, but that only one is reliable over the full practical range of the design parameters. This solution, 
derived previously by the writer, is based on a transmission-line equivalent circuit in which proximity effects 


are taken into account. 





I. INTRODUCTION 


INCE the original treatment of the metal-strip 

delay-lens medium by W. E. Kock,! a number of 
other papers by various authors have appeared on 
this subject. At the present time four different formulas 
for the index of refraction of the metal-strip medium 
are available. The first, given by Kock, is obtained 
through an analogy to a molecular medium. The 
second, derived by this writer? and by Brown,’ assumes 
an equivalence to a transmission line periodically 
loaded by shunt capacitances. The third, also derived 
by this writer,’ utilizes a more exact shunt-loaded 
line taking proximity effects into account. The fourth, 
derived by Sharpless,® assumes an equivalence to a line 
loaded by series inductances. The agreement between 
these formulas is in general rather poor, and therefore 
experimental data that can be compared with computed 
values should be of interest. In this paper the results 
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Fic. 1. Metal-strip delay structure in free space. 
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Fic. 2. Metal-strip delay structure in wave guide. 





* This work was performed at the Sperry Gyroscope Company, 
Great Neck, New York with funds provided by the U. S. Army 
Signal Corps. 

'W. E. Kock, Bell System Tech. J. 27, 58 (1948). 

*S. B. Cohn, J. Appl. Phys. 20, 257-262 (1949). 

3M. A. Brown, J. Inst. Elec. Engrs. (London) 97, 45-47 (1950). 

*S. B. Cohn, J. Appl. Phys. 20, 1011 (1949). 


*W. W. Sharpless, Proc. Inst. Radio Engrs. 39, 1389-1393 
(1951). 


of measurements on five different test pieces are 
presented, and it is found that the third formula men- 
tioned above yields the most reliable agreement be- 
tween measured and computed values. 


Il. EXPERIMENTAL TECHNIQUES 


Three of the five test structures were in rectangular 
wave guide, while the other two were free-space arrays. 
The wave-guide configuration is shown in Fig. 2. 
If images of the metal strips are taken in the upper 
and lower walls of the wave guide, an array of obstacles 
is obtained in the y-z plane that is identical to that 
in Fig. 1. It can also be shown by a simple application 
of the wave equation that because of the cylindrical 
nature of the structure parallel to the x axis the free- 
space formulas for » may be used for the wave-guide 
delay structure, if \ is taken to be the guide wavelength. 
The index of refraction is then defined as the guide 
wavelength of the uniform wave guide divided by the 
guide wavelength of the strip-loaded wave guide. 

Each of the three wave-guide delay structures was 
approximately one foot in length and was constructed 
in 1.372 by 0.622-inch i.d. rectangular wave guide. The 
guide wavelength along the delay structure was 
measured as follows. With a signal fed into one end 
of the line and with a short-circuiting plate at the other, 
the distance between successive nulls along the line 
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Fic. 3. Index of refraction of wave-guide test piece No. 1. 
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Fic. 4. Index of refraction of wave-guide 
test pieces No. 2 and No. 3. 


was measured by means of a probe inserted through 
a narrow slot along the center of the broad wall opposite 
the strips. The guide wavelength of the unloaded line 
was computed from the frequency and the width. of 
the guide. The positions of these nulls were affected 
somewhat by their locations relative to the nearby 
strips, and, therefore, the average spacing of the nulls 
along the entire line was used in order to improve the 
accuracy. 

The measured points for the three wave-guide test 
pieces are plotted in Figs. 3 and 4. The theoretical 
curves were obtained from the third solution referred 
to above.?* The parameters of the delay structure are 
listed in the figures. The agreement between theory 
and experiment is seen to be excellent in all cases. 
The maximum difference between the theoretical curve 
and the best-fitting curve through the measured points 
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Fic. 5. Index of refraction of the Polyfoam and 
end-supported metal-strip arrays. 
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(not shown) is, respectively, 0.6, 0.7, and 0.3 percent 
for the three wave guides. 

The free-space test pieces were approximately 12 
inches square and four inches thick. They each con- 
tained about 150 strips. The index of refraction of 
these samples was measured by a free-space dielectrom- 
eter similar to a type described by Redheffer.6 The 
particular apparatus used for the measurements and 
the precautions necessary to obtain accurate data have 
been previously discussed by the writer.’ The first 
free-space test piece utilized a method of construction 
proposed by Kock' and consisted of a stack of individual 
slabs of Polyfoam containing brass strips 0.005 inch 
thick. The index of refraction of the array was affected 
somewhat by the dielectric constant of the Polyfoam, 
which was approximately 1.03. The formulas mentioned 
above apply to this case, however, if 7 is replaced by 
n/(ki)' and X by d/(kx)!, where k; is the dielectric 
constant of the embedding medium. With these changes 
n remains the index of refraction relative to free space, 
and \ the free-space wavelength. These steps have been 
taken in computing values for comparison with the 
measured points. In the second free-space test piece, 


TABLE I. Maximum differences of calculated and 
experimental values in percent. 











Solutions 

Test Piece Range of b/A (a) (b) (c) (d) 
Wave guide No. 1 0.120-0.361 S35 iS @6 43 
Wave guide No. 2 0.139-0.268 4.2 3.0 O07 24 
Wave guide No. 3 0.139-0.268 0.7 19 03 OA4 
Polyfoam Sample 0.436-0.493 0.4 6.1 18 45 
End-Supported Sample 0.400-0.500 1.0 ? ae > ae 
Maximum of all Cases SS 835 22 @& 








the strips were supported at their ends by a Lucite 
frame. Additional rigidity was provided by rods passing 
longitudinally through each horizontal group of strips. 

The measured points for the two free-space test 
pieces and the theoretical curves obtained from the 
third solution are shown in Fig. 5. The parameters 
of the media are also listed there. The agreement 
again is very good, although not quite as close as with 
the wave-guide test pieces. The maximum discrepancy 
between the theoretical curve and the measured points 
was approximately two percent in each case. (Computed 
values for this solution are available only up to 6/A 
=0(.5.) Possible causes of these discrepancies are in- 
accuracy of measurement (which is believed to be 
greater in the free-space than in the wave-guide case), 
the presence of the rods and the relatively large thick- 


®*R. M. Redheffer, Technique of Microwave Measurements 
Radiation Laboratory Series (McGraw-Hill Book Company, 
Inc., New York, 1947), Vol. 11, Chap. 10, pp. 591-606. 

7S. B. Cohn, “R-F measurements on metallic delay media,” 
presented at the Institute of Radio Engineers National Conven- 
tion, March, 1953. Accepted for publication in Proc. Inst. Radio 
Engrs. 
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ness of the strips in the edge-supported sample, and a 
possible slight inaccuracy of the solution for large 
values of b/X. 


III. COMPARISON OF THE FOUR SOLUTIONS WITH 
THE MEASURED DATA 


Since the index-of-refraction graphs would be 
rendered illegible if all the computed curves were 
shown, Table I has been prepared listing the maximum 
deviation in percent between each theoretical and 
measured curve. Solutions (a), (b), (c), and (d) are, 


respectively, the four solutions mentioned in the 
Introduction. The range of b/A considered is also 
given for each test piece. In the case of Kock’s solution, 
his Eq. 26 was used as a high-frequency correction. A 
value of \»=2w was selected for that formula, since 
it provides excellent agreement in the two cases of 
large b/A. However, it will not necessarily give as good 
agreement in all cases of large b/d. It is seen in Table I 
that solution (c) is the most reliable, the greatest dis- 
crepancy between theory and experiment being only 
2.2 percent. 
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The Equivalence of Optimum Transducers and Sufficient and Most Efficient Statistics 


GLENN W. PRESTON 
Research Division, Philco Corporation, Philadelphia, Pennsylvania 


(Received January 23, 1953) 


The problem of the design of transducers for the purpose of 
restoring the fidelity of a signal (which has been corrupted by 
noise), while preserving information in the sense of Shannon is 
shown to be a particular though unusual one of statistical inference 
and to be amendable to the methods of mathematical statistics. 

Adopting the view that the inference of the approximate form 
of a function s(t) (the signal) from the available mixture of the 
signal and the noise time series m(t) is the natural limiting case 
of inference from discrete series of random variables, it is seen 
that the transducer under discussion is the physical analog of a 


PROBLEM of practical importance and theo- 

retical interest in radio communications is that 
of deriving the characteristics of transducers which 
restore as far as possible the original form of signals 
which have been corrupted by noise during trans- 
mission. 

Since communication systems are made for the pur- 
pose of conveying information (in the precise sense of 
Shannon and Wiener), an optimal property of all ele- 
ments of a communication system, fidelity restoring 
transducers included, is the preserving of information. 

Owing to the random nature of noise and most 
sources of radio interference, this problem is properly 
to be recognized as one of statistical inference ; given the 
mixture of signal and noise, the fidelity restoring trans- 
ducer infers the form of the original signal. Moreover, 
the dual optimal properties of maximization of fidelity 
and information preservation are entirely equivalent to 
the statistical attributes of “sufficiency” and “effi- 
ciency” (these terms are discussed below). This fact is 
of practical significance because the methods of mathe- 
matical statistics can (as demonstrated below by an 
example) be used to derive optimum “statistics’”—in 
the sense of Fisher—and their physical analogs, which 
are the desired optimum transducers, may be identified. 

In order to demonstrate by logical development the 


“statistic’—in the sense of Fisher—and that the properties of 
the optimum transducer are equivalent to the statistical proper- 
ties of sufficiency (preservation of information) and efficiency 
(maximization of fidelity). 

The case of a Gaussian signal to which Gaussian noise has been 
added is considered in detail. Using the probability density func- 
tional of the Gaussian time series, the maximum likelihood esti- 
mate (which in this case is efficient, hence sufficient) of the signal 
is derived, and it’s physical analog is identified as the smoothing 
filter of Wiener with infinite lag. 


equivalence of the theory of optimum transducers and 
some aspects of statistical inference, we begin with the 
observation that a transducer is characterized by a 
mathematical transformation ; for example, linear time 
invariant filters transform functions of time f;,(/) into 
other functions of time fo(¢) given by the relation 


folt)= f drw(1)ft—1). (1) 


This linear transformation completely specifies the 
filter. Examples of nonlinear transformations which 
characterize transducers are 


fO=fr, 


v=constant, 
and 


(2) 
f= f an f drof (t— 71) f(t—72)w(r1, 72). 


The input to a transducer designed for fidelity im- 
provement will be some mixture of an information 
bearing, hence random, time series s(#) and the resultant 
noise and interference, also a random time series n(/), 
while the output is intended to approximate s(t). Except 
for the fact that we have random time series instead of 
random variates, and an entire function s(/) is being 
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estimated from the observed (received) random time 
series instead of a single parameter, the transformation 
which characterizes the transducer is a statistic (par- 
ticularly an estimate) in the precise sense of Fisher.! 
Ordinarily the term statistic describes a function of a 
finite number of observations of random variates, e.g., 
the arithmetic mean of the sampled values of a random 
variate is a statistic which is used to estimate the mean 
of the hypothetically infinite population of possible 
observations. In the present sense, the term statistic 
includes transformations of random functions /f(/), i.e., 
functionals: fo(t’) as given by Eqs. (1) or (3) is a func- 
tional of f;(2). 

Fisher' has also defined a sufficient statistic as an 
estimate of a statistical parameter which exhausts all 
of the information in the sample relevant to the 
parameter in question. Stated another way, given the 
estimate of the parameter computed from the sample 
by a sufficient statistic, then no better estimate of the 
parameter can be formed from a knowledge of the given 
sample, however detailed. 

Recently Kulbach and Leibler have shown that in- 
formation (in the sense of Shannon and Wiener) in a 
sample cannot be increased by any statistical operation, 
and no information is lost if, and only if, sufficient 
statistics are employed.’ 

In the light of the above discussion this basic result 
can be written; the information in a received signal, 
consisting of a mixture of the information bearing 
signal and noise; cannot be increased by any transducer 
and is not decreased if, and only if, the transducer is 
an analog of a sufficient statistic. 

Now it is information which communication systems 
are designed to convey, and, although no transducer 
can increase information, some do improve “fidelity” 
(suitably defined), and the optimum transducer is that 
one which maximizes fidelity while preserving infor- 
mation. 

Several examples of measures of fidelity are men- 
tioned by Shannon,’ including 


= (— J dt{ fe(t)—f rOP) (3) 


=(— f aifo-fol) (4) 


in which fr(t) is the estimated message signal, the trans- 
ducer output, corresponding to the true message signal 
fr(t). The quantity v, Shannon’s “evaluation function,” 
is smaller the better the fidelity; in fact, a serviceable 
definition of fidelity is simply the reciprocal of ». 


and 


1R. A. Fisher, Phil. Trans. Roy. Soc. A222, 309 (1921); Proc. 
Cambridge Phil. Soc. 22, 700 (1925). 

2S. Kulback and R. A. Leibler, Ann. Math. Stat. 22, 79-87 
(1951). 

3C. E. Shannon, The Mathematical Theory of Communication 
(The University of Illinois Press, Urbana, 1944). 


PRESTON 


Fisher' introduced the term efficiency to measure the 
quantity equivalent to fidelity of statistical estimates. 
Fisher obtained an important result to the effect that 
the variance of the estimate of a statistical parameter 
can be no less than a quantity which depends on the 
underlying p.d.f. and the number of sample elements, 
whatever statistic is employed. He then defined the 
efficiency of a statistical estimate as the ratio of this 
lower bound to the actual variance of the estimate in 
question. A statistic with efficiency of unity is said to 
be efficient. We are indebted to a referee for pointing 
out that efficient estimates are, a fortiori, sufficient.‘ 
However, only for special cases do efficient statistics 
exist, although in most cases of interest a most efficient 
(minimum variance) estimate does exist. 

It seems appropriate in connection with communica- 
tion theory to widen the term most efficient to include 
estimates, hence transducers, which are best with re- 
spect to any given measure of fidelity, in which event 
the optimum transducer is, succinctly, a physical analog 
of a sufficient and most efficient statistic.* 

When the probability density function of the random 
variable is known (or can be assumed) except Yor the 
statistical parameters which appear, the method of 
maximum likelihood can be used to produce estimates 
of the parameters which are efficient, when an efficient 
estimate exists, and sufficient. The maximum likeli- 
hood estimate of a parameter is that value which max- 
imizes the probability density with the observed values 
of the random variables inserted. 

For example, suppose » statistically independent 
measurements X;, Xo, ---, X, have been made of a 
random variate x, whose probability density function 
p(x) is assumed to be normal 





p(x)= 





(x— he 
Sane ; (5) 


20” 


(2x02)! exp| - 


but the mean y and variance o? are unknown and, in 
fact, are to be inferred from the measurements X,, X2, 
-++, X,. The maximum likelihood estimates of u and o* 
are those which maximize the “‘likelihood”’ 


> (Xi-n)? 

1 i=] 

cerita iliac neeenniciense 6 
(Qc)? Oa? " 


of the observed measurement. These values are found 


* Harold Cramer, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946), p. 482. 

* We are reminded by a referee that Shannon’ has shown that 
information is not decreased by a nonsingular transducer, all non- 
singular transducers being sufficient: of course, not all sufficient 
transducers are nonsingular, in fact, most efficient transducers are 
generally singular. 
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EQUIVALENCE OF OPTIMUM 


to be 


w=-LXi 
n 


and (7) 


1 
o=—>° (Xi—u)?. 
n 


Thus, in this case, the maximum likelihood estimates of 
the mean and variance are just the sample mean and 
variance. 

When dealing with a random time series y(/), it is 
common practice to consider the values of the series at a 
set of discrete instants of time y(t), y(l2), y(ts), etc., 
separated by the Nyquist interval r= 1/(2W), where W 
is the band width of the process. 

By a Gaussian source is meant one which generates 
time series whose values at various discrete instants of 
time have the Gaussian probability density function, 
regardless of how closely the sampling instants are 
spaced. In dealing with Gaussian sources, the sampling 
intervals can, in fact, conveniently be reduced to zero, 
giving the probability density of a segment of a con- 
tinuous function, i.e., a probability density functional 
(used here apparently for the first time). 

The probability density functional of a segment of a 
Gaussian random time series y(/), extending from time fo 
to fg+7, the ensemble autocorrelation function of the 
process being ¥(r), is proportional to 


to+T to+T 
exp| —} f dtyy(t;) 
to to 


in which the function /(¢;, f2) is defined by the equation 


dtoy (t2)# (th, te) | , (8) 


tot T 
f dtp (t;—8)4(t, t2)=8(tr—te), O<te—ty<T. (9) 


to 


The development of this expression is relegated to 
the Appendix. 

Under the assumption that the signal is generated by 
a Gaussian process with autocorrelation function ¥s5(7), 
and the noise by a statistically independent Gaussian 
process with autocorrelation function yy{r), and that 
the received signal y(t) = n(¢)+s(¢), the joint probability 
density functional of a segment of the transmitted 
signal s(¢) and of the received signal y(/), is propor- 
tional to 


to+ T 
exp| —4 f dts y(h)—s(t)] 


to 


to+T 
x f dtel'y (ts) — s(ta) Bw (ty, ts) 
to 


to+ T to+T 
—3 f dts (#1) f dtes (te) s (t1, te) |. (10) 


0 
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Maximizing this with respect to s(¢) in the usual way 
leads to the following equation for the maximum likeli- 
hood estimate S47 1(t), 


to+T to+T 
f dtyy (ty)tw (te, ty) = f dtsS ui (t,) 
to to 


X Les (te, ti) +ty (te, ty) |, (11) 


where use has been made of the symmetry of /s and ty 
in their arguments. 

Multiplying both sides by ¥s(/—/2) and integrating 
with respect to f2 gives 


to+T 
Su L (t) _ < f dtyy (t,) K(t, ty) 


to 


to+T 
+ J dt;Sun(t)K(t,t;), (12) 


in which 


to+T 
K(t,t)=—- f disp s(t—te)tn (te, t). (13) 


to 


Equation (12) for Sy;,(¢) can be solved in terms of 
the reciprocal function to K, which is designated by k 
and is given by the integral equation 


to+T 


vs(t—u)= f dtok (ty, te) 
X LW s(t—te) +n (t-te) ]. (14) 


This is a particular form of the Wiener-Hopf integral 
equation, which can be solved for k(t, f2), using the 
methods of reference 7. 

Multiplying by ?ty(¢, fs) and integrating with respect 
to ¢ gives 


to+T 
— K(t, n)--f dtak (ty, to) K (te, t3)+-R(hi, ts), (15) 


to 


which shows that k and K are, in fact, reciprocal func- 
tions.® 

Multiplying Eq. (12) by k(4, 2) and integrating out /, 
and using Eq. (12) again to clear terms leaves 


dtyy(t1)k(t, t1), (16) 


to 


which is the desired result. 

The value of Sy1(t=?’) is a weighted average of y(t) 
over the entire segment to << to+T considered in the 
analysis, whereas a realizable filter performs a weighted 
integration over the past of the input time series. When 
Eqs. (14) and (16) are rewritten with the memory 
function of a realizable filter appearing in the place of 


5 W. V. Lovitt, Linear Integral Equations (McGraw-Hill Book 
Company, Inc., New York, 1924), p. 17. 
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the function &, they are seen to be identical with the 
result of Wiener® (as extended by Zadeh and Ragazzini’) 
for the optimum filter with lag o=%)+ 7—1. The trans- 
formation of the input y(¢) is thus a function of the 
argument of Sz and is, therefore, not time invariant. 
This was brought about by the fact that a finite segment 
of the input y(/) was treated. 

In practice, input time series are usually very long 
and the maximum likelihood filter will, in principle, in- 
corporate indefinitely long lag. This is due to the fact 
that the values of the received signal over some interval 
preceding and following any instant /» contain informa- 
tion relevant to the original signal at time fo. In order 
to obtain absolutely optimum performance, it is only 
necessary that the lag be as great as the future part of 
the interval of relevance. 

Since the maximum likelihood estimate in the above 
case is both sufficient and efficient, the filter of Wiener 
with infinite lag not only gives maximum fidelity (in the 
sense of minimum rms error), but it preserves all 
relevant information. 

Although it is likely that only in the case of Gaussian 
processes considered here can exact explicit results be 
obtained, it should be possible to develop approximately 
optimum transformations for contaminated signals in 
the video (say), where the time series are no longer 
Gaussian. 

The writer wishes to acknowledge the many helpful 
suggestions of Dr. Samuel G. Kneale and, in particular, 
his assistance in the development of the continuous 
“quadratic form” (Eq. A.13). 


APPENDIX 


Derivation of the Gaussian Probability 
Density Functional 


The .\-dimensional Gaussian probability density 
function is 


[M4 
(29)%? 





exp—}x'Mx, (A.1) 


where, in the present case, x is the column vector of the 
discrete random variates y(T/jN+¢), j7=1, 2, ---, NV, 
x‘ its transpose, and M the inverse of the correlation 
matrix ®. 

The elements of ®, 


| —+4)y( j—+ 
Ag FUN File 


T T 
-v(i_-j-), (A.2) 
N WN 


i 
assuming stationarity. 


®*N. Wiener, Extrapolation, Interpolation and Smoothing of 
Station-Time Series (John Wiley and Sons, Inc., New York, 1949). 

?Lofti A. Zadeh and John R. Ragazzini, J. Appl. Phys. 21, 
645 (1950). . 


PRESTON 
Designating the elements of M by m;;, the identity 
Dd dium j= 53; (A.3) 
k 


is satisfied. 
Making the substitutions 


ry* 
hin ) =M jk (A.4) 
N 
and using 


1 T/2 ~ 
=— f dr exp 2(— 1) | 
T J_rp Tr 


1 L T 
= lim — ¥ —) exp| 2x(— 1)! a} (A.5) 
L 


Law T a=— 


we get 


N N N T 
bm bum(—) => oats(—) (A.6) 
k=1 Z k=l N 


Nie. T 
=lim—— > (_) 
Lx T T n=— L aL 
[2a(—1)*] ilies ( 
Xexpl2x(—1 ~(i—- —). A.7) 
2L 151 


Let L=N, then the right-hand side becomes 


? 
J dtab (t:—te)U( te, ts), (A.8) 


0 


while the left-hand side becomes 


lim m > expl2e(—DIF=(4—t) (A.9) 


n=—L 


1 T/2 ti —ts 
=lim {sB— f dt exp| 2n(— 1) ia(-—) |] (A.10) 
Boo | 27 J_rp2 T 


=5(t,—ts). (A.11) 


Writing the exponent of Eq. (A.1) as a double 
summation and using Eq. (A.4), one gets 


n n Ky 2 
—} } xs Hix Ad, (—) ’ 
i 7 f 


which becomes in the limit 


(A.12) 


T 4 
= f dt f dtay(ts)y(ts)E(t, ta). (A.13) 
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The control and direction of electromagnetic waves is accomplished, in general, by the use of boundary 
materials and structures which produce desired effects on such waves when irradiated by them. An important 
class of boundary structure for this purpose is a surface having alternate areas of conducting and nonconduct- 
ing material. Grids formed of a large number of parallel cylindrical conductors of circular cross section, 
uniformly spaced and lying in a common surface, are among the most generally useful of this class of bound- 
ary structure. Single layer parallel wire grids have received considerable study in the past . However, little 
information is available concerning the characteristics of multiple layers of such grids 

An analytical solution is obtained for the power transmission coefficient of a double grid system. Power 
transmission coefficients for various combinations of system parameters are computed from the analytical 
solution and tested experimentally. The solution is found to yield excellent correlation with experiment 
until the interwire spacing approaches the wavelength. 





I. NATURE OF THE PROBLEM 


HE behavior of electromagnetic waves in free 
space and within physical matter is governed by 
natural laws and hence is beyond the control of man. 
Fortunately, however, this behavior varies with the 
kind of matter in which the waves are propagating. By 
making judicious use of these natural variations in 
behavior, one is able to exercise some measure of control 
and direction over electromagnetic waves. This is ac- 
complished by the use of various materials and struc- 
tures to form boundaries between various regions of 
space in a manner to produce desired effects upon 
the waves. 

On some boundaries it may be desired to prevent the 
passage of all electromagnetic waves in order to keep 
them either within or without certain regions of space. 
On others it may be desired to permit the passage of 
waves in a given frequency band, or having a certain 
polarization, but to prevent all others from passing. 
Then again, it may be desired to prevent the passage 
of electromagnetic waves while simultaneously per- 
mitting the free passage of physical particles such as 
electrons or air molecules. 

These and many other problems related to the con- 
trol and direction of electromagnetic waves require the 
use of all sorts of boundary materials and structures. 
Consequently, the characteristics with respect to elec- 
tromagnetic waves of every conceivable type of bound- 
ary material and structure have been receiving con- 
tinuous and detailed research effort ever since the 
discovery of electromagnetic waves in 1887. Each in- 
vestigation in this area adds to the general storehouse 
of knowledge which enables the marvelous capabilities 
of these waves to be controlled to better advantage. 

An important class of boundary structure, which 
finds frequent use in high frequency electronic equip- 
ment, is a surface having alternate areas of conducting 


*This work was done at the University of California Antenna 
Laboratory and was supported in part by the U. S. Office of Naval 
Research under contract N7onr-29529. 


and nonconducting material forming a grating or grid. 
These are used in electron tubes to form boundaries 
having fixed or variable potentials through which elec- 
trons are caused to pass in controlled numbers or 
velocities. They are used to shield regions from spurious 
external electromagnetic waves or to prevent waves 
generated within the region from interfering with out- 
side equipment. They are used as reflectors in antenna 
systems, effectively shaping beams of electromagnetic 
waves without causing excessive mechanical’ loading 
from weight or wind. Countless other ways have been 
and will be found for using this versatile class of bound- 
ary structure. 

Grids formed of a large number of parallel cylindrical 
conductors of circular cross section, uniformly spaced 
and lying in a common plane or curved surface, are 
among the most generally useful of this class of bound- 
ary structure. Single grid boundary structures of this 
type have been quite thoroughly studied in past years. 
However, there appears to be a negligible amount of 
information available concerning the characteristics of 
two or more such grids used in combination with various 
spacings and relative orientation angles of their wires. 
Such combinations may possess some very interesting 
and useful characteristics. 

The characteristics of a combination of grids of the 
type just described when used as a boundary structure 
affecting the transmission of electromagnetic waves will 
be discussed. At present, only combinations of two such 
parallel wire grids lying in adjacent parallel planes are 
considered. The spacing between the wires of the two 
grids will be arbitrary, except that it will be less than 
one wavelength of the incident radiation. The spacing 
between the planes of the two grids and the angle formed 
by the wires of the two grids will be considered arbi- 
trary. The incident radiation will be considered to be 
uniform plane waves, incident normally to the planes 
of the grids. The additional detailed assumptions and 
the theoretical and experimental approximations used 
will be explained in subsequent sections. The relative 
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transmission through the grids of the incident radiation 
will be examined both theoretically and experimentally 
with a view toward obtaining a mathematical formula- 
tion capable of predicting the characteristics of such a 
combination of grids. 


Il. THEORETICAL ANALYSIS 


A uniform, linearly polarized plane wave is propagat- 
ing in the positive z direction of a right-handed rec- 
tangular coordinate system. The electric vector E of 
this wave is directed parallel to the positive x axis. The 
corresponding H vector is in the direction of the positive 
y axis. Covering the entire xy plane which intersects the 
z axis at z=0 isa parallel wire grid formed of conductors 
having a circular cylindrical cross section of radius b. 
The wires of the grid are uniformly spaced with a center- 
to-center distance equal to d, and they form an angle 
¢; with the positive x axis. 

A second grid of similar construction lies in the xy 
plane that intersects the z axis at z=/. The wires of this 
grid form an angle ¢2 with the positive x axis and an 
angle ¢2—¢, with the wires of the first grid. 

A portion of the energy of the incident wave is re- 
flected in the negative z direction, and a portion is trans- 
mitted through the grid system in the positive z direc- 
tion. Considering the x and y components of the trans- 
mitted waves separately, the relative power transmitted 
through the grids may be written as the ratio of the 
time average square of the transmitted electric field to 
the time average square of the incident electric field, or 


T= (Ets?) wv/ (Eine?) av, 
Ty= (E ty?) m/(Einc*)m, 


where E,,, Ex, and Ejne represent the complex electric 
vectors of the x and y components of the transmitted 
and incident waves. These ratios are the power trans- 
mission coefficients of the grid system. 

The problem to be considered is the determination of 
the power transmission coefficients as a function of a, 
b, $1, $2, and / for double grid systems in which d<i. 

Let E; be the incident electric field, E, the reflected 
electric field, and é a unit vector in the direction of the 
grid wires. 

For perfectly conducting grid wires, 


E,= —é(é-EB)), (1) 


the minus sign accounting for the usual 180° phase 
reversal on reflection. For wires of finite conductivity, 
however, £, will differ from this in both magnitude and 
phase. This may be indicated by writing 


E,=—&(é-E)), (2) 
where «x is a complex proportionality factor. Let 


x= pe®, (3) 
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The transmitted electric vector, E,, must be so 
written that the parallel! component of the fotal electric 
field at the plane of the grid will vanish in the limit of 
perfect reflection (x= 1). If E;, is written 


E,.= E,—&(é-E)), (4) 


then the parallel component of the total electric field in 
the plane of the grid is 


&-(E,+E,+£,) 
=é-(E;—&(é-E)+E;—e(é-B,)). (5) 


This evidently vanishes when x=1. Thus, the trans- 
mitted wave may be considered to be a superposition of 
the original incident wave plus a scattered wave equal 
in magnitude and phase to the reflected wave. This 
would follow from the fact that the induced currents 
which produce the reflected wave in the —z direction 
also produce a wave in the +2 direction of the same 
magnitude and phase, because of the symmetry about 
the z=0 plane. Consequently, at each incidence of a 
wave on a grid, the following will apply: 


fo 


ey cated 





E,=—é(é-E)), (6) 
E.= E,;—&(é-E,), (7) 


and @ is either d, a unit vector in the direction of the 
wires of grid a, or b, a similar unit vector for grid b. 
In the following, let 


Bae ™, 
es pe*®, 
d=the unit vector in the direction of the wires of 
grid a, 
b=the unit vector in the direction of the wires of 
grid b, 
¢i= the acute angle formed by the wires of grid a and 
the positive x axis, 
¢2= the acute angle formed by the wires of grid b and 
the positive x axis, 
h= COS ¢;= @- a;, 
m= sin g;= a: dy, 
n= COS¢2= b- az, 
p= sing2:= b- d,, 
r= cos (¢g2— ¢1) = 4d: b. 
a, and d, are unit vectors in the x and y di- 
rections. 


In the case of a double grid system, the various 
multiple reflections and transmissions which occur after 





TRANSMISSION OF ELECTROMAGNETIC WAVES 


the arrival of the initial wave at grid a may be scheduled 
as follows: 








Using Eqs. (6) and (7) at each contact of waves and 
grids, and adding the transmitted components, 


E,.=E.t+E..+E + si (8) 
= 4,8— dxhB— bx«BA+ dx2B*rA — bx36*7A 
+ ax4B5¢34 — bx5B5rtA + ax®B7r5A —bx7B7r5A (9) 
4 





where A =n—rkh or 


E.= G.8— a khB— > 29B?1y2e-14 | 
q=l 


~bY erigtety2e24, (10) 
q=1 


This may be resolved into x and y components by 
taking the dot products a,- EF; and a,:E;: 


E..2=B—kh’B+A (he28’r—n) Der igatyee2 (11) 
q=!1 


B= —«Bhm+A (mB'r—p) Teme, (12) 
q=l 


Summing the geometric series by the usual method 
and restoring the time-dependent factor exp(jw/), 


. (1—xh?) (1—x°6?r?)+-«(n—rkh) (hk?r—n) - 
E.z=B ——, (13) 
1—«°6?r? 


—xhm(1—x°6?r?)+-«(n—rkh) (mB r— p) 
1—x°6?r? ° 


Taking }ReEE* yields the time average square of 
these field components, and dividing each by the time 
average square of the incident electric fields gives the 
desired power transmission coefficients, T, and Ty. 


This is a lengthy but straightforward process, eventually 
leading to 








ty 


m, (14) 


a (E:2)m A cos2kI+B cos(2k/—8)+C cos(2kl—28)+D cos(2kl—35)-+E 





é (E ine’ Ay 


1+ p*r4— 2p°r? cos(2k/— 28) 
. (En2)w G cos(2kl—8)+H cos(2ki—26)-+K 


(15) 





y 


~ (Eine?) 
where 
A=—2nhp*r’*, 
B=2p*rn(rn— h?+ h'p*r*) 
— 2nhp*r (n?+-h’p*r?— 2nhpr cos), 
C= —2p’r?(1+ h*p?— 2h*p coséd) 
+ 2p*rl (n+ h'p*r — hn*p’r), 
D= —2p*r*h’, 
E= (1+ p'r*) (1+ A'p?— 2h?p cosé)-+- 2nhp*r cos26 
+ 2p cosé (h?p'*r4— nh'p*r+ nh pr? — n?) 
+ 2p*h (hn? — npr’ — h'p*r*) 
+p? (n?+ h?p?r?) (n?+-h*p?r?— 2nhpr cos), 
G= —2pmpr (n?+ p’r*h? — 2nhp coséd) 


— 2hmpr (mn— php*r’), 


1+p'r4— 2p*r? cos (2k — 28) 





H= —2h?m*p*r?— 2hmp’r? (pn— mh), 
K=?m? (1+ p'r4)+ (p?+ m’p*r?) (n?+ p*r?h?— 2nhpr cosd) 
— 2hmp*(ph—mnpr*) cosi— 2hm(mhp'r'—np). 


The constants h, m, n, p, and r involved in the above 
equations are immediately determinable from tables as 
soon as the angles ¢; and ¢» are selected. The constants 
p and 6, however, must be computed or determined 
experimentally for each combination of wire radius and 
spacing. A method similar to that of Wessel’ may be 
used for this purpose. 

Referring to Fig. 1, when a uniform linearly polarized 
plane wave traveling in the positive z direction is inci- 
dent normally on an infinite parallel wire grid, the com- 
ponent of the electric vector parallel to the wire induces 
currents in the wires of the grid. These, in turn, are the 
sources of scattered waves producing fields in the ad- 
jacent space. The vector potential produced at a point 


1W. Wessel, Hochfrequenztech. u Elektroakust. 54, 62-69 
(1939), 
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Fic. 1. Vector relationship between source and field points. 


p resulting from these currents is 


Ho etree 
A,=— | i,——2,, (17) 
4 J, Vee 
where 7, is the polar vector to the source point, and 7, 

is the polar vector to the field point, 


Assuming the grid to be in the xy plane, with its wires 
parallel to the x axis, and that the field point is on the 
z axis, 


Fp=4.2, r,=4x+4,y, d=unit vector. 


If d is the spacing between the wires and there is a 
wire on the x axis, 


y= nd, 


(n=1, 2, 3---) 


Then r,=2, and 
ee (x?-+-n*d*)}, 
Toq= (P+n?0?+2*)!. 
So 
wo ¢_ expL—jk(x*-+n'd?+2*)*] 
A pz: 4 avg. 


dn J ° — (x2--n2d?-+-22)3 





(18) 


If the field point is assumed to be sufficiently far from 
the source point, the currents may be considered to be 
filamentary, and 


i,dv,=Jqdx, (J,=current density) 
; Lo f exp[ — jk(x?-+-n?d?+-2*)*] 
4iPz dz (22+ wd-+ 2)! 





dx,. (19) 
4 


Summing the contributions of all grid wires, limited 
in number at first to 2N, 





“po oN ” exp[ — jk(2?+-n?d?+-2)*] 
J dx, (20) 


A Pz —J az n 
(22+ n'd?-+22)! 
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f =" Hy Lk (2+ ne), (21) 
j 


-Z 


where H,)” represents the Hankel function of the second 
kind. Then 


N 


Mo T 
Apz=—J az Din —Hy®(k(2+ n°d°)*}. (22) 
] 


4r -N | 


As \—>, and for sufficiently large z, the summation 
of Hankel functions is given approximately by’ 


N y 
Y Ao [k(22-+ nd?) ]=—e-#*, (23) 
—N kd 


Using this, Eq. (22) becomes 





Mo A 
Apz= —j—-J«e*. (24) 
4rd 
Since 
o 1 m . 
E=- V(V-A)—jwA, (25) 
J@KoEe 
and 
. @€@ 
V-A=—Ap,=0, (26) 
Ox 
the scattered electric field becomes 
Wwpod 
Ep:= —jwA P:= ——-_J ,e-i**, (27) 
4rd 


However, the grid current, and hence the scattered 
field, is proportional to the incident field. Assuming the 
incident field to be 


: Einc= e tkeG., (28) 
the scattered field in the direction of the z axis is 
Ep:= —KEzine= — Ke 7k, (29) 
Then 
: Js . Ho 4 
— a6 tm — $—¢_— ihe, |: (=) | (30) 
2d €0 
or 
= an 
k= pe? = (—, (31) 
2d 


This provides an expression for p and 6 in terms of the 
grid current. To compute the current, E=—jwA is 
applied to the field and source points within the wires: 


— jwpo e~ trea 
Ep: = taz dvq. 
4r v@ Tq 








(32) 


2R. Weyrich, Die Zylinderfunctionen und ihre Anwendung 
(Leipzig, 1937). 
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TRANSMISSION OF ELECTROMAGNETIC WAVES 


Let the field point be in the center wire, on the x 
axis. Then 








—jwpo en 
Ep.= x. f tax dv, 
2r 1 vq l nq 
Jomo etkrpa 
- — f in —dr} (33) 
4nr Jd, Fos 


where the summation includes the contributions to the 
electric field in the center wire from all other wires, and 
the last term is the contribution from source points 
within the center wire. 

Multiplying by 7,,* and integrating over the center 
wire from x=0 to x=], 


I ae l —jkr 
Jomo x rh Pa 
f Epzipg*dx p= - din J f it,°—— dv, 
0 2r vq T pa 
Jomo Rg —jkrpq 
-|= J f ‘i ae . (34) 
n= 


In the summation, the sources all lie in the other 
wires. Hence, when a>>b, the wires may be considered 
to be line sources. Then in the summation, 











igi p*dvgdv,;—J J p*dx dx p, (35) 
l 
f Epzip*dxy 
0 . 
—jwpo = ’ we 
-——. f [4% —aeps, 
2r 0 —e ' pa 
-| . (36) 
n=( 
Also, in the summation, 
q— [(xq—x,)*+n'd? }}. (37) 








Let £=x,—Xp, in dé, and carry out the x, in- 
tegration. 
l 
f Epzi,*dx»y 
0 
— jwuo = exp— jLA(? errs 
=—— EJS f a 
2a 1 —x (? +n’d*) 
-| , (38) 
n=0 
which becomes 
l 
f Epzip*dx 
0 
— jopo = 
= Lind» ef FH (knd)— | . (39) 
2r j n=0 
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Considering the last term, 


__ Jomo ee ikrpg 
| | - —f f ‘5 ai — (40) 
n=0 


The current flows in a very thin surface layer on the 
perfectly conducting wires, and for a>>d, is uniformly 
distributed on the circumference of the wires. Then 








= dp, dy, 
ip*igdv,dvg—J »*J —— (41) 


us Tv 


The coordinates of the source and field points on the 
surface of the wire are (x,,bcos¢g,,bsing,) and 
(xp, b cos¢p, b singy), so 











pa=L(Xg— Xp) +6" (cosg,—cos¢y)” 
+b?(sing,—sing,)? }} 
—_ 4 
%q-¢ 
| (o.—an+40 sin? . . " : (42) 
Let 
E=X_—Xp, dt=dx,, 
a rae dg,=d¢. 
Then 
wu 
[LS LS 
n=0 
¢g 4 
cen) 
: dg, dg, 
x dx,—_dt—_, (43) 
¢ ; 2r Qn 
~ sin?—+ ‘) 
2 
a dg 
-.. Sats (2k sine ) = (44) 
4n Jo fj 2/ 2x 


Zh (m) 





Fic. 2. Plot of function. 
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Fic. 4. Transmission coefficient T,, as a function of intergrid spacing, for ¢,.=30°, ¢,=60°. 
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Fic. 5. Transmission coefficient T,, as a function of intergrid spacing, for ¢1:= 60°, ¢2=30°. 
If 2kb<K1 (A>>4rb) From Ignatowsky,’ when A>d, 
y oo ON 1 
Hy (2kb siny)=— Injykb siny > Jo(nkd) =——-. (55) 
jr n=l 2rd 2 
So 
2] wo A F ; 
= 1—— Inykb siny, (50) R’=— —=-_, (56) 
T 2 2nd 2d 
where 
=1.7811---, ; 
and 2 ; £= (uo/e0)', (57) 
6 2j ykb A>d, 
f (.-= Inykb siny )ay=n—2) 0 . (51) , 
0 T ' 2 R 
R= one 1 (58) 
Then R 
= tag 0 1 ykb 
ayn x . . 
ee be > Jo(knd) L=—= ra No(nkd)+—- in (59) 
4dr n=l _ r 2 
‘ ykb ie 
— je Y No(knd)+x—2j in| (52) Z “> 1+ jwL, (60) 
n=l 2 
| Whol but from Eq. (31) 
R “|x Jo(nkd)+3}, (53) 
2 Ln=1 ; ¢ Exine 1 
x=—J,=J,R’= R’=—, (61) 
wot « 1 ykb 2d x Z 
L'=——| ¥° No(nkd)+- in| os) — - 
ZL n=! T 2 3 W. von Ignatowsky, Ann. Physik 44, 369-436 (1914). 
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Fic. 6. Transmission coefficient T,, as’a function of intergrid spacing, for ¢:=30°, ¢2=75°. 








or 1 

«=—— = U+- j V =pe**. (62) 
1+ jol 
Then 
—wl 
U= ‘ (63) V= ’ (64) 
1+.°L? 1+o°L? 
= 

p= (U?+V?)!, (65) 6=tan (66) 





Wessel computed, by means of a formula from 
Ignatowsky, tables of the function 


> No(nkd). 


Figure 2 is a plot of the data contained in these tables. 
Ill. EXPERIMENTAL INVESTIGATION 


Two grids were constructed, having the following 
dimensions and properties: 


Length of conductors: 91.5 cm (28.6d) 


Radius of conductors: b=0.0875 cm 
Material: Brass 

Conductivity: 1.57 10" mhos/meter 
Minimum spacing of wires: 0.35 cm 


Actual spacing of wires: 


Width of grid: 
Wavelength: 


d=0.35yv (v=1, 2, 3, ---) 
91.5 cm (28.6d) 
A=3.2 cm. 


Using Eqs. (59), (63), (64), (65), and (66), and the 
above constants of the grids, p and 6 were calculated 
for four values of v, yielding the following: 


v p 6 

1 0.996 —5.2° 

2 0.991 —7.7° (67) 
4 0.721 — 43.9° 

8 0.198 —78.4°. 


Figure 3 is a diagram of the experimental arrange- 
ment used. The signal source was a type 2k39 reflex 
klystron, with a laboratory constructed power supply 
and modulator. The reflector voltage was square wave 
modulated at 1000 cycles per second. The power output 
was approximately 0.4 watts at a wavelength of 3.2 cm. 

A wavelength of approximately 3 cm was chosen pri- 
marily to facilitate the construction of the grids. It 
allowed the grids to have over-all transverse dimensions 
at least an order of magnitude greater than the wave- 
length without becoming impracticallyglarge. An addi- 
tional important reason for this choice was the avail- 
ability of excellent equipment designed for this band. 

At the output wave guide of the signal generator, a 
directional coupler extracted a sample of the signal and 
supplied it to a DeMornay-Bud type 382 cavity wave 
meter with associated crystal detector and indicating 
amplifier. This provided a means of monitoring the 
wavelength of the output signal. 
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Fic. 7. Transmission coefficient T,, as a function of intergrid spacing, for ¢:= 60°, ¢2=30°. 


The wave guide from the signal generator was ter- 
minated in a variable attenuator, a directional coupler, 
and a rectangular electromagnetic horn radiator. The 
variable attenuator was adjusted to serve as the primary 
load on the signal generator, sufficiently isolating it 
from the horn radiator that variations in the reaction of 
the grids on the horn caused negligible variations in the 
frequency and power output of the signal generator. 
The directional coupler extracted a signal proportional 
to the power traveling toward the sending horn near its 
throat. This signal passed through a variable attenuator 
to a bolometer detector. This arrangement served to 
monitor the power radiated by the horn. 

The sending horn and the directional coupler were 
mounted on a tripod so that the axis of the beam radi- 
ated by the horn was horizontal. The tripod head was 
arranged to permit the polarization of the radiated 
beam to be rotated about the beam axis to any desired 
angle with respect to a vertical reference. 

The receiving device was a similar horn, mounted on 
a second tripod at a distance of approximately 1} meters 
in front of the sending horn. The receiving horn was 
mounted horizontally so that its axis coincided with 
that of the sending horn, with its mouth directed toward 
the sending horn. The mounting of the receiving horn 
was also arranged so that its polarization could be 
rotated about the common axis between the horns to 
any desired angle. 


Approximately halfway between the sending and re- 
ceiving horns, a large plywood frame supported the two 
grids within a circular aperture at its center. The grids 
were so supported that their centers were on the com- 
mon axis of the horns, and their planes were normal to 
this axis. The grid nearest the sending horn was bolted 
rigidly in the frame. The grid farthest from the sending 
horn was mounted on long threaded bolts so that it 
could be moved along the common axis by means of 
thumb screws, while remaining parallel to the fixed 
grid. Thus, the spacing between the two grids could be 
varied continuously from about two to forty milli- 
meters. Holes were provided around the periphery of 
the circular aperture in the frame at 15° intervals, per- 
mitting the grids to be mounted with their wires at 
various angles with respect to the vertical. 

The bolometer on the sending horn directional coupler 
and the one terminating the receiving horn were con- 
nected by coaxial cable to separate terminals of a 
coaxial switch. The center terminal of this switch was 
connected to the input of a Hewlett-Packard type 415A 
Standing Wave Meter. This instrument provided the 
necessary dc bias for the bolometers, and, by operating 
the coaxial switch, indicated the relative signal levels 
at the sending and receiving horns. 

Transmission coefficients JT, and 7, were measured 
for pairs of grids having values of » of 1, 2, 4, and 8, and 
for various values of ¢; and ¢». The spacing between 
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the grids was varied between approximately 40 and 720 
electrical degrees. Theoretical values of T, and T, were 
computed from Eqs. (15) and (16) for the same values 
of v, ¢1, ¢2, and /, using the results tabulated in Eq. (67). 

Figures 4, 5, 6, and 7 are curves plotted from the 
computed and measured values of T, and T, for a few 
typical cases. 


IV. CONCLUSIONS 


The experimental values obtained for the transmis- 
sion coefficients of a pair of grids agree quite closely 
with the values computed from the equations derived 
in Sec. II for all wire spacings except that for which 
v=8. For this case, in which the wire spacing is ap- 


E. 


GROVES 


proaching the wavelength, the variation is due to the 
use of a curved wave front in the incident radiation, 
rather than the assumed plane wave, together with the 
use of a directional receiving device which discriminates 
against scattered radiation from wires some distance off 
the axis of measurement. In addition, the error resulting 
from the assumption that the field between the grids 
is composed only of the dominant plane waves becomes 
appreciable when the wire spacing approaches A, and 
the intergrid spacing is less than 2.5A. When the spacing 
between grid wires is appreciably less than A, Eqs. (15) 
and (16) yield a good approximation of the transmission 
coefficients of double grid configurations which fulfill 
the basic assumptions. 
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The starting current of a simple model of the backward-wave oscillator described by Kompfner and 
Williams has been calculated. The effect of space charge is included. The starting current 7) may be written 


in the form 


1at¥f 





off" 
2xN J’ 


where Vo is the beam voltage, Zo is the impedance of the circuit, N is the length of the oscillator in wave- 
lengths measured on the circuit and ao(4QC) is a dimensionless quantity which has been evaluated as a func- 


tion of the space-charge parameter 40C. 


NOVEL form of microwave oscillator has been 
described recently by Kompfner and Williams.! 
In this generator an electron stream interacts with a 
particular spatial harmonic of one of the transmission 
modes of a periodic structure of the type used in certain 
traveling wave amplifiers.” It is characteristic of the 
device that while the driven harmonic has a phase 
velocity close to that of the electron stream and travels 
“forward’”’, the power flow of the transmission mode is 
in the opposite direction or “‘backward.”’ Thus power 
absorbed by the circuit from the beam at any point 
flows backward and produces modulation of the beam. 
There are in effect a multiplicity of feedback paths 
between the circuit and the beam, and the possibility 
exists that such a system, entered by an unmodulated 
beam, may be unstable for certain frequencies. It is 
intended here to find out under what conditions this 
may occur for a simple but representative system. 
It will be supposed that the circuit has a pair of 
modes of propagation for which the phase and group 
velocities are oppositely directed; for a passive circuit 


1R. Kompfner and N. Williams, Institute of Radio Engineers 
Conference on Electron Devices, Ottawa, Ontario, June 1952. 
2S. Millman, Proc. Inst. Radio Engrs. 39, 1035 (1951). 


this is to say that the phase velocity and power flow are 
in opposite directions. The two modes have equal and 
opposite phase velocities and, similarly, contrary but 
equal group velocities. The “phase velocity” of a trans- 
mission mode is not, for periodic structures, an un- 
ambiguous term, since each such mode may be resolved 
into an indefinite number of space harmonics, every one 
of which has its own distinct phase velocity. With equal 
propriety any one of these phase velocities may be used 
to label the mode. However, the group velocity is the 
same for all, and thus the power flow has a definite 
direction and magnitude characteristic of the mode. 
It follows that for any periodic structure every mode is 
of the type considered here, provided that the electrons 
interact with a forward-moving space harmonic.’ In 
the following analysis it will be assumed that only a 
single mode is excited by the electrons, and that, if this 
mode has space harmonics, only one of these interacts 
with the electron stream. This assumption may not be 
met in practice by every structure, and it is always 
necessary to check it in specific cases. The mode having 


* An example of a mode of this type in a nonperiodic structure 
is given by Pierce. J. R. Pierce, Traveling-Wave Tubes (D. Van 
Nostrand Company, Inc., New York, 1950), Chap. XI. 
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STARTING CURRENTS IN THE 
its phase and group velocity reversed from the inter- 
acting mode will interact weakly with the electrons. If 
it be supposed that the circuit is matched at the input 
end, then this mode cannot be excited by reflections, 
and hence it too may be ignored. 

Since starting conditions are in question, small signal 
analysis will be used. The electron beam flowing in the 
positive x direction has a dc velocity, vo, and a de charge 
density, po, corresponding to a beam voltage, Vo, and 
a de current, J; it is considered to be sufficiently thin 
and close to the circuit for the same electric field to act 
on all electrons at a position x and for the ac current 
injected into the circuit between x and x+dx to be 
(di/dx)dx, where 7 is the ac current in the beam. Trans- 
verse motions of the electrons are excluded. The ac 
voltage of the circuit wave (of the relevant space- 
harmonic in periodic structures) is V, and the undriven 
wave is of the form 


V=V, expjlwt—Bx], 


where w is the angular frequency and B=8(w) is the 
phase constant and is supposed real. The equation 
which describes the excitation of the circuit wave by 
the beam is taken to be 





—+ 7BV = a (1) 


where Z» is that impedance which when placed at the 
input end completely absorbs the circuit wave (— Zp is 
the characteristic impedance of the mode). To justify 
Eq. (1), one may write, if V* and i* are the complex 
conjugates of V and i, 


ov* Zo o1* 
—— jsv*=— —, 
Ox 2 ox 


then calculate the power extracted from the beam 
between 2, and x2. This is given by 


7 /0V av* 
P(x, %2)=4 Re f (— i++) as] 
zi Ox Ox 


=} Ref Vi¥+ V*i}® 


v2 oi* 01 
Hire f° (vn) 
z1 Ox Ox 


1 
=4 Rel Vi*+V*%1]"9—-—LVV*]*. 
v1 2Z» Z1 
This implies that the power flow in the circuit at a 
point x is — (VV*/2Z»), which indicates that the power 
flows against the electron stream. 
The effect of the field upon the electrons is calculated 
in the usual way from the equation of motion and the 
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equation of continuity. Letting the amplitudes of the 
ac charge density, velocity and current be p, v, and i, 
then 


t= povtr 9p, 


fe) 
jJwp+— (pov-+ Vop) =0, 
Ox 


0 e OVr 
(jot —)o= -— ’ 


Ox m Ox 





where dV 7/dx represents the total field. It is made up 
of a part contributed by the circuit voltage and a part 
arising from space charge. Eliminating p and v gives 


0\? epo OVr 
(Jott) $= — jua— —. (2) 
Ox m Ox 


It will be assumed that the part of V7 arising from space 
charge is given by* 


Vr—V=p/Ci, (3) 
where C; is a constant of the circuit. Since 
Op 07 
—= jup= ——, 
ot Ox 
Vr is given by 
j oO 
Vr=V+— —. (4) 
wl Ox 


Equations (1), (2), and (4) have now to be solved 
subject to boundary conditions of the following form. 
The beam enters at x=0 with no modulation, which 
implies i(0)=0 and (0i/dx)(0)=0. The circuit voltage 
at x=0 may be any arbitrary number, V (0), since the 
boundary conditions are homogeneous. These three con- 
ditions will completely determine a solution of the 
equations. But at x=», the far end of the circuit, 
V (xo) must be zero by the following consideration. If 
the circuit be matched at the far end, the mode of 
interest cannot be excited there by reflections of the 
small amount of the reversed mode which will always 
exist. Also since the power in the main mode flows back- 
ward, there can be no excitation by the electrons at 
x=x9. The imposition of this extra condition on the 
solution already found leads to an equation involving 
the frequency and the various parameters of the prob- 
lem. This equation will have complex coefficients and 
in general the solution for the frequency will be complex, 
or an initial disturbance will either decay or grow. For 
some values of the parameters the frequency will be 
real. Thus, if the equation of condition be solved for real 
frequencies, a relation is found between the parameters 
which will correspond to those conditions under which 
the tube is on the verge of oscillation. 


* Reference 3, p. 111. 
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Equations (1), (2), and (4) may be solved by Laplace 
transforms since it is clear that the solutions will not 
grow faster than exponentially and such solutions will 
be valid in 0<2x< @. Laplace transforms will be repre- 
sented by putting bars over the functions involved. 
Multiplying (1), (2), and (4) by e~”” and integrating 
from 0 to ©, gives, when the boundary conditions at 
x=0 are used, 

= Zo 
(p+jrA)V—V(0O)= : pi, 


- 


Cpo_ 
(prot jw)*i= — jw—[ pV r—V (0) ], (5) 
m 


—. 
Vr—-V=— pi. 
wl; 


Eliminating i and V7 gives 


€po ' wepoZ - 
| (r+ je ee pletaniS <r V 


mC 1V0° M79 
€po JwepoZ o ; 
=| (r+ je te)? —-——_ f+ VO (6) 
mC jo" 2mv" 
Substituting for p in (6) the expression 
p= w/vol_ — j+Cz], 
where 
epoZo ToZo 
C= a 
2mvr 4V 5 
and writing 
€po A— w/o 
= ———_ and §6=——— 
4m2°C ,C* wC 


vo 
then (6) becomes 
[2?+40C (1+ jCz)?+C (1+ jCz) ]V (0) 
ee — 
=—{[2?+40C (1+ jCz)? [2+ 76 ]—7 (1+ 7Cz)*} V. (7) 


Vo 


It will now be assumed that C is much smaller than 
unity, although 40C is not. Equation (7) now becomes 


Cn a (8) 
w (2+40C) (2+ j6)—j 


Inverting the Laplace transform 


voV (0) exp— (jwx/v0) 


x)= 





23 jw 


zor je 2?+40C 
x J —erds, (9) 





oie (2+40C) (2+ 78)—j 
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where 
a=wCx/v and Re(zo) is sufficiently positive. 
The boundary condition, V (x )=0, then implies 
a #+40C 
o= f —__—__—___—___—-¢"¢s, (10) 
z9—j® (2?+ 40C) (s+ 78) —j 
wl "Xo 


ag=——.. 
Vo 


with 


If, identically, . 
(22-+40C) (2+ 76) — j= (s—21)(—22)(s—23), (11) 
Eq. (10) may be reduced to 
0=2(z;—z;) (a2-+40C)e%**, (12) 


where i, 7, k represent a cyclic permutation of 1, 2, 3. 

Since general properties of (12) are in question rather 
than solutions for specific values of the parameters, it 
is convenient to represent the three quantities 2, 22, 2; 
and the parameters 6 and 40C in terms of two rather 
nonphysical but useful parameters in such a way that 
(11) holds. Defining v and oa, then, by means of the 
equations 


6=—— pW, (13) 
and 
40C =——_, (14) 
it is found that 


v 1 oe vy 
n= i+|—-(<-) , (15) 
2 y4 vr 2 


23= —jo/v’; (16) 


and 


o is unity in the absence of space charge and otherwise 
greater than unity. v may be considered to run from 0 
to © since this represents all values of 6 from — © to 
+c. The fact that there will be other values of v, in 
general, complex, which correspond to a given 6 is not 
troublesome. It is easily shown that choosing a different 
v for a particular 6 has only the effect of changing the 
labels on the z’s and since Eq. (12) involves all the 2’s 
symmetrically the relabelling gives nothing new. 

Substitution of (13), (14), (15), and (16) into (12) 
gives after some calculation 


j 20°—1 y! 
“|o+=( ~~ )| exp| (-- R)as| 
2R y 2 d 
j 207—1 
+H] o——(—ott ) 
2R Y 
y3 odo 
xexp| (J—+R)a0|-+exn( - 7") =0, (17) 
e 
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where R is the positive square root of 1/»*— (¢/v?— v*/2)?. 
Putting v?=7 and ao/v?=y, (17) becomes 


277} @ coshu[1— (o— 7?/2)?}! 





ini — sinhy[1— (o—72/2)2] 
2[1— (o—7°/2)*}? 


+cos(o+7?/2)u—j sin(o+7?/2)u=0. (18) 


20°—1—or 


For a real frequency ¢, 7, and yu are all real so that (18) 
separates into the pair of real equations 


—2r°o coshu[1— (o— 77/2)" ]}!=cos(o+77/2)u, (19a) 
(20?—1—¢7?) 
— ?>——____—_——— sinhy[ 1— (o— 7?/2)?}}! 
[1—(o—7?/2)?}! 
=sin(o+77/2)u. (19b) 
This separation is valid regardless of the sign of 


1—(e—7°/2)? since sinhx/x is real for x purely real or 
purely imaginary. Squaring and adding (19a) and (19b), 








(1— 207?) 
sinh’y(1— (o— 1*/2)"¥=——_[1— (e—/2'], 
1>(o—77/2)?, (20a) 
(1— 207?) 
sin*ul (o— 7°/2)?— 1 }}=———_[ (o— 7°/2)°— 1], 


1<(e—72/2)?, (20b) 
and using (19b) 


sin?(o+ 7?/2)u= (1— 207?) (207—1—ar*)?. (21) 


Equations (20) and (21) may be solved graphically 
by obtaining » from each as a function of o (or 7) at 
fixed 7 (or c), but it is useful to have some qualitative 
information before doing this. Writing 


f=o+r?/2, 
and 


g=o—r°/2, 


(20) and (21) become 


1— f+? 
sinh’u (1—g*)#= ————_(1—g*), g<1, (22a) 
(f—g)? 
— Pty 
sin*u (g?— 1)! =—————-(g?—-1), g>1, (22b) 
(f—s)° 
and 
sin’u f= (1— f?-+g*) (fe+g?— 1). (23) 
The right-hand sides are always positive and thus 
1+g°> f. (24) 


Similarly the right-hand sides of (22b) and (23) are 
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less than unity, and if one is unity then so is the other, 
since from (19a) both cosines vanish together. Thus, 


(1— f+") (e?—1)< (f—8)’, 
(g—1)!+1/g<f, 
so that f lies within the limits 
(1+¢*)!S fS(g—14+1/g)', for g>1. 


Figure 1 shows the region in the f—g plane defined by 
these inequalities and the conditions 


f+g>2, 


or 


and 
f—g>0, 


which follow from ¢>1 and 7?>0. 

For g<i, where (22a) holds, which is the region in 
which some of the z’s are complex and there exist grow- 
ing waves as elementary solutions, it is clear from Eqs. 
(19a) and (19b) that both sinu/f and cosy /f are negative 
and, thus, uf satisfies 


(2n+1)r<pf<(2n+3/2)r, n=0,1,2,---, 


u(1—g’)!, on the other hand, is single valued. Proceed- 
ing as indicated before to solve for wu from (22a) and 
(23), it is found that each branch of uf corresponding 
to a different leads to a solution. This number will 
be called the mode number. Each such solution exists 
for g=1 and so may be expected to be prolonged to 
g> 1. In this region the situation is more involved since 
u(g?—1)! is now also multivalued. The branches of 
u(g?— 1)! join along the line f= (g?+-1)! where u(g*—1)! 
is m, 2m, 3m, etc., and along f= (g?—1)!+1/g, where 
u(g?—1)! is r/2, 34/2, 5/2, etc. Similarly uf branches 
along the same lines, but has the values 27, 32, 41, etc., 
at f= (g’+1)! and 32/2, 52/2, etc., at f= (g?—1)!+1/g. 
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Fic. 2. ao vs 4QC for the n=0 mode. 


Following a particular mode or » value into the region, 
g>1, u(g’—1)! is O at g=1 and increases to 7/2 as the 
lower boundary, f= (g’—1)!+1/g, is approached; yf 
meanwhile goes to (2n+3/2)x at this boundary. Thus 
the first contact with the lower boundary satisfies 


u(g?—1)'=2n/2, 
f= (2n+3/2)z, (25) 
f=1/g+(¢—1)!, 
and is, thus, fully determined. Now, moving to the 


upper boundary, f= (g’+1)!, u(g?—1)! goes to m and 
uf to (2n+2)x, so that the contact point satisfies 


u(g?— 1)'= T, 
uf= (2n+2)z, (26) 
f=(¢+1)}. 
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The process continues and for the mth contact at the 
lower boundary 


u(g?—1)!= (2m—1)x/2, 


uf= (2n+3/2+m—1)z, (27) 
f=1/g+ (g’—1)}, 


TABLE I. 


First mode Second mode 





mm 40C do m m’ 40C do 
0 1.251 2.220 0 .6373 4.943 
0 2.325 2.690 0 1.098 6.323 
1 3.452 3.000 1 1.252 6.659 
1 4.793 3.273 1 1.650 7.298 
2 6.189 3.494 2 1.914 7.637 
2 7.756 3.686 2 2.325 8.066 
3 9.313 3.869 3 2.659 8.381 
3 11.04 4.040 3 3.097 8.714 
4 12.71 4.191 4 3.471 9.001 
4 14.59 4.332 4 3.923 9.297 
5 16.38 4.445 5 4.328 9.552 
5 18.38 4.590 5 4.795 9.806 








Values of ao as a function of 4QC calculated from the contact points. 
m refers to the number of the contact with the lower boundary, m’ to 
contacts with the upper boundary. 


1 2m—1\77} 
loa) a 
2 2m+1 


or 


and for the mth contact with the upper boundary 


u(g?— 1)'= mT, 














uf=(2n+1+m)r, (29) 
f=(¢e+1)}, 
TABLE II. 
—_ First mode ap Second mode 
m m' 40C 6 m m’ 40C 5 
0 1.251 1.502 0 .6373 1.823 
0 2.325 1.602 0 1.098 1.179 
1 3.452 1.961 1 1.252 1.502 
1 4.793 2.232 1 1.650 1.383 
2 6.189 2.537 2 1.914 1.593 
2 7.756 2.816 2 2.325 1.602 
3 9.313 3.085 3 2.659 1.768 
3 11.04 3.341 3 3.097 1.822 
4 12.71 3.590 4 3.471 1.960 
4 14.59 3.834 4 3.923 2.031 
5 16.38 4.143 5 4.328 2.154 
5 18.38 4,299 5 4.795 2.232 








Values of 5 as a function of 4QC calculated from the contact points. 
m refers to the number of contact with the lower boundary, m’ to contacts 
with the upper boundary. 


giving 





, (2n+1-+m)?+m? 


(2n+1-+-m)?—m? (30) 
u=[3(2n+1)(2n+1+2m)m}. 








The 
poin 
mod 
calc 
lie v 
tion 
and 
calc 
rate 
In 7 
of 4 
40C 


F 
for 
shor 


Thi: 
in r 
sati: 


so 1 
step 
ther 
sati: 


whe 
of t 


Thi 








STARTING CURRENTS IN THE 
These equations thus give an indefinite number of 
points for each mode. It turns out for the n=0 and n= 1 
modes that when the two sets of points are used to 
calculate values of ao as a function of 4QC all the points 
lie very close to a single curve. Thus sufficient informa- 
tion may be found by solving graphically up to g=1 
and using the contact points from there on. Values of 6 
calculated from the two branches are somewhat sepa- 
rated and the 6 vs 40C curve is correspondingly sinuous. 
In Tables I and II the values of ao and 6 as a function 
of 40C found from the contact points are shown. For 
40C =0, a9=1.97, 6=1.52; for n=0 and a=3.69, 
§=2.67 for n=1. 

Figures 2 and 3 show ap and 6 as a function of 40C 
for the first two modes. The frequency of oscillation 
should now be found by solving the equations 


A\=w/vol1+C8(40C)], (31) 
wCxo 
ag=——= ao(400). (32) 
vo 


This will be complicated since the frequency is involved 
in numerous ways. But if C is small, w must nearly 
satisfy 


r (w) = Wo, (33) 


so that the circuit wave and electrons are almost in 

step. If the phase characteristic of the circuit is known 

then w will be known as a function of voltage. C must 
Aovo ag dy 


satisfy 
ao(4Q0C) 
( = SF eS eS "7 
W.Vo AX 2rN 2rNV 


(34) 


where .V is the number of wavelengths along the length 
of the tube, or again 


(> §  ao(40C) 
oy r 
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This value of 7) may be identified with the starting 
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current in the mth mode when the values of ao(4QC) 
for the mth mode are inserted. Strictly it has not been 
shown that greater values of J» correspond to oscilla- 
tion and smaller ones to damping. This can be done 
fairly readily for the zero space-charge case, however. 
The operating voltage, Vo, will be given in terms of the 
synchronous voltage, Vo,, by the relation 


Vo= VodL1+Cs(40C) P~V ol 1+2C5(40C)]. 


Figures 4 and 5 show 6 vs 40C for the first two modes. 

It may be remarked that the analysis shows quite 
clearly that backward-wave oscillation is an interference 
phenomenon and does not require operating conditions 
which admit growing wave solutions. The numbers 
and m which have appeared in the analysis are clearly 
identifiable with integral numbers of half-wavelengths 
of the elementary waves out of which the solution 
is built. 

This work was carried out in part under a contract 
with the U. S. Office of Naval Research whose support 
is acknowledged. 
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New Developments in the Production and Measurement of Ultra High Vacuum 
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A new vacuum technology is described which makes it possible to achieve working pressures as low as 10~” 
mm Hg in a routine and straightforward fashion. This is accomplished without the use of chemical getters, 
special traps, or refrigerants of any kind. Essential to this technology are several new instruments which have 
been especially developed for the production or measurement of ultra high vacua. These new tools have 
permitted us to carry out a number of researches concerning the phenomena which occur at very low pres- 
sures. The ultra high vacuum technology has also made possible a new experimental approach in the fields of 


gaseous and physical electronics. 


I. INTRODUCTION 


OR some years specialists who work with highly 
evacuated systems have agreed that pressures as 
low as 10- mm Hg are readily attainable. The average 
worker carrying out experiments requiring good vacuum 
conditions has viewed such claims with considerable 
skepticism, first of all because there have previously 
been no direct means for measuring such pressures, and 
secondly because the procedures for achieving such 
vacua have in the past been neither clearly understood 
nor adequately defined. The present paper describes 
several new instrumental developments carried out at 
these laboratories which have made it possible not only 
to achieve and measure such pressures, but also to carry 
out experiments which clarify and give new insight into 
the various physical mechanisms which take place in the 
pressure region below 10-* mm Hg.' On the basis of 
these developments, together with the important work 
by others in this field, a new set of vacuum techniques 
has been evolved in our laboratories. The present paper 
describes some of the novel aspects of this technology 
which make it possible to achieve and measure pressures 
as low as 10~ mm Hg? in a straightforward and rela- 
tively simple manner. 

The interest in attaining extremely low pressures 
arises from the requirements met in a wide variety of 
experimental activities. The field of gaseous electronics 
is an example. It is well known that in a number of 
investigations involving the ionization of gases,* an 
impurity of one part in a million may significantly alter 
the physical characteristics of the gas in question. In 
these investigations the evacuation of the vacuum sys- 
tem is just a preliminary to the usual experiment in 
which the gas is then introduced into the system, the 
degree of evacuation setting an obvious limitation on 
the degree of gas purity which is possible. For obtaining 
very low contamination in gases in the millimeter 
range of pressures, it is necessary to attain extremely 


' Much of this work was described in a paper presented at the 
Massachusetts Institute of Technology Conference on Physical 
Electronits, Cambridge, Massachusetts, in March, 1952. 

? The pressures referred to in this article are equivalent nitrogen 
pressures unless otherwise specified. 

+ See, for example, review article by Druyvestyn and Penning, 
Revs. Modern Phys. 12, 87 (1940). 


low residual pressures. By using the techniques devel- 
oped in our laboratories, gas samples have been prepared 
with an impurity content of less than one part in a 
billion.‘ 

In the field of physical electronics there are many in- 
stances in which ultra high vacua are required, for 
example in studies of the physical properties of solid 
surfaces. Nottingham‘: and Anderson’ have shown that 
the work function of a metal is tremendously affected by 
the adsorption of small quantities of gas on the surface. 
At a pressure of 10-* mm Hg an adsorbable gas forms a 
monolayer on a clean surface in about one second ; hence 
at this pressure an experiment intended to study the 
properties of the clean surface itself would have to be 
carried out in a small fraction of a second. On the other 
hand, at 10 mm Hg the monolayer forms a in few 
hours and the surface remains clean for a sufficient time 
in which to make measurements. Experiments in this 
laboratory have shown indications of partial pressures 
of adsorbable gases of 10~-* mm Hg or less. In a general 
way, it may be said that the ability to attain and 
measure pressures several orders of magnitude lower 
than those usually considered satisfactory makes it 
possible to carry out a wide variety of experiments 
which would otherwise be infeasible. 

The present paper was written with the intent (1) 
to describe those characteristics of recent instrumental 
developments which have not been discussed in pre- 
vious publications,®* (2) to discuss some of the 
physical mechanisms which are believed to occur at 
very low pressures, and (3) to describe in some detail 
the vacuum systems, procedures, and instrumentation 
which have been evolved in our laboratory. With this 
“ultra high vacuum technique,” we achieve working 
vacuums between 10-° mm Hg and 10~” mm Hg ina 
manner which is in no case more difficult than the 
procedures conventionally used to attain the usual 


4M. A. Biondi, Rev. Sci. Instr. 22, 535 (1951). 

5 W. B. Nottingham, J. Appl. Phys. 8, 762 (1937). 

*W. B. Nottingham, Phys. Rev. 55, 203 (1939). 

7P. A. Anderson, Phys. Rev. 57, 122 (1940). 

®R. T. Bayard and D. Alpert, Rev. Sci. Instr. 21, 571 (1950). 

a” Matland, and McCoubrey, Rev. Sci. Instr. 22, 370 
(1951). 

TD. Alpert, Rev. Sci. Instr. 22, 536 (1951). 
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“good” vacuum of 10-7 mm Hg; this is accomplished 
without the use of special getters, charcoal traps, or 
refrigerants of any kind. 


II. LIMITATIONS OF CONVENTIONAL IONIZATION 
GAUGES IN THE MEASUREMENT OF 
ULTRA HIGH VACUA 


From the time of its initial development by Buckley" 
and Dushman” the ionization gauge has been the most 
widely used instrument for the measurement of low 
pressures. While it has certain limitations which will be 
discussed presently, the ionization gauge has been 
characterized by its simplicity of construction and 
operation, and its ability to read pressures lower than 
were possible with other ‘means. The conventional 
ionization gauge” structurally resembles a_ triode 
vacuum tube. A filament serves as a source of electrons. 
However, the grid serves as the electron collector and is 
operated at a positive potential (100 to 200 v) with 
respect to the cathode, while the cylindrical plate is 
negative by 10 to 50 v. Electrons from the cathode, 
before being collected at the grid, are capable of ionizing 
gas molecules both inside the grid structure and between 
the grid and the negatively charged outer cylinder. 
Since the number of ions produced per electron is as- 
sumed proportional to the gas density, the current to 
the ion collector is used as an indication of the pressure. 
More precisely, it is the ratio of this ion current to the 
electron current arriving at the grid which constitutes 
a measure of the pressure. The sensitivity S of a given 
ion gauge is defined in terms of this ratio for a given 


pressure: 
S= (i./ig)/P, 


where i, is the ion collector current, i, is the grid 
electron current, and # is the pressure in mm Hg. 

A typical value for S is 10 (mm Hg)", while a normal 
operating electron current is 10 milliamperes; under 
these conditions the ion current at a pressure of 10-* 
mm Hg is 10-* ampere. Hence, if the ability to read the 
ion current were the only limitation on the ionization 
gauge pressure range, it would be possible to read 
pressures as low as 10-'® mm Hg, a value orders of 
magnitude lower than those which have thus far been 
obtained. 

We now know that the standard ionization gauge as 
used prior to 1948 was not capable of indicating pres- 
sures below 10-* mm Hg. There is good reason however 
to believe that pressures considerably below this value 
were attained as early as 1931." In 1935 P. A. Ander- 
son,'!® using the change in work function of a clean 
tungsten surface as an indication, attained pressures 


1Q. E. Buckley, Proc. Natl. Acad. of Sci. U. S. 2, 683 (1916). 

2S. Dushman and C. G. Found, Phys. Rev. 17, 7 (1921). 

8 For a discussion of ion gauges, see for example, S. Dushman, 
Scientific Foundations of Vacuum Techniques (John Wiley and 
Sons, Inc., New York, 1949), chapter 6. 
as E. K. Jaycox and H. W. Weinhart, Rev. Sci. Instr. 2, 401 

31). 
‘’P. A. Anderson, Phys. Rev. 37, 958 (1935). 
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which very likely were below 10-* mm Hg. He was able 
to achieve conditions in which changes in the work 
function because of adsorption of residual gas on 
a freshly cleaned surface did not take place for 
at least an hour. In 1937 Nottingham® used the rate 
of deactivation of a thoriated tungsten filament as 
a measurement of the magnitude of the residual 
gas pressure. He showed that “this deactivation 
time served as a better indication of the condition of 
the tube than any measurements” obtained with the 
ionization gauge. In particular it was clear that although 
the ionization gauge had reached its lowest ion current 
corresponding to 10-* mm Hg, significant changes in the 
state of vacuum were still indicated by the variation in 
thermionic emission from a thoriated tungsten filament. 
These observations constituted the first indications that 
vacuums better than 10-* mm were attainable, and at 
the same time served to heighten the mistrust of the 
ionization gauge as an instrument for the measurement 
of low pressures ; it was not until considerably later that 
the low-pressure limit of the ionization gauge was clearly 
recognized as such in the literature. 

It was Nottingham who recognized that a lower 
limit did exist on the range of the ionization guage and 
in 1947'® put forth a hypothesis to account for it. He 
suggested that there exists a residual current to the ion 
collector which is completely independent of the 
pressure. This current is caused by soft x-rays created 
when the electrons from the filament strike the grid. 
The x-rays in turn release photoelectrons from the ion 
collector which are accelerated to the grid, the electron 
current from the ion collector giving a current of the 
same sigh as ions arriving at the collector. Thus the 
pressure in a conventional ionization gauge must exceed 
10-* mm Hg in order to produce an ion current appreci- 
ably in excess of the residual current. 

In 1948, Apker’’ suggested a method for using an 
ionization gauge to indicate the state of vacuum in a 
system when the total pressure was less than 10-* mm 
Hg. This technique, often called the “flash filament” 
method, has been further investigated by Nottingham 
and by Molnar.!® 

The procedure consists of incorporating an auxiliary 
tungsten filament within the ionization gauge. The 
filament is first cleaned by momentarily flashing to a 
temperature above 1500°K. After a time Af during 
which it is kept at room temperature the filament is 
again flashed. The second flash suddenly releases the 
molecules adsorbed on the filament during the time A/, 
and the resultant burst of gas registers as a momentary 
change in the reading of the ionization gauge giving a 
so-called peak pressure indication." This peak pressure 
reading increases at first linearly with At, corresponding 


16 Private communication. 

17L. Apker, Ind. Eng. Chem. 40, 846 (1948). 

18 Private communications. 

19 At must be sufficiently large so that the adsorbed gas will give 
a peak pressure greater than 10-* mm Hg. 
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Fic. 1. (a) Typical data for conventional guage (RCA type 
1949). (b) Typical data for Bayard-Alpert guage. Vo is the normal 
operating voltage (150 v). 


to the accumulation of adsorbed molecules on the flash 
filament; for sufficiently large At the peak pressure 
approaches a constant value and shows very small in- 
creases with further increase in Af. This behavior is 
assumed to be due to the ready adsorption of molecules 
at early times when the filament is clean, the rate 
depending on the pressure of adsorbable molecules in 
the volume. The leveling-off point is taken to corre- 
spond to tlie time when the flash filament is covered with 
a monolayer of the molecules. One can calculate the rate 
at which molecules arrive at the filament surface at a 
given pressure (on the basis of kinetic theory) and 
estimate the number of molecules per cm? in a complete 
monolayer. The flash filament procedure gives (A/),y, 
the time required to cover the filament with a mono- 
layer. From these numbers one can estimate the pres- 
sure in the vacuum system even though it lies below the 
measurable range of the ionization gauge. A rough 
check on these assumptions, and hence a calibration of 
the flash filament technique, is possible in a straight- 
forward way by raising the pressure to a point where it 
can be read directly with the ion gauge and then com- 
paring this value with the flash filament measurement. 

The advantage of the flash filament method lies in its 
great simplicity. It was the first technique which be- 
came widely used in the measurement of pressures 
below 10-* mm Hg. A great disadvantage of the method 
is that: it discriminates severely between different types 
of gases; in particular it indicates only the partial 
pressures of certain adsorbable gases. Another difficulty 
is that it requires a considerable time interval for a 


ALPERT 


single pressure determination. Nevertheless, the flash 
filament technique has been of great help in ultra high 
vacuum researches. 


Ill. THE BAYARD-ALPERT IONIZATION GAUGE 


Subsequent to 1947 a number of investigators were 
independently studying the causes for the low-pressure 
limitation on the ordinary ionization gauge. With the 
publication in 1950 of the paper* describing the Bayard- 
Alpert ionization gauge, the x-ray hypothesis was sub- 
stantiated, and an ionization gauge was described with 
a low-pressure limit at least one thousand times smaller 
than heretofore available. Within a few months after 
the publication of this paper, two other independent 
investigations were reported”! which demonstrated 
the x-ray effect and suggested methods for substantially 
reducing this limitation. 

The original evidence for a residual current indepen- 
dent of the pressure had come from the observation that 
the conventional gauge never read values below 10-* 
mm. Independent evidence for the existence of a residual 
current also can be obtained from other measured 
characteristics of the ionization gauge. If the ion 
collector current i, is measured for varying grid poten- 
tials v,, at a given pressure and electron current, the 
curve showing i, vs v, has a characteristic shape for 
pressures above 10-7 mm Hg. This curve, Fig. 1(a) 
upper curve, is similar to those for the gas ionization 
probability by electron impact” and is typical of data 
taken on RCA type 1949 gauges. Note that 7, rises 
rapidly with v, up to 200 v and varies slowly with grid 
voltages above this value. When the pressure is lowered 
considerably (ion gauge reading 10-° mm Hg), the 
curve of 7, vs v, is radically different as shown by the 
lower curve in Fig. 1(a). This residual curve con- 
tinues to rise rapidly with grid potential, the slope on a 
log-log plot falling between 1.5 and 2. In the inter- 
mediate range of pressures (10-7 to 10-§ mm Hg) the 
measured curve corresponds to a superposition of the 
“gas ionization” curve and the “residual”’ curve. These 
results, obtained independently in our laboratory, are 
in agreement with data published in 1931 by Jaycox and 
Weinhart* and with unpublished results of Nottingham. 

The Bayard-Alpert ionization gauge was the direct 
product of an experiment which was proposed to 
examine the Nottingham hypothesis that the residual 
current was due to photoelectrons leaving the ion 
collector. A design for an ion gauge was sought which 
would operate in the usual manner but whose ion 
collector would intercept only a small fraction of the 

*” J. J. Lander, Rev. Sci. Instr. 21, 672 (1950). 

21 G. H. Metson, Brit. J. Appl. Phys. 2, 46 (1951). 

% See, for example, K. T. Compton and C. C. Van Voorhis, 
Phys. Rev. 27, 724 (1946). 

% If the data of Jaycox and Weinhart (taken at what they con- 
sidered to be 10-®§ mm Hg) is plotted in the manner described, the 
resulting curve is not characteristic of “gas ionization” but is very 
similar to our “residual” curve. This constitutes evidence that 


Jaycox and Weinhart had attained pressures considerably below 
10-* mm Hg. 
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x-rays produced at the grid. The new gauge, Fig. 2, has 
the usual three elements, but is inverted from the 
conventional arrangement; the filament is outside the 
cylindrical grid while the ion collector, now a very fine 
wire, is suspended within the grid. The volume enclosed 
by the grid is made comparable to that between the grid 
and ion collector of an ordinary ionization gauge. The 
positive potential on the grid forms a potential well for 
the ions created within the grid-enclosed volume so that 
many of them are collected at the center wire; the ion 
collection efficiency is thus comparable to that of the 
conventional ionization gauge. On the other hand, the 
solid angle which the ion collector presents to x-rays 
from the grid is at least one thousand times smaller than 
that for the conventional cylindrical collector. 

The i, vs v, characteristics of a Bayard-Alpert gauge 
are shown in Fig. 1(b). At higher pressures the curve for 
the new gauge is similar to the RCA gauge, but it is evi- 
dent that the new gauge continues to have typical “gas 
ionization” characteristics at much lower pressures. At 
4X 10~* mm Hg the collector current is still predomin- 
antly due to gas ionization. Even at the lowest pressures 
which were attained, less than 5X10-" mm Hg, it is 
clear (lowest curve) that the gauge has still not reached 
the point where the x-ray effect is predominant at nor- 
mal operating voltages. At higher grid voltages the 
“residual effect’ is clearly the predominant one. The 
ratio of residual currents for the two types of ion gauges 
is found to be equal to the calculated ratio of the solid 
angles which they present to x-radiation. These results 
clearly substantiated the x-ray hypothesis and indicated 
that ionization gauges could be built to measure even 
lower pressures. 

It should be noted that in order to extend the low 
pressure range of any ionization gauge, it is necessary 
to reduce the residual x-ray current without corres- 
pondingly reducing the gas sensitivity of the gauge. 
This was achieved in the Bayard-Alpert gauge by 
greatly reducing the x-ray effect. One can further im- 
prove an ionization gauge by increasing its sensitivity 
while keeping the x-ray effect constant. It was observed 
very early in the experimental program that the 
potential well produced by enclosing the negatively 
charged ion collector within the positive grid structure 
was essential to the efficient collection of ions and that 
the sensitivity of the gauge could be increased by more 
effectively surrounding the collector. Furthermore, it 
was observed that the glass walls of the ion gauge 
envelope may float at a negative potential at normal 
operating voltages. It therefore was clear that the step 
of enclosing the top and bottom of the grid structure 
would enhance the ion collection efficiency. Special 
models of the gauge employing smailer ion collectors 
and enclosed grid structure™* have been constructed and 
found to have an inherent x-ray limitation correspond- 
ing to a pressure of 10-"* mm Hg. However, for general 


**W. B. Nottingham has independently developed ion gauges 
with enclosed grids. (Private communication.) 
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use, we have continued to use the gauge design origi- 
nally reported in the literature because of its relative 
simplicity and adequacy for most ultra high vacuum 
work. 

A unique feature of the Bayard-Alpert gauge is the 
distribution of potential in the ionizing region. Since 
the collector is coaxial with the cylindrical grid, one has 
a logarithmic potential distribution between grid and 
ion collector with the greatest change in potential 
immediately adjacent to the collector wire. It follows 
that the ionizing electrons retain most of their energy 
throughout their trajectory within the grid volume. 
For the particular geometry used at present, the 
equipotentials are such that an incoming electron with 
150-ev energy falls below an efficient ionizing energy 
(50 ev) only when it penetrates to a distance of about 
0.010 in. from the collector wire. This represents a 
fractional ion collection volume of only one percent in 
which the ionizing cross section is very small. In the 
conventional ionization gauge quite the opposite is true; 
the electrons are all decelerated so that they are 
inefficient for ionization over a major portion of their 
trajectory. 

The design details of the gauge are shown in Fig. 2. 
Most of the dimensions can be inferred from the com- 
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Fic. 2. Steps in ion guage construction. 
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parison scale. The assembly of the parts is indicated by 
steps a-d of the figure, and is quite straightforward. 
The second tungsten filament is electrically separated 
from the first and has at least two desirable uses aside 
from its value as a spare. It may be used in connection 
with the flash filament method; in addition, the electron 
emission characteristics of this filament may be 
used as a separate indication of vacuum conditions. The 
glass skirt around the ion collector lead-in serves several 
purposes: it prevents x-rays from striking the large 
diameter tungsten lead-in wire and this maintains a 
lower solid angle for their interception ; it lengthens the 
surface leakage path and prevents current from the 
charged walls of the gauge from reaching the ion 
collector. If for any reason a metallic film is evaporated 
or otherwise deposited on the glass walls of the gauge, 
the glass skirt prevents the formation of a direct path 
to the ion collector. The ion collector (a 0.006-in. 
diameter tungsten wire) is gradually tapered by an 
electrolytic etching process so as to give the minimum 


TABLE I. Values of sensitivity ratios for various gases. 











Dushman Wagener and 
Gas and Young* Johnson> 
H, 0.47 0.53 
He 0.16 
Ne 0.24 
Nz 1 1 
A 1.19 
Co 1.07 
CO. 1.37 
H,0 0.89 
Oz 0.85 
Kr 1.9 
Xe ym 
Hg 3.4 








* See reference 28. 
b See reference 29. 


x-ray solid angle and at the same time to retain enough 
stiffness to prevent large mechanical deformation or 
oscillations. The grid structure is helically wound 
0.005-in. molybdenum wire spot welded to molybdenum 
supporting members. The filaments are made from 
0.006-in. diameter tungsten wire. 

The new gauge has a minimum of metallic surface so 
that it is easily outgassed by electron bombardment of 
grid and collector which raises the element temperature 
to ~1200°C with considerably less power than required 
for a conventional gauge. It may be operated on a 
standard power supply and its over-all simplicity indi- 
cates that it may well have advantages not only in the 
special field of ultra high vacuum, but also in the more 
general field of high vacuum. 


IV. ION GAUGE SENSITIVITY 


Thé x-ray effect in the conventional ionization gauge 


constitutes a restriction which serves to limit its useful- © 


ness and previously has thrown doubt upon its depend- 
ability. In addition, there are two other limitations of 
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ion gauges in general which cast grave suspicion on any 
quoted pressure reading based on the ionization gauge 
alone. These two disadvantages are (1) the sensitivity 
varies for different gasses and vapors, and (2) the ion 
gauge serves as a pump to “clean-up” gases. After a 
study of this pumping action of an ionization gauge, 
H. Schwarz** made the statement: “Everyone who 
measures pressures under 10~ with an ionization gauge 
must regard his measurements with more or less 
skepticism.” This skepticism has so pervaded the 
literature on high-vacuum techniques that a brief dis- 
cussion of the physical processes involved is in order. It 
is the intent of this discussion to evaluate the validity of 
these criticisms and to define if possible the limitations 
on the ionization gauge imposed by these mechanisms. 

A considerable amount of work has been done, 
especially by Dushman and his colleagues,?*** on 
determining the sensitivity of ion gauges for various 
gases. More recently Wagener and Johnson” have also 
made measurements of ion gauge sensitivities for a 
variety of gases. From the many measurements which 
have been carried out, the following conclusions can be 
drawn: (a) while the sensitivities may vary appreciably 
from one gauge design to another, the ratio of sensitivi- 
ties for the different gases seems to be essentially in- 
dependent of the design of gauge used; (b) though there 
are certain variations in the methods used for measuring 
the sensitivities, the results of the various measurements 
are in good agreement. Table I gives the sensitivities of 
a given gauge for a number of common gases. The data 
are given in terms of a quantity R which is the ratio of 
the sensitivity for the gas in question to the sensitivity 
for nitrogen. This ratio is particularly convenient since 
the pressure usually is given an as equivalent nitrogen 
pressure. 

While Table I demonstrates graphically the inherent 
limitation of the ionization gauge resulting from the 
variation of sensitivity, it should be observed that the 
sensitivity for many of the gases falls within a factor of 
two of the gauge sensitivity for nitrogen. The important 
exceptions are helium and neon, which have low sensi- 
tivities and whose pressure may therefore be under- 
estimated, and mercury which has a high sensitivity 
and whose pressure may therefore be overestimated. 

Huthsteiner and Dushman® have also made measure- 
ments on some of the vapors of organic liquids and 
solids such as iodine (R=5.5), cadmium (R=2.4), 
silicone oil (R=2.7), napthalene (R=0.85), and 
Octoil-S (R=5). Thus it is seen that even including 
some vapors of high molecular weight, the sensitivity 
ratio does not vary by an order of magnitude. 

In the case of gases or vapors which can react 
chemically or electrochemically (as ions) with the 

*8 H. Schwarz, Z. Physik 122, 437 (1943). 

26S. Dushman and C. G. Found, Phys. Rev. 23, 734 (1924). 

27 N. B. Reynolds, Physica 1, 192 (1931). 

28S. Dushman and A. H. Young, Phys. Rev. 68, 278 (1945). 


*% S. Wagener and C. B. Johnson, J. Sci. Instr. 28, 278 (1951). 
* S. Dushman, reference 13, p. 356. 








pres 


inte 
of 1 
vari 
riun 
pun 
poss 
dist; 
are 

expe 
Sch 
ture 
hav 
outs 


31] 





4), 


ing 
ity 


act 
the 


). 
1). 





PRODUCTION 


filament or other metallic elements, the measurement of 
the sensitivity of the ion gauge becomes difficult. It is 
known that oil vapors used in diffusion pumps are 
decomposed by the cathode into various molecules of 
lower molecular weight, so that the gas density in the 
gauge is greater than that in the rest of the system. The 
ions of these molecules obviously contribute toward the 
observed positive ion current, and the magnitude of the 
additional current must depend on the rate at which the 
decomposition products are formed and removed. In 
most studies at low pressures, however, it is essential 
that the system be sealed off or otherwise isolated from 
major sources of contamination as a prerequisite for 
achieving pressures below 10-* mm Hg. Any oil vapor 
remaining in the system will therefore be decomposed 
(ultimately to H,, CO, CO: or various hydrocarbons) 
and removed quickly, the ion gauge reading itself being 
a reasonable measure of the removal rate. In other 
words, the accurate measurement of the pressures of 
chemically active gases is a problem in itself, but in 
general it is not often encountered in ultra high vacua. 

From the foregoing considerations it may be seen that 
while the ionization gauge does suffer from a variation 
of sensitivity with the gas in question, reasonably 
accurate pressure determinations can be obtained if the 
composition of the gas mixture is known. In addition, 
since the sensitivity to many of the common gases is 
very close to that for nitrogen, pressure measurements 
on mixtures of unknown composition are sufficiently 
accurate in many experiments. In yiew of the extreme 
simplicity of the gauge and its associated electrical 
circuits, its wide usage is easily understood. 


V. PUMPING ACTION OF THE IONIZATION GAUGE 


The other disadvantage which has been ascribed to 
ionization gauges generally is that they act as pumps to 
remove gases from the enclosure. Since the gauge may 
indeed change the pressure in a system while it is 
measuring it, this action constitutes a difficulty which 
must be assessed carefully to appreciate the ultimate 
limitations which it imposes on the measurement of 
pressure. 

In order to properly operate an ionization gauge and 
interpret its readings it is necessary to have a knowledge 
of the electrical and chemical pumping speeds for 
various gases. For a system in which pressure equilib- 
rium has not been established, a knowledge of this 
pumping speed and the conductance of the leads makes 
possible a quantitative estimate of the over-all pressure 
distribution in the system. Although such considerations 
are of obvious importance in this field, relatively little 
experimental work has been carried out. The work of 
Schwarz* contains the most recent data in the litera- 
ture; investigations now in progress at our laboratories 
have provided new data at lower pressures and with well 
outgassed surfaces. 

When an ionization gauge is turned on, it may re- 


=H. Schwarz, Z. Physik 122, 437 (1944). 
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move gases by either of two distinct types of clean-up, 
chemical and electrical. The former is due to chemical 
reactions which take place as a result of heating the 
cathode to normal operating temperatures (~2300°K). 
This action is quite independent of the second type of 
clean-up and occurs whether or not accelerating poten- 
tials are applied to the other electrodes. An example of 
this type of removal is found in the case of molecular 
hydrogen, which dissociates upon striking a tungsten 
filament running at a temperature above 1500°C. The 
resulting atomic hydrogen is extremely active chemi- 
cally and is immediately removed from the enclosure 
upon striking the walls of the ionization gauge. Other 
active gases such as oxygen, chlorine, and certain hydro- 
carbon vapors may be removed in a similar manner. 

Electrical clean-up of gases refers to the type of gas 
removal which takes place only when the accelerating 
potentials are applied to the electrodes of the ionization 
gauge. It has been shown by Schwarz* and others that 
the predominant removal mechanism is due to the 
entrapment of the collected ions. That is, the positive 
ions formed by electron impact are driven into the 
negatively charged surfaces of the gauge where they are 
neutralized and are trapped within the solid surface. 
That such a mechanism may be used for other purposes 
is indicated by the work of J. Koch,” who separated and 
stored isotopes of neon by using a mass spectrometer to 
drive the neon ions of different mass into separate 
metallic disks. 

In the case of the ionization gauge, the ions formed 
may be collected not only at the ion collector but also at 
any other negatively charged surface. In particular, we 
have demonstrated that at normal operating voltages 
the glass walls of the ionization gauge assume a poten- 
tial very close to that of the hot cathode, and it is thus 
possible to capture the ions at the glass envelope of the 
gauge. Schwarz has indicated®* that glass acts even 
more efficiently than metals for this type of pumping. 

The rate of pressure reduction by either electrical or 
chemical means should be proportional to the pressure 
in the enclosure itself. Hence, by analogy with the 
equation for the pumping speed of a conventional 
pump,”™ we may write for the rate of change of pressure 
p resulting from electrical clean-up 


= eee (1) 
—ap igen Og), 
dt V 
where 

Sx is the electrical pumping speed of the ion gauge 
attributable to the ion pumping action (usually given 
in 1/sec), 


V is the volume of enclosure, and 

Uz is the ultimate pressure attainable by electrical 
pumping. 

2 J. Koch, Nature 161, 566 (1948). 


*% H. Schwarz, Z. Physik 117, 23 (1940). 
*S. Dushman, reference 13, p. 128. 
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The solution of (1) is 
Sz 
p= Urt (po— Uz) ep(-—1), (2) 


where fp is the initial pressure at ‘=0. We may write 
(2) in the form 


p—Ur=(po— Use) exp(—t/rz), (3) 
where 
re=V/Sz. 


It is seen that rg is the pumping time required to 
reduce the pressure (p—Ugxz) by a factor of 1/e. The 
quantity rz is thus an important parameter in assessing 
the effect of the pumping action of the ionization gauge. 
It is clear that if the ion gauge is run for a time com- 
parable to rz, the effect of the pumping action will be 
appreciable. 

For the pumping due to chemical action, one may 
write expressions similar to (1) and (2) in which Sz, rz, 
and Ug are replaced by Sc, the effective pumping speed, 
tc, the characteristic pumping time, and Ug, the 
ultimate pressure due to chemical removal processes. 
Hence the total rate of pressure reduction is given by 


dp Se 


(p—Us)-—<(p- Ue) (4) 
——(p—Uz)——(p— Uo). 4 
dt V V 

Few data are available for the case in which the pressure 
is comparable to the values Ug and Uc, and a discussion 
will not be presented here. For the case in which 
p>>U x or Uc, Eq. (4) reduces to 


dp S 


—s——~, 5 
= y (S) 


where S, the total pumping speed, is then equal to the 
sums of the individual speeds and the expression for the 
over-all characteristic time constant is 


-——}—, (6) 


A reasonable evaluation of the 7’s is required in order 
to assess the importance of the pumping action of the 
ionization gauge. 

- For chemically inert gases we have Sc=0 and proceed 
to evaluate Sz or rg on the assumption that the only 
removal process is that due to “ion pumping.” We 
make the simplifying assumption that every ion col- 
lected is permanently removed from the volume. The 
electrical pumping speed obviously depends on the 
sensitivity of the gauge, i.e., the number of ions col- 
lected per electron emitted from the filament, and on the 
total current from filament to grid. Using a typical 
value of gauge sensitivity and an emission current of 10 
milliamperes, one has an ion current of 10-‘"*” ampere 
for a pressure of 10-" mm Hg of nitrogen. This corres- 
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ponds to a rate of removal of 6X 10'*X10-“*» mole- 
cules per second when the density is 3.2xX10"%x10™ 
molecule per liter. 

If in Eq. (1) we assume Ug<p and rewrite in terms of 
the molecular density we get 


dn dN 
se=-(V—) /n=-(—) /s (7) 


where N, the total number of molecules in the enclosure, 
is equal to nV. The pumping speed, Sz, is thus given by 
the ratio of the total rate of. removal to the molecular 
density. Substituting the quantities given above into 
Eq. (7) gives a value for S¢ of 0.02 1/sec, or approxi- 
mately one |/min. The corresponding rz for a volume of 
one liter is then about one minute. Note that the pump- 
ing speed is proportional to the electron emission current 
If the emission current is reduced to 10 microamperes 
the pumping speed is reduced to 210-5 1/sec, while 
Tg is increased to 16 hours. 

In the case of chemically active gases which are 
removed upon striking the hot cathode, one can also 
make an order of magnitude estimate for the pumping 
speed of the ion gauge. Again we make. a simplifying 
assumption, this time that each molecule which strikes 
the hot cathode surface is immediately removed. The 
rate of removal is then obtained from the simple kinetic 
theory expression for the number of molecules » striking 
unit area per unit time; y= ni/4, where is the molec- 
ular density and 6, the mean molecular velocity. The 
chemical pumping speed is given by 


dN ndA 1 dA 
dt 4n 4 


where A is the cathode surface area. The mean velocity 
is, of course, a function of the gas in question and the 
temperature of the enclosure. For oxygen at room temp- 
erature #4xX10' cm/sec. The surface area of the 
filament in -the gauges is approximately 0.2 cm’. 
Substituting into Eq. (8) we get for Sc a value of the 
order of a 1/sec. The corresponding r¢ for a one liter 
volume is then approximately one second. 

In order to compare the above estimates with experi- 
ments, it is first necessary to reduce the experimental 
data in such a way as to correspond to the electron 
current and volume which were somewhat arbitrarily 
chosen for the above calculations. If Schwarz’s data is 
then replotted in the manner suggested by Eq. (3), it is 
possible to obtain from his results values for the charact- 
eristic pumping time r. In the case of hydrogen, Schwarz 
demonstrated that clean-up was initiated as soon as the 
cathode was heated to operating temperatures and 
proceeded at a very rapid rate whether or not accelera- 
ting voltages were applied to the electrodes. While rc is 
somewhat difficult to estimate from his data, his mea- 
sured value lay between one and two seconds, in good 
agreement with the above hypotheses. 
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Fic. 3. Reduction in pressure caused by ionization gauge 
in nitrogen (after Schwarz). 


For the case of nitrogen, which was removed only 
when accelerating voltages were applied, we show data 
taken by Schwarz in Fig. 3. The data has been normal- 
ized for a volume of one liter and an electron emission 
current of 10 ma. It is seen that the measured electrical 
pumping time is in order of magnitude agreement with 
our calculations. Preliminary data taken in this labora- 
tory give a value of + somewhat less than but com- 
parable to that of Schwarz. The difference may be 
attributable to a number of sources, since 7 is dependent 
on the geometrical design of the gauge, the degree of 
outgassing, and the sensitivity of the gauge. In most 
gauges, and in particular the Bayard-Alpert gauge, the 
ion collector receives only a fraction of the total number 
of ions created, the remainder being collected at other 
surfaces such as the glass walls of the gauge. Thus it is to 
be noted that in both experiments the pumping times 
correspond to a rate of removal in excess of one molecule 
removed per ion received at the collector. In view of the 
differences in the experimental arrangements and the 
degree of outgassing which was possible, it is not sur- 
prising that our results should differ somewhat from 
those of Schwarz. On the other hand, we may say that 
in both cases the results are consistent with the ion- 
pumping hypothesis for the removal of chemically 
inert gases. 

These results clearly demonstrate that ion gauges may 
be used as very effective means for evacuating a system. 
The pumping speeds which have been measured, 
approximately a few liters per minute for inert gases and 
considerably greater values for active gases, make it 
possible to evaucate a well outgassed system in a short 
period of time. 

The question arises, however, as to how much gas can 
be removed by these processes before saturation of the 
ion gauge surfaces takes place. We know that the 
magnitude of the pumping speed as well as the value of 
the ultimate residual pressure vary considerably with 
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the ion gauge design and its previous history. Meyeren® 
showed that the total amount which could be taken up 
by ion pumping was of the order of a few monolayers of 
gas on the surface. For a conventional gauge operating 
at 10-* mm Hg one would collect a monolayer (approxi- 
mately 10'* molecules per cm?) on the surface of a gauge 
in about one hour. Hence one might expect the pumping 
action to stop after about one hour at 10~* mm Hg. 
This has been roughly verified in our laboratory, i.e., if 
the pressure is maintained at 10~-* mm Hg by the con- 
tinuous introduction of additional gas, the gauge pumps 
for about an hour before showing strong saturation 
effects. At a pressure of 10-° mm Hg, however, it would 
be expected that a gauge with a similar history would 
pump for about 10* seconds or three years. In our labor- 
atory a vacuum system has been continuously main- 
tained at such a pressure for 75 days by the pumping 
action of an ion gauge without any indication of 
saturation. 

From the foregoing considerations of the pumping 
action of ion gauges, we may draw the following con- 
clusions: (1) The ionization gauge may be used not only 
to measure pressures accurately but also to evacuate a 
system. (2) The characteristic pumping times (or 
pumping speeds) for common gases are known or can be 
easily measured. (3) If the gauge is to be used to read 
pressures without significantly altering them, one must 
either reduce the gauge pumping speed or operate the 
gauge for sufficiently short time intervals; in either case 
the time during which a reading is taken should be made 
small compared to the characteristic pumping time. (4) 
While much research remains to be done, a start has 
been made toward obtaining an understanding of the 
basic removal mechanisms which take place in an 
ionization gauge. 

Careful measurements should be made with a wide 
variety of gases to learn the relative importance of the 
electrical and chemical processes for each gas. It would 
furthermore be desirable to investigate other possible 
mechanisms for gas removal which may take place. 
Finally it would be of great value to have better in- 
formation concerning the rate at which the gauge is 
saturated by a given pumping mechanism. 


VI. VACUUM VALVE 


In addition to the need for new ways of measuring 
ultra high vacua, there has been the need for certain 
basic improvements in the techniques for producing high 
vacua. As has been stated, vacuums below 10-* mm Hg 
had previously been attained. However, in most cases 
they were achieved in systems which were ultimately 
sealed off from the diffusion pumps.** In those few cases 
in which the tubes were not sealed off, very special 
treatment of the diffusion pumps was required; then 
careful precautions were required to isolate the system 

35 W. Meyeren, Z. Physik 84, 531 (1933). 


36S. Dushman, reference 13, p. 730, Sec. on “Production of 
Extremely Low Pressures in Sealed-off Devices.” 
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from the pumps by refrigerated traps. A need has long 
been felt for a method of sealing the vacuum system 
from the diffusion pumps without the contamination 
and inconvenience involved in the usual seal-off of a 


glass constriction. 


A similar need has been felt in the handling of very 
pure gases; for instance, in studying breakdown 
characteristics of noble gases. In such researches one 
requires not only the original evacuation of the system 
to ultra high vacuum conditions, but also the ability to 
transfer gases from one portion of the system to another 
without introducing large impurities. The use of ordin- 
ary greased stopcocks or mercury cutoffs for this pur- 
pose is out of the question; they may introduce im- 
purities into a system which are orders of magnitude 
greater than the ultimate residual pressure attainable. 
Not only is the vapor pressure of the stopcock grease in 
many cases objectionable, but the amount of occluded 
noncondensible gas evolved with each rotation of a 
stopcock may be hundreds of times greater than the 


amount of residual gas in the system. 


The vacuum valve” which has been developed in 
these laboratories permits the evacuation of manipula- 
tive vacuum systems to pressures as low as those pre- 
viously attainable only in sealed-off enclosures. It is 
capable of high-temperature bakeout and has proved 
to be of great value in ultra high vacuum work. 

As shown in the schematic diagram of Fig. 4a, the 
valve is designed in two sections. It consists of a sep- 
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Fic. 4. Vacuum Valve. (a) Schematic diagram. (b) Valve with 
differential screw driving mechanism. (c) Valve with driver using 


simple screw. 
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arate valve assembly which becomes part of the vacuum 
system, and a driver mechanism which opens and closes 
the valve. Aside from the vacuum leads, the valve 
assembly contains only three machined parts: the 
copper cup, 12-in. diameter with }-in. diameter holes 
for the vacuum orifices, the flexible Kovar diaphragm 
which allows a movement (up and down) of about 0.1 
in., and the Kovar nose which has a highly polished 
45° conical*’ surface and seats in the copper cup. All of 
the joints in this assembly are brazed (eutectic silver- 
copper solder) simultaneously in a hydrogen furnace 
without the use of flux. When the valve assembly 
emerges from the furnace it is free from surface oxides 
and ready without any cleansing procedure to be in- 
corporated into the vacuum system. 

In our design the driver mechanism and the valve 
assembly are separate. This makes it possible to bake 
the valve at high temperatures without also baking the 
driver threads and lubricant. Furthermore, in case of 
valve failure it is not necessary to discard the entire 
mechanism. In principle, almost any design of thrust 
mechanism would suffice, as suggested by the simple 
straddle clamp and screw in the schematic diagram 
of Fig. 4a. The important design considerations for 
most applications are: (1) a total thrust of one to two 
tons is required to close the valve to the desired con- 
ductance values, (2) the valve must be sufficiently well 
anchored to the base of the vacuum system so that the 
closing torque applied to the valve will not strain the 
glass of the system excessively, and (3) the valve should 
open and close gradually, especially for gas-handling 
systems. 

Two designs for the driver mechanisms have been 
developed and successfully used in our vacuum work, 
one using a differential screw mechanism as shown in 
Fig. 4b, the other a simple screw thrust mechanism, 
Fig. 4c. The differential screw mechanism, though 
more costly, has a larger mechanical advantage and 
provides an excellent needle valve action. The differ- 
ential driver ‘mechanism consists of an outside screw 
and housing (stainless steel), a differential screw (sili- 


- con bronze) with a thread pitch of 20 per in. outside and 


26 per in. inside, and a drive screw (stainless steel) 
which is bolted to the valve nose before the rest of the 
driver is installed. A backing plate (stainless steel) is 
provided to withstand the large forces exerted upon the 
copper body and to anchor the driving mechanism in 
place. It is threaded (26 threads per in.) so as to 
accommodate and rigidly fasten the outside housing to 
the valve assembly. The differential screw is machined 
with a }-inch square head to fit a socket or torque 
wrench, the latter being useful to measure the closing 
torque. 

The vacuum valve for the simple screw mechanism 
(Fig. 4c) is identical to the one shown in Fig. 4b 
except for one detail: the external portion of the nose is 


3? This angle has proved to be more satisfactory than the 60° 
nose reported originally. 
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machined to form a flat disk one inch in diameter. The 
simple screw (32 threads per in.) exerts its thrust 
against this flat disk which forms the thrust bearing; it 
is well lubricated upon each installation with a mixture 
of bearing grease and molybdenum disulfide. A 
countersunk hole is bored through the main screw and 
fitted with a sleeve bearing which serves not only to 
align the screw with the valve nose, but also to retract 
the nose to open the valve. To disengage the driver from 
the valve, it is simply necessary to remove the (10-32) 
Allen-head screw from the sleeve bearing and then to 
unscrew the entire driver mechanism from the backing 
plate. The simple screw driver mechanism is smaller, 
less expensive, and easier to install and remove than the 
differential driver; yet its thrust for a given torque is 
comparable and it has relatively good needle valve 
action. 

During bake-out periods, the driver mechanism for 
either type of valve is removed completely. It is then 
necessary to fasten a small “bake-out clamp” to hold the 
valve in its open position while the system is at high 
temperature. A bake-out clamp consists of a U-shaped 
stainless steel strap which is fastened to the nose with a 
single 10-32 screw and maintains it at a fixed position 
with respect to the copper cup. 

The seat for the valve nose is formed not by machin- 
ing but by forcing the highly polished Kovar nose into 
the }-in. orifice in the copper. That is, the seat is formed 
the first time the valve is closed. The conductance of the 
valve when open is comparable to that of a large 
greased stopcock with }-in. diameter tubulation. When 
closed, the conductance on some valves has been found 
to be as small as 10~" 1/sec or less. This leakage con- 
ductance, of course, is a function of the closing torque 
exerted on the valve driver; the torque generally chosen 
is about 20 to 30 lb-ft. The leakage conductance of a 
valve is easily determined by measuring the rate of 
pressure rise in a container of known volume on one side 
of the valve when a given higher gas pressure is intro- 
duced on the other. Consistent and reproducible results 
have been achieved with different valves closed to the 
same torque or with the same valve on successive 
closings. A comparison of two valves which had been in 
continuous use on a given system for over a year showed 
that with a closing torque of 20 lb-ft the conductances 
were 5X10-° I/sec and 5.5X10-® 1/sec. While such 
excellent agreement may be fortuitous, it indicates that 
the valves are surprisingly similar in characteristics 
even after many months of service. 

As the valves are used, the condition of the nose and 
valve seat deteriorates slightly and the leakage conduc- 
tance becomes larger. The deterioration is due to a 
variety of causes such as the oxidation or scoring of the 
smooth metallic surfaces, work-hardening of the copper 
seat, or the collection of foreign particles at the valve 
seat. In view of these possibilities, the surprising thing 
is that the valves last as long as they do. After a year’s 

time, the two valves mentioned above (which had begun 
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with a conductance when closed of 10-" 1/sec) had 
conductance values of about 10~ 1/sec when closed 
with a torque of 20 lb-ft. This conductance is more 
than adequate for most experiments. For example, 
if a one-liter volume filled with gas were isolated from 
the evaucating pumps by a valve with a conductance of 
10~ I/sec, it would take several years for the pressure 
in the container to drop by one percent due to leakage 
through the valve. 

The amount of gas given off upon each opening or 
closing is very small compared with the corresponding 
amount for a grease stopcock. The quantity of gas 
“squeezed” out upon closing a valve to 30 lb-ft is 
approximately 5 10-" mm-| or less. 

At the time of this writing, some 75 to 100 valves 
have been made and used with excellent results on twelve 
to fifteen vacuum systems. The pumping speed through 
the valves has proved quite adequate for system volumes 
of the order of a liter. If higher pumping speeds are 
desired it is a straightforward engineering problem to 
design a scaled-up version of the valve. The valves can 
be repeatedly baked out at temperatures above 400°C, 
and finally, they act as excellent needle valves for the 
controlled transfer of gas from one portion of a system 
to another. 


VII. ABSOLUTE MANOMETER 


In addition to the low pressure gauge and adequate 
vacuum (or gas-handling) valves, the conventional 
“all-purpose” vacuum system generally includes an 
absolute manometer which is used either for calibration 
or for the measurement of gas pressures -higher than 
those which can be measured by an ionization gauge. 
The conventional instrument used for this purpose is 
the McLeod gauge or the liquid manometer containing 
mercury, low vapor-pressure oil, or both. While the liq- 
uid manometer has the advantage of being an absolute 
instrument of great simplicity, it presents at least two 
serious difficulties when used in experiments requiring 
very high gas purity: (1) it cannot be outgassed at high 
temperatures, and even when isolated by special traps 
it may act as a source of contamination; (2) if such 
isolating traps are used, it cannot measure the pressure 
of condensible vapors. Other manometers have been 
reported*® in which the deflection of a calibrated metallic 
diaphragm is used as an indication of pressure. Such 
instruments are limited by their relatively small pressure 
range and by the fact that a high temperature bakeout 
(400°C-500°C) may destroy their calibration if not 
the instruments themselves. 

The absolute manometer developed in these labora- 
tories by Alpert, Matland, and McCoubrey’ is a null- 
reading device which spans the pressure range above 
10° mm Hg and does not suffer from the above 
difficulties. 

This new manometer has been described in detail in 


- $V. H. Dibeler and F. Cordero, J. Research Natl. Bur. Stand- 
ards 46, 1 (1951). 
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Fic. 5. Null-reading absolute manometer. 


the above article, and we shall mention here only its 
principle of operation. It makes use of a liquid manom- 
eter for its absolute calibration but uses a metallic 
diaphragm as the pressure-sensitive element in contact 
with the pure gas system. The diaphragm (drawn from 
0.005-in. Kovar sheet) separates the “ultra high vacu- 
um” system from a system which includes an ordinary 
manometer as shown in Fig. 5. With the pressure on 
both sides of the diaphragm identical, e.g., with both 
systems evacuated, the diaphragm assumes an equilib- 
rium position as indicated by its capacity to an electrical 
probe. When a sample of pure gas is introduced into the 
clean system, a comparable amount of air is let into the 
manometer system until the diaphragm reassumes its 
null position. The liquid manometer then directly reads 
the pure gas pressure. 

The sensitivity of the manometer is limited by the 
null-reading device in two ways: (1) the deflection 
sensitivity and mechanical stability of the diaphragm 
itself, and (2) the ability of the electrical probe to detect 
the departures of the diaphragm from the null position. 
These two limiting considerations combine to give a 
maximum error in the reading of about 10-? mm Hg; 
this is, of course, independent of the pressure and is com- 
parable to the probable error in the reading of an oil man- 
ometer. The upper pressure limit of the gauge is deter- 
mined by the type of direct-reading manometer used. 

An interesting and very useful combination of instru- 
ments results from the use of the manometer together 
with a vacuum valve. If the manometer is attached to a 
system of volume V which is connected through a vacu- 
um valve to a small valume v, the arrangement may be 
used to introduce measured quantities of gas at pres- 
sures far smaller than those which can be measured by 
the manometer alone. This is accomplished in the 
following manner: (1) With the valve open introduce 
into V+ a gas pressure measurable on the manometer, 
say pm. (2) Close the vacuum valve and exhaust 
volume V. (3) Expand the gas from » into V+». The 
pressure in the system is now [v/(V+2) ]pm. If the 
volumes v and V are chosen judiciously, it is possible to 
introduce gas at any desired pressure below those 
which can be read on the manometer. In our systems 
we have adjusted »/V to be approximately 1/30. If the 
initial gas pressure were 1 mm Hg, a single expansion 
as described above would give a resulting pressure of 
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approximately 0.03 mm Hg; if the expansion procedure 
were repeated the resulting pressure would be roughly 
10-* mm Hg; four such expansions would give 10-* mm 
Hg. In this way very small measured quantities of gas 
or vapor may be introduced into a system without 
contamination. We thus have a method for making an 
absolute calibration of an ionization gauge for any gas 
or vapor at low pressures; it would be particularly 
useful for those active gases for which the calibration 
is very difficult”? because they rapidly attack the hot 
cathode of the ionization gauge. This expansion method 
has proved to be of great value for the introduction of 
small quantities of known impurities into pure gas 
samples. 

Only a few null-reading manometers of this type have 
thus far been built and used in this laboratory. Con- 
siderable improvements in the design are possible. A 
more sensitive diaphragm would allow more accurate 
readings. If the entire manometer including the capaci- 
tative probe could be made as a single unit the operation 
of the device would be simplified. These improvements 
are contemplated in a forthcoming design. On the other 
hand, the manometer in its present form has been 
successfully utilized in a number of experimental 
programs. To our knowledge, it is the only manometer in 
its range which can be outgassed at high temperatures; 
it requires no traps or refrigerants to separate it from 
the vacuum system manifold. The manometer effect- 
ively reads pressures extending above the range of the 
ionization gauge and the two types of gauges, when 
used together, cover the entire pressure range above 
10-” mm Hg. 


VIII. PUMPS FOR ULTRA HIGH VACUA 


Having described in some detail the special instru- 
ments which have been developed in our laboratory, we 
come to a question which is asked perhaps more often 
than any other by visitors to our laboratory: “By what 
pumping means do you attain such low pressures?” 
The answer is that while we use oil diffusion pumps 
almost exclusively, we do not rely on the diffusion 
pumps to evacuate below 10-* mm Hg. The oil diffusion 
pumps are used during the bake-out period and con- 
tinuously run thereafter, but it is not possible to lower 
the pressure further without auxiliary means. In our 
systems, the pumping action of the ionization gauge is 
used to reach pressures in the ultra-high vacuum range. 

We have shown that at some pressure between 10~’ 
and 10-§ mm Hg the oil diffusion pump ceases to be a 
sink and becomes a source for contamination of a clean 
vacuum system. The experiment was carried out as 
follows: a simple vacuum system containing two ioni- 
zation gauges and a vacuum valve was set up and con- 
nected as shown schematically in Fig. 6. One gauge was 
connected to the sealed-off system while the other was 
in direct contact with the diffusion pump. After careful 
bakeout of the entire system at 420°C the ion gauges 
were outgassed; then the valve was closed and both 
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gauges run continuously at normal operating conditions. 
Figure 6 shows the pressures as a function of time for 
the isolated part of the system (dashed line A) and for 
the portion in contact with the pump (solid curve B). 
Initially both systems came down to pressures in the 
ultra high vacuum range. After several hours however, 
the pressure adjacent to the diffusion pump began to 
rise and returned to the initial value of approximately 
10-7? while the pressure in the isolated system remained 
at its lowest value for the duration of the experiment. 

On the basis of the previous discussion of the ioni- 
zation gauge pumping action, the above results can be 
readily interpreted as follows. At the outset of the 
experiment both ion gauges pumped so as to reduce 
the pressure in their respective volumes to a value in the 
ultra high vacuum range. This was achieved even in the 
case of the gauge in contact with the diffusion pump. 
After several hours, however, this gauge began to reach 
saturation since it had removed a considerable amount 
of oil vapor and associated pump products. During the 
next few days the pumping action steadily deteriorated 
until the system reached an equilibrium pressure of 
10-7 mm Hg, characteristic of the diffusion pump. The 
ion gauge in the sealed-off portion of the system con- 
tinued to pump during the 900 hours of the experiment. 

From this experiment it is clear that the ionization 
gauge is capable of evacuating a system to values far 
below the equilibrium pressure which the diffusion 
pumps alone can reach. Furthermore if the system is 
completely isolated from the diffusion pumps, it is 
possible to maintain ultra high vacua indefinitely with- 
out the use of refrigerants or traps of any kind. It has 
thus become our practice to incorporate a vacuum valve 
in many of the sytems to isolate at will the vacuum 
manifold from the diffusion pump so as to remove any 
direct contact between them. 

The diffusion pumps in these systems have thus been 
relegated to the tasks of “preliminary” pumping during 
the bakeout of the system and the routine checking for 
large leaks, though they are run continuously during 
an experiment. Hence it is not easy to differentiate 
between the effectiveness of various diffusion pump 
designs. Those most commonly used in our laboratory 
are two-stage glass oil diffusion pumps manufactured by 
Distillation Products, Incorporated. The oil most 
commonly used is Octoil-S. Little difference in the 
ultimate achievable vacuum has been observed either 
with three-stage glass or with various steel diffusion 
pumps. By relying on electrical pumping, it has been 
possible to reach pressures between 10-° mm Hg and 
10—-” mm Hg with any of the above diffusion pumps. 

The procedure used by earlier specialists** to achieve 
very low pressures involved the use of mercury diffusion 
pumps which required a number of liquid air traps to 
prevent complete contamination by mercury vapor. 
The vacuum system, or that portion of it which could 
be heated, was prepared by prolonged bakeout at high 
temperatures. Then the manifold or evacuated section 
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was completely sealed off from the pumps. In most cases 
the above workers used “getters” of various types to 
evacuate the manifold or tube after it was sealed off 
from the system. 

The use of the various components which have been 
described in the present paper makes it possible to 
achieve ultra high vacuum in a manipulative system. 
We have eliminated the need for refrigerated traps at 
any stage in the evacuation procedure. Finally, we have 
not resorted to chemical “getters” to achieve pressures 
as low as 10—” mm Hg. We have used standard Bayard- 
Alpert ionization gauges both as the means for meas- 
uring and as the pump for producing ultra high vacua. 


IX. DESIGN AND OPERATION OF VACUUM SYSTEMS 


We now proceed to the description of the actual 
vacuum systems in which we have incorporated the 
various components and procedures discussed in this 
paper. During the past several years a large number of 
systems have been built in our laboratories, and at the 
present time there are no less than eleven vacuum 
systems in operation, any one of which can attain 
vacuums in the range between 10~* and 10- mm Hg. 
The engineering design principles have evolved over a 
substantial period of time and are the result of the 
combined efforts of a number of scientific workers. They 
are presented here in some detail because they have 
provided great flexibility, durability, and ease of con- 
struction and maintenance; they constitute a new 
approach to the design of vacuum systems in general, 
a field which has long been treated as an art rather than 
a science. 

A fundamental requirement for achieving ultra high 
vacua is that the entire system be outgassed at high 
temperatures. This is generally done by designing the 
furnace (or furnaces) around the vacuum components. 
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Fic. 7. Vacuum system. (a) Before assembly. (b) Assembly 
completed. (c) During bakeout. 


We have adopted a new approach to this problem and 
have integrated the over-all design in such a manner that 
standard furnaces may be used for systems which vary 
widely in complexity and size. The systems are assem- 
bled on a series of module units, each sixteen inches 
square, which not only constitute the structure to 
which the vacuum components are fastened, but also act 
as the base of the enclosing bake-out oven (see Fig. 7). 
In most systems each base is made up of two sections 
or pads, one of which is bolted rigidly to the frame while 
the other remains movable so as to have added access to 
portions of the system. These base pads are aluminum 
boxes two inches deep, filled with glass wool insulation 
and covered with an asbestos board top (}-in. thick) to 
which the various components may be rigidly fastened. 
The furnaces for the vacuum systems are made in stand- 
ard sizes which cover either one or two module units. It 
‘is possible (by removing the end from a furnace) to 
enclose three or more units simply by placing the fur- 
naces end to end. Figures 7a, b, and c show a typical 
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layout for a relatively complex system before assembly, 
and during bakeout with the furnace in place. 

As exhibited in Fig. 8, a furnace is made up of two 
sheet-aluminum (;’5 in. thick) shells, one within the 
other, and spaced at the edges by two-inch wide strips 
of asbestos board. The intervening volume is filled with 
glass wool insulation. For a single module furnace, 
eight heaters® are used. To distribute the temperature 
uniformly, the heaters are clamped, four on either side, 
to stainless steel plates § in. thick and a foot square. A 
double module furnace contains two such heater 
arrangements. The power required to outgas a system 
at 450°C is approximately one kilowatt per module. 
The furnaces are sufficiently light in weight to afford 
ease in handling. As a result, a given furnace may be 
moved about readily for use on different systems. The 
temperature is regulated by a Partlow Model MP-10 
KL thermostatic control, installed on the vacuum 
system, which maintains the temperature to within a 
few degrees of the desired value. 

Figure 7 shows the actual assembly of the vacuum 
manifold. Note that the metallic components such as the 
vacuum valves, manometer, etc., are first rigidly 
fastened to the base pads. The manifold itself is sup- 
ported primarily by the vacuum leads from the valves or 
manometer ; where necessary a small angle-iron clamp- 
ing support is inserted. There are, of course, no grease 
joints in the entire system and the glass-to-metal joints 
are Kovar-to-glass seals with appropriate transition 
seals to the Pyrex manifold. It will be observed that 
loops or large bends are frequently introduced into the 
glass manifold ; they act as expansion members to reduce 
the strain on the various joints and transition seals. 
The system is carefully laid out in advance so that the 
various manifold sections and bends can be prefabri- 
cated in the glass shop. For the final assembly in the 
laboratory almost every joint (see Fig. 7a) is a vertical 
seal in Pyrex glass. This work is usually completed by 
the glass-blower in less than a day. 














Fic. 8. Furnace construction. 


* Chromalox strip heater elements No. SE 1225. 
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A typical vacuum system is shown in Fig. 9. This 
versatile system is used for general gas-filling purposes 
and is shown schematically in Fig. 10. With this system 
it is possible to achieve pressures of 10-° mm Hg or 
better and to introduce known quantities of pure gas or 
vapors ranging in pressure from atmospheric down to 
10~* mm Hg. Most of the components which have been 
described in this paper are incorporated into the system ; 
the associated controls are typical of those in use in our 
laboratory. A number of features are included which 
will not be dealt with in detail. For example, the furnace 
power supply contains an automatic timer so that the 
system may be baked out for a predetermined interval. 
In practice, the systems are usually baked over night; 
the power is automatically turned off at about 5 a.m. and 
the furnace slowly cools and is ready for removal by 
8 a.m. A special interlocking control circuit, which 
includes a thermocouple gauge, is provided for turning 
off the diffusion pumps and other equipment in case a 
leak develops in the system. The diffusion and mechan- 
ical pumps are mounted beneath the vacuum bench, the 
latter being enclosed in an acoustically treated housing. 

It can be seen that the system design is very flexible. 
If it is desired to enlarge or expand a system, it is only 
necessary to bolt down an additional module frame and 
make a single joint connecting the new portion into the 
existing system. Since the isolation valve is a feature 
common to many of the systems, it is possible to break 
a single connection and dismantle the system or repair 
it without losing vacuum in the pumps. Perhaps the 
most graphic demonstration of the relative ease with 
which ultra high vacua may be achieved with these 
methods is the rapidity with which a system can be 
brought into operation. In a number of instances a 
system has been installed by the glass-blower during the 
course of a morning, checked for large leaks during the 
afternoon, and baked out overnight; by the following 
noon, the system had attained a pressure in the 10~” 
mm range. 

. After the assembly of the vacuum system is com- 
pleted, the procedure for obtaining ultra high vacua is 








Fic. 9. Gas-handling system. This is a line tracing of a 
photograph of the system. 
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Fic. 10. Schematic diagram of gas-filling system. 
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quite straightforward. It may be summarized in the 
following steps: (1) Start mechanical and diffusion 
pumps and check for large leaks with thermocouple 
and ionization gauge. (2) Set up furnace and outgas 
system at a temperature between 400°C and 500°C 
for several hours. (3) Remove furnace; outgas ele- 
ments of ionization gauge at elevated temperatures 
(above 1200°C). (4) Close isolating valve. (5) Check for 
small leaks. (6) Operate ionization gauge continuously to 
evaucate down to 10~'° mm Hg. 

In step one, the only leaks which are checked care- 
fully are those giving an initial equilibrium pressure 
greater than 10-5 mm Hg. For a system which has not 
been baked out, it is significant that the equilibrium 
pressure due to adsorbed gases is of the above magnitude 
even in the absence of leaks. Hence, we do not make an 
effort to detect the smaller leaks at this time. After 
having reached a pressure of the order of 10-' mm Hg, 
the furnaces are turned on. We have not accurately 
specified the bake-out time for the reason that it depends 
strongly on the previous history of the system. Under 
some conditions, vacuums below 10-* mm Hg have been 
attained after a bakeout of only two hours. As a general 
rule, however, we have adopted the practice of keeping 
the system at high temperature for six to eight hours. 

When the bakeout has been completed and the fur- 
naces removed, the valve drivers are set in place, the 
manometer probe cup is installed, and the ionization 
gauge is adjusted for outgassing. To outgas the gauge, 
the ion collector and grid are tied together and heated 
by electron bombardment from the cathode. This may 
be done by applying about 750 v ac or dc between 
filament and grid and adjusting the bombarding current 
by controlling the temperature of the filament. About 
70 w is required to raise the grid and ion collector to a 
temperature of 1200°C. The bombardment current 
varies with the condition of the surfaces and the state 
of vacuum; it is necessary to limit the total outgassing 
power to prevent the formation of an active discharge 
or the overheating of the electrodes. An hour or more is 
required to outgas the ionization gauge completely, 
the interval depending again on the initial condition of 
the gauge. 

Upon completing this process, the isolating valve is 
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Fic. 11. Rate of pressure rise in a typical vacuum system. 


closed“ and the ionization gauge is adjusted to run at 
normal operating conditions. For normal operation the 
grid is 100 to 150 v positive, the ion collector 30 v 
negative, with respect to the cathode. In the absence of 
leaks, the system reaches a pressure of 10-* mm Hg to 
10-” mm Hg in less than an hour. 


X. DETECTION OF LEAKS 


It might seem that the problems of eliminating the 
leaks in a system which is to attain a vacuum 10? to 10° 
times better than the conventional 10-7 mm Hg might 
be thousands of times more difficult. However, with the 
ability to achieve and to measure the lower pressures 
comes also the ability to detect leaks which are propor- 
tionately smaller. Just as a leak resulting in an equi- 
librium pressure of 10~* mm Hg is easy to find on a 
system whose “standard” vacuum is 10-7 mm Hg, so a 
leak resulting in an equilibrium pressure of 10-7 mm Hg 
is simple to find on a system for which the “standard” 
vacuum is 10-” mm Hg. In contrast, the location of 
leaks in the 10-7 to 10-* mm Hg range in a conventional 
system runs into difficulties aside from the low pressure 
limitation of the conventional ionization gauge. The 
leaks in such systems are camouflaged because the 
equilibrium vapor pressure of the hydrocarbons" from 
the diffusion pumps are of this order. 

-In the ultra high vacuum range, we have relied mostly 
on standard methods of leak-detection. However, the 
new and extremely sensitive instruments for measuring 
pressure increase the effectiveness of these methods 
remarkably. For example, the application of acetone, 
ether, or carbon tetrachloride to the leak in a system 


“In systems which do not contain isolating valves, it is still 
possible to achieve ultra high vacua as indicated by the experiment 
shown in Fig. 7; however, this experiment also demonstrates the 
eventual return to higher pressures. 

*t Appreciable hydrocarbon vapor pressures have been found 
even on systems using mercury diffusion pumps. See J. Blears, J. 
Sci. Instr., Supplement 1 (1951). 
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operating at an equilibrium pressure of 5X10-° mm Hg 
may either send the current reading flying off-scale to 
an equivalent pressure above 10-* mm Hg, or it may 
temporarily clog the leak and reduce the pressure to 
10-° mm or less. A leak of this size would be unde- 
tectable on a conventional system. As a matter of fact, 
we have readily located leaks of this magnitude which 
could not be detected by a helium leak-detector even 
after the location of the leak had been determined by 
ion gauge indication. 

Another standard technique for ascertaining the 
presence of leaks is a “‘shut-off’’ test. In this procedure, 
the vacuum system is isolated from the diffusion pumps 
and the rate of pressure rise on a continuously run ion 
gauge is a measure of the tightness of the system. At 
ultra high vacuum, our previous discussion revealed 
that the pressure as read on a continuously run ion 
gauge decreases when the system is sealed from the 
pumps, otherwise an appreciable leak is present. Ob- 
viously, to get a meaningful rate of rise, it is necessary 
not only to isolate the diffusion pumps from the system 
but to shut off the ion gauge pumping as well; when 
this is done, the rate of rise in the vacuum system is a 
very sensitive and quickly measured criterion for the 
state of vacuum in the system. A rate of rise is measured 
by taking intermittent readings on the ionization gauge; 
that is, readings are taken at intervals of minutes, while 
the duration of a given reading is a few seconds. A 
typical rate of rise curve for a “‘tight”’ system is shown 
in Fig. 11. 

Measurement of the rate of rise in pressure is 
particularly useful in distinguishing a system with a true 
external leak from a so-called virtual leak, i.e., a high 
pressure reading caused by adsorbed gases within the 
system. In the latter case, the ultimate equilibrium 
pressure is determined primarily by the equivalent 
vapor pressure of the volatile constituents adsorbed, 
and a rate of rise measurement usually indicates a 
constant high pressure value. When a true leak is 
present, the rate of rise is constant over a long period of 
time and depends on the size of the hole. In 
principle, it is possible with this method to detect the 
presence of a hole in our systems with a conductance of 
10~-'* 1/sec, a value thousands of times smaller than is 
detectable by a helium leak detector when used in the 
conventional way. 

It is of interest to ask: What is the smallest rate of 
rise which has been observed with a “tight” vacuum 
system? It has been found for a number of systems that 
after all observable leaks have been eliminated and the 
systems outgassed repeatedly, there remains a “resid- 
ual” rate of rise of pressure. While this residual rate of 
rise varies somewhat with the size and geometry of the 
system, its value has been determined for an average 
system to be of the order of 3X 10—" mm Hg per minute. 


# See Sec. V. 
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INTERMITTENT ION GAUGE SUPPLY 


Fic. 12. Schematic diagram of intermittent ion guage power supply. 


This corresponds to a rate of rise of a micron per 
century.* 

The leak-hunting methods described have proved to 
be very effective in ultra high vacuum technique. The 
criteria for leak-free operation have been more rigidly 
established, and the means for localizing and detecting 
leaks are considerably more sensitive than have ever 
been possible on conventional systems. By adhering 
rigorously to the procedures outlined above, we have 
found it simpler to set an ultra high vacuum system into 
operation than was previously possible for conventional 
systems and to attain pressures orders of magnitude 
lower. 


XI. ION GAUGE POWER SUPPLY 


The Bayard-Alpert gauge may be operated 
with standard ion gauge power supplies since the 
sensitivity and operating voltages are comparable to 
those for conventional ion gauges. However, many 
modern control circuits are so designed as to auto- 
matically control the electron emission from the filament 
at a specified value. It is not convenient, therefore, to 
use them ‘in such a way as to limit the pumping action 
of the ion gauge to a very small value. For proper use 
of an ion gauge, intermittent operation should be 





* This rate of rise has since been shown in our laboratory to be 
due to the diffusion of atmospheric helium (present in the atmos- 
phere to a few parts in a million) through the glass walls of 
the vacuum system. A description of this work will appear in a 
forthcoming publication. 

“ These ionization gauges are now available commercially as 
Westinghouse tube type WL-5966. 





provided for the electron accelerating potential or the 
filament heater voltage or both. It should also be 
possible to vary the electron emission current over a 
wide range of values. Finally, the supply should provide 
adequate power to outgas all the electrodes to high 
temperatures. A control circuit which meets all of these 
requirements as well as the automatic regulation of the 
electron emission is rather complex; a new design has 
recently been developed by P. R. Malmberg and A. O. 
McCoubrey, of this laboratory, and will be described in 
a forthcoming publication. A simple electronic circuit, 
which meets all of the above requirements except the 
electronic regulation of the emission current, has been 
widely used in our laboratory for several years. It is 
particularly suited for use with the Bayard-Alpert ion 
gauge. 

As shown in the schematic diagram, Fig. 12, it consists 
of a regulated source of ion gauge electrode potentials 
and filament power as well as a source of outgassing 
power. Regulation of the electrode potentials is obtained 
through the use of voltage regulator tubes. In our 
laboratory, the filament power is regulated by the use 
of an external source of regulated 110 v ac. It is sug- 
gested that in the absence of such a source, it is possible 
to use a constant-voltage transformer as shown in the ~ 
diagram. In normal operation, the ion collector is held 
at ground potential, the grid at 180 v positive, and the 
filament at 30 v positive with respect to the collector or 
ground. The filament temperature and the corres- 
ponding electron emission are adjusted by means of a 


876 D. Al 


variable autotransformer which feeds the filament 
transformer. 

Intermittent operation of the gauge is obtained by 
keying the potential (+30 v) of the filament. The inter- 
mittent-continuous switch is a three-position center- 
off switch with a spring return in the intermittent 
position. Thus the ion gauge operates normally in 
either of the outer two switch positions, in one case 
continuously, in the other for short intervals while the 
switch is manually held in place. In the center or off 
position, the filament is floating with respect to the 
other electrodes and quickly assumes a_ potential 
slightly more positive than the grid. It is important to 
key the filament potential rather than that of the grid; 
by doing so large transients in collector current caused 
by rapid change in the potential of a nearby electrode 
are avoided. This provides the intermittent application 
of the electron accelerating potential, while maintaining 
the filament at its operating temperature. It is also 
easy to turn the filament on or off intermittently by 
controlling the filament power accordingly. 

To outgas the ion gauge, the grid and collector are 
raised to appropriate temperatures by electron bom- 
bardment, 750 v ac being applied between the electrodes 
and the filament. In the “outgas”’ position, the normal- 
outgas switch energizes the outgas transformer primary 
connects the filament to the “hot” side of secondary 
and connects the grid and collector to ground. Separate 
meters are provided to read the grid currents for the 
normal and outgassing operations. An average rectified 
current of 100 milliamperes at 750 v heats the grid and 
collector to approximately 1200°C. 

The control circuit does not include an internal means 
for reading the ion current to the collector. We have 
used a number of different external meters including a 
vibrating-reed electrometer for the measurement of very 
small currents. A very convenient and commercially 
available meter is the RCA Ultrasensitive Micro- 
ammeter WV-84A, which provides full-scale currents 
down to 10-* ampere with a corresponding smallest 
division reading of 2X10- ampere. This meter can 
easily be adapted to read currents down to 2X10-" 
ampere (10-° ampere full scale) ; this is accomplished by 
adding a 500-megohm input resistor on an extra switch 
position. A coaxial connector should be substituted for 
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the input terminals to provide the additional shielding 
required for this range. With these changes, it is possible 
to use the instrument to read ion gauge pressures as low 
as 2X10-" mm Hg. 


XII. CONCLUSIONS 


A new technology is now available for the production 
and measurement of pressures in the ultra high vacuum 
range. The new techniques have important applications 
in the fields of gaseous electronics and physical elec- 
tronics, and a number of new experiments in these fields 
have already been carried out. It is also possible to 
make improved quantitative measurements of the 
diffusion of gases through solids and in the fields of 
surface chemistry and physics. 

This paper has described the means for and the 
problems encountered in the production and measure- 
ment of ultra high vacuum. There are many questions 
still to be answered concerning the physical processes 
which are involved and the limitations of the in- 
struments which have been used. The lowest total 
(equivalent nitrogen) pressure which we have thus far 
obtained is approximately 3X10" mm Hg; the partial 
pressure of the adsorbable gases in such a system has 
been estimated to be less than 10- mm Hg. The de- 
termination of the limiting factors which prevent the 
attainment of even lower pressures is an objective 
of current research programs at these laboratories. 
The new vacuum techinques are extremely valuable for 
further researches in this field. For example, studies of 
the diffusion of helium through glass have been carried 
out using these techniques, and the results are being 
readied for publication. 
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A theory for the mean thermal gradient at the onset of convective flow of a fluid in a porous medium and 
heated from below, is given in variational form. Thermal equilibrium is not assumed, nor is viscosity assumed 
to be constant. An approximate solution is given for the theory, and is shown to agree quite well with pub- 
lished data. No attempt is made to maintain complete mathematical rigor in the derivations. 





INTRODUCTION 


HE problem of determining the conditions under 

which convection begins in a liquid in a porous 
medium heated from below was first posed in con- 
nection with the migration of NaCl through under- 
ground strata! and with other related geophysical 
problems.” More recently it has been encountered in 
connection with the operation of chemical catalytic 
reactors, as a phenomenon to be considered in heat 
transfer and in mechanical transport of liquids. It is 
now known to be valuable in the study of fluid dynam- 
ics in porous media per se*® and of liquid boundary 
layers, especially those in which viscosity is strongly 
temperature-dependent.‘ 

Only a relatively small body of experimental data has 
been published, largely by H. L. Morrison and col- 
leagues.*-® These data represent negative mean thermal 
vertical gradients (6,>0) at the onset of convective 
flow in various liquids entrapped in various unconsoli- 
dated porous media, and were taken with nonequilib- 
rium temperature distributions representable by the 
empirical equation,’ 


T=-—B.D(1—e-*!")/(1-—e-?""), (1) 


where z is vertical Cartesian coordinate, D is depth (or 
thickness of layer) of liquid in porous medium, and r is 
a characteristic distance associable with the non- 
equilibrium thermal state. They make reference to the 
temperature dependence of viscosity through the quan- 
tity 


v= —(1/T) In(u/uo), (2) 


* Preliminary accounts of this work have been presented before 
the 310th and 316th meetings of the American Physical Society ; 
see Bull. Am. Phys. Soc. 26, No. 8, 23 (1951) and 27, No. 8 
(1952) (to be published). 

t Post Office address: Michelson Laboratory, China Lake, 
California. 

1C. W. Horton and F. T. Rogers, Jr., J. Appl. Phys. 16, 376 
(1945). 

2 E. R. Lapwood, Proc. Cambridge Phil. Soc. 44, 508 (1948). 

3 See Wilson, Sibbitt, and Jakob, J. Appl. Phys. 22, 1027 (1951), 
on gas flow in porous media. 

‘See M. Summerfield, J. Am. Rocket Soc. 20, 85 (1950). 

5 Morrison, Rogers, and Horton, J. Appl. Phys. 20, 1027 (1949). 
®‘F. T. Rogers and H. L. Morrison, J. Appl. Phys. 21, 1177 

1950). 

7 F. T. Rogers and L. E. Schilberg, J. Appl. Phys. 22, 233 (1951). 

*F. T. Rogers and L. E. Schilberg, Nucleonics 9, 47 (1951). 

* Rogers, Schilberg, and Morrison, J. Appl. Phys. 22, 1476 
(1951), 


supposed constant for a given liquid ; here yo is viscosity 
at z=0 where T=0. A further bit of pertinent data has 
been published,’ concerning observed patterns of flow. 

Efforts to calculate 8, from theory have not been 
uniformly successful. The case of y=0 and y= D/r=0, 
i.e., for constant viscosity and for a thermal environ- 
ment linear in z, has been satisfactorily solved'? after 
the method of Rayleigh." But the more general case, 
which is also the one encountered in many applications, 
for which v¥0 and 9X0, has not been so done. A first 
attempt® at its solution merely succeeded in showing 
that a theory for 8, could be worked out and could be 
given quantitative significance. A second attempt led to 
the calculation’ of a formula for 6, at »v, g¢¥0, which 
agrees rather well with the above-mentioned data, but 
not so well as could be desired. In none of these instances 
has consideration been given to the recent flow-pattern 
observations.” 

In this paper we discuss a reformulation of the 
theoretical problem, which takes into account the ob- 
served patterns of ‘‘quasi-columnar”’ flow. Then we seek 
a method of solution (though not in ultimate detail) 
based upon the calculus of variations, in order to 
eliminate one (as yet) unjustified mathematical assump- 
tion in the previous? solution. Finally, we compare an 
approximate solution with the totality of published 
experimental data, which are founded upon visual 
techniques for determining f,. 


REFORMULATION 


The formulation of basic differential equations is 
outlined in reference 10 and does not need to be repeated 
here.” For quasi-columnar flow, the equations of motion 
and of continuity yield (to the first order of small terms) 


df dw 
_— —) — F’ywt+ E-kgpyod =0. (3) 
dz\ dz 


Here w is the z component of (small) fluid velocity (v), 
k is flow-permeability" of porous medium, g is acceler- 


1 H. L. Morrison and F. T. Rogers, Jr., J. Appl. Phys. 23, 1058 
(1952). 

1 Lord Rayleigh, Phil. Mag. 32, 529 (1916). 

12 The method of reference 10 is essentially that of reference 1. 
Reference 2 shows how the Navier-Stokes equations for viscous 
flow, can be made to yield the same results. 

8 Attention is called to the different usages respecting flow- 

rmeability, as between references 1 and 2. See also P. Ya. 

olubarinova-Kochina and S. B. Falkovich in Advances in A pplied 
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ation of gravity, po is density of fluid at z=0, a is 
coefficient of cubical expansion of fluid relative to porous 
medium, and @ is the (small) amount by which tempera- 
ture is altered by virtue of v. Reference 10 suggests 


E~2x/aW, (4) 


where do is the first zero of Jp and W is an “effective 
diameter”’ of quasi-columnar flow “cells.’’ On the other 
hand, the equation for heat conduction yields (to the 
first order), 


—~ E4—-— —=0, (5) 


where /* is thermal diffusivity of fluid and porous 
medium in situ. 

These same Eqs. (3) and (5), with E’ replaced by A, 
are obtained for “cellular” flow patterns, according to 
reference 9. There A~z’/D*. 

Equations (3) and (5) can be put into a more con- 
venient form by the changes of dependent variables, 


Vi= (uo/kgpoxk*) bw | 
v2=([#(1—e-*)/B.¢ }'0/Lf.(2) J}, 


where f,(z) is a multiple-step function approximating 
e~7/2r; these changes are particularly and specifically 
tailored to Eq. (1). Except, then, at a finite number of 
isolated points associated with the multiple steps of f,, 
the following equations hold: 


(6) 


d 
j |r om} EF (e+ qfe(2v2=0| 
az 


dp: 
—— Efrt+ gf.(zyi=0 
dz J 


Here F(z)=expl[—vT7(z)] from Eq. (2); a factor 
e~*/t f,(z) in the latter equation is replaced by /,(z) ; 
and 





q=LkgpoaE*B.y/poh®(1—e-*) }}. 
In terms of the useful quantity B=2m°h*yo/kgpoaD*, 
g = (20° B/D) ¢/(1—e-*) \(8./B). (8) 


Equations (7) are thus approximations to Eqs. (3) and 
(5), involving Eq. (1), of such a type that continuous 
solutions of them are approximate to corresponding 
solutions of Eqs. (3) and (5); the use of f,(z) obviously 
introduces errors of approximation into the theory, but 
it is difficult to see that they are worse than the very 
minor ones which would be introduced by use of f, in 
the potential-energy function, 


Q= p+ goes goa f Tz. 


Mechanics, II, edited by R. von Mises and T. von Karman 
(Academic Press, New York, 1951), pp. 154-217. 
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Following the practice of reference 1, we use the bound- 
ary conditions, 


ccna OO ae 
ly In ? e 
vi(D)=y.(D)=0) 


Inasmuch as present experimental practices are 
directed toward measurement of 6, and not of w(z) or 
6(z), we propose to solve Eqs. (7) and (9) as directly as 
possible for 8, or for some measure of it. Considering 
that Eqs. (7) are in self-adjoint form and that imposi- 
tion of Eqs. (9) identifies a characteristic-value problem, 
we seek primarily for the least eigenvalue of 8, and main- 
tain only such secondary interest in eigenfunctions for 
v, and y2 as may be necessary. Consider the quantity 


fw [ ro(Z)+(Z) 


+ ELF @Wet+¥E]-2af.(edbada| ds, (10) 


from the domain of integration of which are excluded 
the isolated values of z corresponding to the steps in 
f.(z). By direct differentiation it can readily be shown 
that d[(dk/dy1’) |/dz—dk/d¥i1=0 and d[(dk/ dy’) ], 
dz—0k/d~2=0 for all values of z except those excluded 
above. Consequently, solutions of Eqs. (7) and (9) 
confer upon /o?kdz a stationary value with respect to 
“weak” variations, by the Euler-LaGrange principle. 
The stationary value of /o?kdz for eigenfunctions 
v1 and yz can be evaluated directly by standard means. 
Integration by parts and the application of Eqs. (9) 





yields 
f ro(F ) dem fv “| re 
dz 
4 
P (dp2\’ DP dr 
f@) dz= — Y2—dz, 
0 dz 0 dz? J 
and since 


d 
“| ro—]- E*F (z)~i-gfs yr| 
dz 


= EY,— Qf (zy 





dz? 
from Eqs. (7), direct substitution yields 
D D 
ff tas= [ (-2P@uet afew 
0 0 


— By?+of.(2 vet ELF (2)yr+y2] 
— 29f.(z)Wiv2}dz=0. 
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Inasmuch as only a finite munber of isolated values of z 
are discarded from the domain [0, D] of integration, we 
may consider that the integral over-all values of z, 


“ dyi\* /dp2\? 
f \ro(=)+G) 
0 dz dz 


+ ELF @Ws+¥e]-2uf.(evaba}de0, (11) 





determine 8,, provided that for this purpose f,(z) in 
Eq. (11) is replaced by e~!/*. 

The present reformulation of the problem is embodied 
in Eq. (11). In what follows we devote as little attention 
as possible to ¥: and yo, per se, partly for the reason 
given above and partly because the precision of pub- 
lished data is not considered adequate to warrant 
detailed calculations of y; and Yo. 


SOLUTIONS 


For the case v=0 and g=0, F=1 and f,=1; hence 
eigenfunctions of Eqs. (7) and (9) are ¥:=c: sinsz and 
¥2=C2 sinsz, where s is an integral multiple of r/D. Put 
into Eq. (11), they yield 


(s?-+ E?) (c+ cs?) — 2ge1c2= 0. 


From the former of Eqs. (7), c:=[[¢/(s°+E*) Jee, so that 
q=s+E; using s=0, and reducing by Eqs. (4) and (8), 
we find 

4ruoh? PP 


B.= % ’ 
kgpoaD* aoW? 





(12) 


which result has already been reported.’”° The same 
result is had if c; and cz are related through the latter of 
Eqs. (7) rather than through the former. It may also be 
had from Eqs. (7) and (9) alone, quite independently of 
Eq. (11), through the consistency relations for the 
requirement that c; and c2 not vanish; this is the basis of 
the methods used heretofore!?:7""° for calculations of 8,. 

The insensitivity of Eq. (11) to precise details of y 
and W2, when used to calculate 8., and in comparison with 
the precision of published data, is illustrated by the 
following example for y=0 and g=0. If ¥; and yo, not 
satisfying Eqs. (9), are used in Eq. (11), as ¥i=c3 and 
¥2=Ccs, where cs3=(¢/E*)c4 by the former of Eqs. (7), 
then Eq. (12) results again. This is, to be sure, an 
example of extreme insensitivity; others for v or ¢~0 
suggest that the use of constants for ¥; and W2 generally 
does not alter 8, by anything like as much as an order 
of magnitude. This same general insensitivity of 8, to 
boundary conditions has long been known" for the 
analogous phenomenon of convection where no porous 
medium is present ; Jeffreys, using quite different bound- 

4 See the discussion of the use of approximate eigenfunctions to 
calculate approximate eigenvalues by the variational method, as 
given by H. Margenau and G. M. Murphy in The Mathematics of 


Physics and Chemistry (D. Van Nostrand Company, Inc., New 
York, 1943), p. 364. 


ary conditions than did Rayleigh," obtained'*"’ rela- 
tions which were within a factor of 3 the same as 
Rayleigh’s. 

For the more general case in which »~0 and ¢¥0; we 
shall in consequence use ¥i= c; and y2=¢¢ in computing 
8.. From the former of Eqs. (7), we take 


EF nes= feo. (13) 
From Eq. (11) we extract . 
Pcs F wt E’ce — 2qc¢scofm= 0. (14) 


On combining Eqs. (13)—(14), we find 
= E*F x / (fu)? 
by means of Eqs. (4) and (8) this may be written as, 


Wy? @ fw 
B=tar(—) B.. (15) 
D/ 1-e* Fy 








fm may be computed directly as [ fo? exp(—2/2r)dz ]/D 
= 2[1—exp(—43¢@) ]/¢. Fx, on the other hand cannot, 
but it can be estimated as follows. For not too excessive 
values of v8.D 


T — g—»B-D —vBcD\ p—b 
er” =e vBe +(1l-—e vBec Je .. 


where 6 is a constant determined by fitting (as by least 
squares) the right member to the left; hence by direct 
integration and since T=0 at z=0 and T=—8,D at 
s=D, 

F y= (1—vB./b)e"*?. (16) 


Assembling these average values together with Eq. (15), 
B=2a.?(1—e—'*)?8.W?/ D?(1—e-*) (1— vB./b) pe”®”. (17) 


Clearly the combined factors in ¢ are just (2/¢) sinh*4@ 
Xcsch}¢. Equally clearly, the reciprocal of Fx as 
computed by Eq. (16) cannot be correct for large v8.D; 
F,, must always be positive, and so must its reciprocal. 
Hence (1—»8,./b)- cannot hold at large v8.D; rather 
we replace it in Eq. (18) by 1+ U(v»8.D, ¢, ---), where 
U>0 and U increases strongly with v8.D. Hence the 
formula 


B=4a¢?(W/D)*[(sinh*i¢ csch}¢)/¢ ]8- 
Xe-"*P14+-U (B.D, >, ---)], (18) 


which may be considered as the end result of our present 
theoretical calculations. 


DISCUSSION 


It does not appear feasible to calculate U with any 
degree of precision unless more precise calculations of 
¥, and ye eigenfunctions are available. U arises from 
Fy, and Fy, in turn arises from our use of ¥;=cs and 
¥2= cs which are very poor approximations to physical 


6 H. Jeffreys, Phil. Mag. 2, 833 (1926). 
16H. Jeffreys, Proc. Roy. Soc. (London) 118A, 195 (1928). 
17H. Jeffreys, Proc. Cambridge Phil. Soc. 26, 170 (1930). 
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B, (OBSERVED VISUALLY) 


Fic. 1. Comparison of observed mean thermal gradients at the 
beginning of convective flow of various liquids in unconsolidated 
media, with those values predicted by Eqs. (18)—(19). Points on 
the solid line indicate agreement of theory with experiment. Points 
on the two dashed lines indicate disagreement of theory and experi- 
— by a factor of two. Details of reduction of data are given in 

e text. 


reality. Consequently for practical usage, U had best be 
determined from the experimental data by Eq. (18). 
We have, using all published data,‘ in this way 
computed that 


UX14(v8.D)}, (19) 


a purely empirical expression. 

The method of computation is pertinent here. 6,- 
values were taken directly from the published papers, as 
were v and D. In the case of test number 3 with CCl,, a 
re-examination of original data had disclosed a minor 
error, so that 1.15°C/cm was adopted rather than 0.8. 
Moreover, where alternative values of 8, are reported® 
for various techniques, we have adopted those based on 
visual observations. Likewise g-values were used as 
reported,’ except that for the test number 3 with CCl, 
we used y=0.8 rather than the published value of zero. 
The earlier data did not include ¢ as such, but as 
summarized’ they reported (as @,,) approximately the 
quantity [1—exp(—}¢)]/[1—exp(—¢)]—} from 
which g-values were obtained. Inasmuch as no direct 
observations were made on W, we used W =D in deter- 
mining Eq. (19); it is our belief that W may in general 
have been a little less than D, by perhaps several 
percent. d) was taken as 2.405. By these means, the 
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product of all factors except [1+ U ] in the right mem- 
ber of Eq. (18) was computed. 

The left member, B, of Eq. (18), which is 227h?y9/ 
kgppaD*, was computed from the published data as 
corrected according to the footnote 14 in reference 9. 
Hence for each of the 36 tests reported, excepting the 
unsuccessful test number 13 with H,O, we computed a 
value of [1+ U ]exp from Eq. (18). A graph of [1+ U Jexp 
vs vB-D then led directly to Eq. (19). We should 
mention that other expressions could have been 
achieved as readily, and that Eq. (19) was used as 
being apparently the simplest. 

The quantity [L.M. Eq. (18) ]+[R.M. Eq. (18) ], 
based upon the experimental above data and upon Eq. 
(19), shows no trend when plotted against v6.D. 
Furthermore it appears to have the value unity. Hence 
Eq. (18) seems to be excellent for practical usage. 
More importantly, since U is not largely significant for 
v8.D<about 0.3, it appears that Eq. (18) is in accord 
with experimental experience (based upon visual ob- 
servations for 8.) to within a random amount which 
presumably represents experimental uncertainty. 
Whether this same fortunate state of affairs will hold 
for a comparable number of data based upon the 
radiactive-trace method of observation,’:* which gener- 
ally produces smaller values of 8, than the visual 
method, cannot be ascertained at present because of the 
paucity of such data. 

This situation suggests that Eqs. (18)—(19) should 
well represent the experimental data as to 8, from visual 
measurements. Figure 1 illustrates the extent to which 
this is so. In applying Eqs. (18)—(19) to the several cases 
reported, two problems are encountered : double-valued- 
ness in prediction of v8.D, and nonexistence for suffi- 
ciently large vBD. In general, the lesser v8.D value must 
be taken; but in the cases of tests numbers 2 and 5 with 
glycerol, the larger correlates with experiment while the 
smaller does not, and so is used. The reason behind this 
is not clear. For large yBD values encountered in tests 
number 6 with glycerol and in all tests with the 100-DC- 
200 silicone fluid, we use the nearest point on curves of 
v8-D vs vBD. In practically all cases, provided only that 
these interpretive practices are used, Eqs. (18)-(19) 
lead to 8, values which are within a factor of 2 equal to 
those observed by these means. From a practical point 
of view, then, Eqs. (18)—(19) are definitely better than 
the equations reported previously®*® when used to 
predict visual 6.-values. From the point of view of 
fundamental hydrodynamics, it seems that the varia- 
tional type of theory as here advanced may be a very 
powerful tool in future studies of the theory of pheno- 
mena like the one here discussed ; it is remarkable that 
such crude eigenfunctions as used above, can lead to 
such agreement with experiment as Fig. 1 exhibits. 
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Probe measurements were made in the plasma of a low pressure mercury arc. The electron-energy dis- 
tributions showed depletions from a Maxwellian distribution in the high energy range. Coupling effects 
between adjacent probes were investigated and were found to be quite small but in the proper direction 
to agree with the Langmuir-Tonks theory. Drift-current distortion of the random electron-energy distri- 
butions was measured with a bidirectional probe and compared with theory. A multisection probe extending 
from tube axis to tube wall allowed a determination of radial potential and density variations. Results over 
a pressure range from 3.4 microns to 35 microns showed good agreement with the ambipolar diffusion theory 
based on cumulative ionization. A direct calculation of ionization rate in the plasma was made from the 
ionization probability for a one-step ionizing process; comparison of this calculation with the observed 
ionization rate at 1.7 microns indicated that at that pressure the ionization is half direct, half cumulative. 
For higher arc pressures cumulative ionization evidently predominates. 





I. INTRODUCTION 


HE study of the positive column of a low pressure 
mercury arc by means of probes has been the 
subject of many researches in the past twenty-five 
years. The wide interest in this field undoubtedly 
stemmed from the initial work in 1924 of Langmuir and 
Mott-Smith,' who pointed out the incorrectness of the 
previous practice of obtaining plasma potentials by 
finding the voltage at which a probe inserted in the 
plasma drew no net current. They showed that a com- 
plete voltage-current characteristic for the probe must 
be considered, from which one can obtain the true 
plasma potential as well as much additional information 
concerning the physical processes taking place in the 
plasma of the arc. 

The original Langmuir-probe type of analysis, suc- 
cessful as it was, left several things unexplained. The 
Langmuir-Tonks? theory of 1929 was a logical attempt 
to account for at least one of these difficulties but it 
too seemed to present additional discrepancies with 
experiment. 

The purpose of the research described here was to re- 
study the positive column (plasma) of the low pressure 
mercury arc by employing both improved vacuum and 
measuring techniques now available. In particular, an 
attempt was made to study the electron-energy dis- 
tributions in the plasma with considerable exactness by 
means of probes and to obtain improvements over 
Killian’s original determinations? of radial variations of 
plasma potential and density in a cylindrical discharge. 





* This work has been supported in part by the Army Signal 
Corps, the Air Materiel Command and the U. S. Office of Naval 
Research. 

t Now at the University of Michigan, Ann Arbor, Michigan. 

‘TI. Langmuir and H. Mott-Smith, Gen. Elec. Rev. 26, 731 
Sen 27, 449, 538, 616, 810 (1924); J. Franklin Inst. 196, 751 

23). 

* 1. Langmuir and L. Tonks, Phys. Rev. 34, 876 (1929). 

*T. Killian, Phys. Rev. 35, 1238 (1930). 
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Il. PROBE THEORY 


The positive column of a mercury-arc discharge con- 
sists of a luminous plasma having very nearly equal 
densities of positive ions and electrons. The electrons 
are known to possess something approximating a Max- 
wellian distribution of energies, whereas the energy 
distribution of the positive ions is not known. If a 
plane probe is inserted in the positive column, the 
electric current to the probe will be a function of probe 
voltage. When the probe is very negative with respect 
to the plasma, only positive ions will be collected ; when 
the probe is positive with respect to the plasma, elec- 
trons directed at the probe will be collected. When the 
probe is somewhat negative with respect to the plasma, 
only those electrons which are energetic enough to 
overcome the retarding potential will be collected along 
with the positive ions. By subtracting the positive ion 
current from the total probe current, we obtain the 
electron current i_. A plot of logi_ vs V, the probe 
potential with respect to the anode, is commonly known 
as the probe characteristic curve (for example, see 
Fig. 8). 

For a Maxwellian distribution of electrons the elec- 
tron current to a collector of area A is given by 


kT_\?! —e(V,—V) 
i=Ane(—) ep(——) for V<V,, (1) 


24m 


where n_, e, m, and T_ are electron density, charge, 
mass, and temperature, respectively; & is Boltzmann’s 
constant; and V, is the plasma potential with respect 
to the anode. A plot of logi_ vs V will yield a straight 
line having a slope 0.434e/kT_ from which the electron 
temperature T_ can be calculated. Probe curves from 
low pressure mercury arcs are nearly always roughly 
linear and hence represent approximate Maxwellian 
distributions. Knowing T_ and the total random elec- 
tron current 7_ (as measured for the probe slightly 
positive with respect to the plasma), we can calculate 
the electron density n_. 
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Fic. 1. Mercury-arc tube. 


This probe theory assumes that the presence of the 
probe in the plasma does not disturb the plasma poten- 
tial. Langmuir originally assumed! that this is possible 
because a space-charge sheath of small thickness forms 
around the probe when the potential of the probe is 
different from that of the plasma. For negative probe 
voltages this sheath consists of positive ions ; for positive 
probe voltages the sheath consists of electrons. In 
either case, the voltage drop between probe and plasma 
takes place over the relatively narrow region of the 
sheath. By applying the Langmuir-Childs equation for 
space-charge-limited current one can show that for 
plane probes of reasonable size (a few millimeters 
across) the sheath thickness is small compared with the 
probe diameter. For a cylindrical probe whose diameter 
is small compared with sheath thickness it can be 
shown‘ from the space-charge equation that the positive 
ion current is proportional to (V,—V)!. This relation- 
ship is observed experimentally for a thin wire col- 
lector.§ 

If the sheath picture is correct, we should be able to 
make an estimate of the expected ratio of the total 
random electron current J_ to the total random positive 
ion current J,, based on the assumption that the 
positive ions as well as the electrons have a Maxwellian 
distribution. For the electric-field gradients observed 
in the plasma, it is easy to show that the electron 
density m_ is many orders of magnitude greater than 
the net charge density n,—mn_ (where mn, is the positive 
ion density). Therefore n,~n_, and from Eq. (1) and 
its equivalent expression for positive ions we can solve 
for J_/I, by setting V,=V. Thus 


Za. T_\'/M\! 
Ee 
I, T, m 


where 7, is the positive ion temperature and M is the 


‘I. Langmuir, H. Mott-Smith, Gen. Elec. Rev. 27, 449 (1924). 
5]. Langmuir and H. Mott-Smith, Gen. Elec, Rev, 27, 616 
(1924); and reference 2. 
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mass of the positive ions. It is reasonable that the 
positive ions will have a temperature associated with 
random motion which is not greater than the electron 
temperature T_ and more likely much less than 7_. 
Hence 7_/T,21, and from Eq. (1a) J_/J,2605 for 
mercury. But actual probe measurements of J_/I, 
invariably yield ratios between 200 and 400. On the 
basis of a Maxwellian distribution in positive ion 
energies, therefore, it would appear that we are col- 
lecting far too much positive ion current. 

Several possible explanations for this perplexity are 
apparent when one realizes that the arrival of a positive 
ion at the probe surface cannot be distinguished from 
the departure of an electron. Electrons might be leaving 
for the following reasons: 


1. The arrival of positive ions can cause electrons to be ejected,® 
probably because of the energy released upon recombination at 
the surface. 

2. The absorption of ultraviolet light at the probe surface will 
eject photoelectrons.’ 

3. Metastable mercury atoms may cause the emission of elec- 
trons when they strike the probe surface and lose their energy of 
excitation.® 


If the current obtained when the probe is very nega- 
tive does not consist entirely of the arrival of positive 
ions, the energy delivered to the probe should be less 
than that calculated on the basis of positive ion current 
alone. Several attempts to verify this have been made 
utilizing electrically heated probes. Oliphant? finds evi- 
dence of electron emission from probes in rare-gas 
discharges, while Molthan"™ concludes that there is no 
appreciable electron emission. 

It appears doubtful if any of the above effects are 
capable of explaining the very considerable lack of 
agreement between the random current theory and the 
experimentally observed positive ion currents to the 
probe. Rather, the answer to the dilemma would seem 
to iie in the original assumption that the presence of 
the negative probe has not altered the plasma potential 
immediately outside the sheath. Under this assumption 
positive ions which strike the sheath are accelerated 
toward the probe and collected. Thus, at the boundary 
of the sheath all positive ions are moving toward the 
probe surface. But to say that the plasma potential 
just beyond this boundary is unchanged despite the 
presence of the adjacent sheath is to claim that the 
positive ions have random motions in all directions. 
This transition from completely random motions to 
directed motions obviously cannot take place in an 
infinitely short distance but requires a distance of the 
order of mean free paths of the positive ions. As we 
move from the region of complete random motion 
through the transition region to the edge of the sheath, 
the plasma potential will be slowly decreasing. The 

*M. L. E. Oliphant, Proc. Roy. Soc. (London) 127, 373 (1930). 

7C. Kenty, Phys. Rev. 44, 891 (1933). 

°C. Kenty, Phys. Rev. 38, 377 (1931); 43, 181, 776 (1933). 


*M. L. E. Oliphant, Proc. Roy. Soc. (London) 132, 631 (1931). 
1 W. Molthan, Z. Physik 98, 227 (1935). 
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PROBE STUDIES OF ENERGY 


result is a shallow potential well for positive ions 
extending many sheath thicknesses beyond the sheath 
itself. It is possible for this shallow potential well to 
account for the observed positiye ion current, which is 
too large to be due to purely random current collected 
by the surface of the space-charge sheath. This idea is 
treated quantitatively in the Langmuir-Tonks theory? 
and will be discussed in the light of some experimental 
results later in this article. 


Ill. APPARATUS 
A. Description of the Mercury-Arc Tube 


Although probe measurements were made in three 
different tubes, most of the data were obtained from 
the tube shown in Fig. 1. The envelope of this tube is 
made of Pyrex glass and is circular in cross section so 
that the geometry of the main body is cylindrical. 
A pool of mercury at the bottom of the vertical section 
serves as the cathode. There are two anodes: a cylindri- 
cal main anode and a disk-shaped auxiliary anode (for 
the purpose of stabilizing the arc). All press leads are 
tungsten, while the anode and probe structures are 
made of tantalum. 

The three probe assemblies used in the tube of Fig. 1 
are shown in greater detail in Fig. 2. The swivel probe 
consists of a plane disk-shaped collector which is hinged 
so that its axis can be swung either parallel or per- 
pendicular to the axis of the tube. This probe is used 
to study the effect of drift current on the probe charac- 
teristics. The supporting stem of the swivel probe is 
shielded from the plasma by a cylindrical guard extend- 
ing from probe to wall. The telescope probe is an array 
consisting of five coaxial cylinders extending from tube 
axis to tube wall. The exposed portion of each cylinder 
serves as a collector as well as a shield for the cylinders 
inside. This probe assembly is used to study radial 
variation in plasma properties. Diametrically opposite 
the telescope probe is the wall probe, which is a plane 
disk-shaped collector mounted flush with the tube wall 
and surrounded by a shield. 

All probe and shield surfaces are constructed of 3-mil 
tantalum sheet. Probes and shields are insulated from 
each other simply by mechanical clearance resulting 
from careful alignment. 

The above description applies to the tube shown in 
Fig. 1. Two other tubes were used. The first was almost 
identical in geometry with the tube described except 
for a shorter vertical section in its envelope; the second 
tube had a straight envelope with no bend and was 
mounted vertically. Only plane probes were used in 
these latter two tubes, and results were similar to those 
obtained with the tube in Fig. 1. 


B. Processing of the Tube 


Before the probes and shields were mounted on the 
press leads, the tube was baked for a number of hours 
at 500°C while under high vacuum. Main and auxiliary 
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anodes were outgassed by heating to about 1500°C 
with rf induction. This procedure allowed a preliminary 
check for leaks in the many presses. The side tubes 
supporting the presses were then cracked off about ? 
inch from the press ends to permit easy access with the 
spot welder to the tungsten leads. 

All probe assembly components were pre-outgassed at 
a temperature of about 1900°C by mounting them in 
dummy tubes and bombarding them with 2000-volt 
electrons. The parts were then welded to the press leads, 
which finally were sealed back onto the main envelope. 
The completed tube was sealed onto the vacuum system 
along with two mercury stills. The inner still and the 
mercury-arc tube were baked at 500°C under high 
vacuum, after which clean mercury in the outer still 
was distilled into the inner still. The outer still was then 
sealed off of the system, and mercury from the inner 
still was distilled into the tube proper. After the elec- 
trodes had been outgassed by rf induction, the arc was 
lit by touching a high-voltage spark generator to the 
outside of the mercury bulb. Tube current was in- 
creased until both anodes were red, and this condition 
was maintained for several hours. During the latter 
portion of this run the vacuum, as measured by the 
centimeters stick of a McLeod gauge, was as good as 
that observed when the arc was off. In addition, all 
probes were flashed white-hot by driving them to 
anode potential or higher. For wall probes it was 
necessary to cause the arc to transfer partially to the 
probe in order to get adequate heating. 

After replenishing the supply of mercury in the bulb 
of the discharge tube, the inner still was sealed off of 
the system and the pumping lead to the tube itself 
preheated. Again the tube was run under extreme over- 
load for about 30 minutes, after which the final seal-off 
was made. All probe measurements were made with the 
tube sealed off of the vacuum system. 


C. Bath Arrangement 


Early experimenters with mercury arcs controlled the 
pressure of the mercury in the discharge by varying 
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Fic. 2. Probe assemblies. 
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Fic. 3. Contact-potential shift. 


the temperature of a water bath surrounding the mer- 
cury-bulb portion of the tube. Care was usually taken 
to maintain other sections of the tube at temperatures 
above the bath temperature in order to discourage the 
condensation of mercury on these other sections. The 
pressure of the mercury gas in the tube was then taken 
as the vapor pressure of mercury at bath temperature. 

Klarfeld" has pointed out that this procedure is apt 
to lead to considerable error in the calculation of 
mercury pressure and that the best procedure is to 
submerge the entire tube in a water bath of constant 
temperature. With this arrangement mercury droplets 
condense over all portions of the tube; since all these 
regions are at the same temperature, a constant pressure 
equal to the vapor pressure of mercury at water bath 
(and hence tube wall) temperature is assured. 

This technique has been used in the research de- 
scribed here. The entire tube was submerged in a tank 
filled with water. Good circulation of the water was 
provided by a stirring paddle turned by a small in- 
duction motor. The resulting turbulence maintained the 
bath temperature constant to within 0.1°C throughout 
the tank. There is a small correction (of the order 
of 1°C) between bath temperature and inner wall 
temperature of the tube as a result of the conduction of 
heat out through the tube walls. 

The first probe measurements were taken with only 
the bulb of the mercury tube cooled by water. Later, 
when the tube was entirely immersed, the pressure 
decreased by a factor of about twenty, which is graphic 
proof of the importance of completely submerging a 








" B. Klarfeld, J. Tech. Phys. U.S.S.R. 5, 913 (1938). 
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mercury-arc tube in water if accurate knowledge of the 
pressure is desired. 


IV. MEASUREMENT TECHNIQUES 
A. Contact Potential Shifts 


It was observed that the contact potential of the 
probe surface changes with time after the probe is 
flashed red-hot by electron bombardment. This shift in 
contact potential is found by observing the probe 
current as a function of time after flash for a probe 
voltage close to the floating potential. In this region of 
probe voltage the positive ion and electron currents 
nearly balance, and as a result the net probe current is 
very sensitive to a small change in contact potential 
(since electron current varies exponentially with probe 
voltage). A typical plot of contact-potential shift vs time 
after flash is shown in Fig. 3. It is apparent from the 
curve that some 10 sec elapse before the contact 
potential begins to change. 

The following observations indicate that this change 
in contact potential of the probe surface is an effect due 
to mercury settling on the probe surface and is not 
due to contaminating gas. 


1. The change in contact potential was of the same magnitude 
and had the same time constant for all three of the experimental 
tubes used, even when the tubes were being pumped on the 
vacuum system. 

2. Probe assemblies which allowed faster conduction of heat 
away from the probe surface exhibited a shorter time constant and 
a slightly greater contact-potential shift. This is consistent with 
the hypothesis that the change in contact potential is a tempera- 
ture effect ; the cooler the probe, the more mercury can be present 
in equilibrium on the surface. 

3. For a given arc current the change in contact potential was 
greater for lower mercury pressures. Again this is in agreement 
with the temperature hypothesis, since at lower pressures the 
random currents are lower. This means that heating effects caused 
by positive ion and electron bombardment at the floating potential 
wi!l be less. Thus the final equilibrium probe temperature will be 
lower. 
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Fic. 4. Voltage-current curve for wire probe. 
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4. The change in contact potential observed corresponds to a 
lowering of the work function, which is what is expected for a 
surface layer of electropositive atoms such as mercury. On the 
other hand, oxygen and nitrogen are known to raise the work 
function of a surface when they adsorb on it. 


This shift in contact potential makes it imperative 
to flash the probe red-hot before each current reading. 
Otherwise, a gradual shift in probe-contact potential 
takes place as the probe voltage is varied from very 
negative values up to plasma potential. To get sufficient 
heating for probes located near or at the tube wall it 
is necessary to run the probe to a voltage high enough 
to cause the arc to transfer to the probe. A resistor in 
series with the probe serves to limit the current to the 
desired value after the arc has transferred. 

It is interesting to note that no change in positive 
current for very negative probe voltages was observed 
after a flash. This would indicate that no important 
photoelectric or metastable effects are taking place at 
the probe surface, since such effects would probably be 
quite dependent on the surface state of the probe. 


B. Extrapolation of Positive-Ion Current 


A determination of the positive ion current is ex- 
tremely important in a study of electron-energy dis- 
tributions from probe curves, since it is the positive 
ion current which must be subtracted from the total 
probe current in order to obtain the electron current. 
This need for an accurate knowledge of the positive ion 
current 7, is particularly important in the voltage range 
where i, and the total probe current 7, are nearly 
equal and where the electron current i_ is therefpre a 
small difference. 

The only method of obtaining i, for various probe 
voltages is to use an extrapolation from the negative- 
voltage saturation region of the probe curve, since in 
this region we believe we are collecting no electrons. 
For a plane collector, the positive ion saturation curve 
is usually fairly linear, particularly at higher mercury 
pressures; but for small cylindrical collectors, the plot 
may have considerable curvature, as can be seen in 
Fig. 4. Where a definite curvature exists, one empirical 
approach makes use of a plot of logi, vs log(V,—V), 
where (V,—V) is the retarding potential of the probe 
relative to plasma potential. When this method is used 
(as in Fig. 5) one obtains a fairly linear saturation 
curve. The departure from linearity which is due to 
the start of electron collection is much more clearly 
marked, and the value of i, is taken from the linear 
extrapolation on this log-log plot. 

All this method attempts to do is maintain an 7, vs V 
trend established in the negative-voltage region of 
saturation, so that one can make reasonable guesses for 
i, and hence i_. Obviously one cannot take too seriously 
values of i_ which are very much less than 7, (i.e., ob- 
tained from the small difference between i, and i,). 
It is also apparent that for values of i_ of the same 
order as or greater than i,, any subtle differences in i, 
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Fic. 5. Log voltage—log current curve for wire probe. 


extrapolation techniques cannot affect appreciably the 
value of i_. 


C. Oscillations 


A DuMont 224A oscilloscope was used to monitor 
cathode-to-anode potential and probe-to-anode poten- 
tial. Oscillations up to 5 Mc/sec could have been de- 
tected, but nothing other than random noise or “grass” 
was ever observed on the oscilloscope. Later attempts to 
detect oscillations at frequencies up to 1000 Mc/sec 
yielded negative results. 


D. Tube Current 


All probe measurements were taken with a cathode- 
to-main-anode current of 4 amp and a cathode-to- 
keeping-anode current of 2 amp. Increasing the currents 
much above these figures resulted in overheating of the 
anodes, while decreasing the main-anode current below 
approximately 2 amp usually caused the arc to go out 
within a few minutes. An additional keeping anode 
located at the top of the vertical section of the tube 
would probably have stabilized the arc sufficiently to 
permit the use of much lower currents to the main 
anode. 


E. Inconsistent Results for Bath Temperatures in 
the 50°C Region 


At bath temperatures in the 50°C region the probe 
curves seemed to be nonreproducible at times, par- 
ticularly for probe voltages a little below plasma poten- 
tial. The reason for these fluctuations was never de- 
termined. No changes in arc voltage were observed 
either with the dc meter or the oscilloscope. Perhaps 
this pressure range lies in a transition region between 
two stable conditions of the arc. 
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F. Current-Density Discrepancy between Wire 
Probe and Swivel Probe 


Both the swivel probe and wire probe are located at 
the tube axis. Hence the ratio of electron currents 
collected by the two probes should be the same as the 
ratio of their areas, i.e., 0.60 cm?/0.13 cm?=4.6. The 
observed ratio of electron currents is 3.2 for 22°C, 30°C, 
and 40°C baths. The discrepancy may lie in the un- 
certainty in determining the area of the swivel probe. 
This probe is a complicated structure, and it is difficult 
to estimate what fraction of the area is effective in 
collecting electrons. The 0.60 cm? area used above 
represents the total of all the area, including both 
front and back sides of the disk and tabs as well as 
the exposed portion of the supporting stem (see Fig. 2). 
The effective swivel-probe area for collecting electrons 
may be considerably less than this total area. 


V. COUPLING EFFECTS BETWEEN PROBES 


Simple probe theory assumes that the presence of 
the probe in the plasma does not appreciably alter the 
plasma potential. The validity of this assumption can 
be tested experimentally by observing whether the 
potential of one. probe affects the current collected at 
an adjacent probe. For example, the characteristic 
curve of the wire probe can be observed for different 
potentials of the first surrounding shield. Several im- 
portant facts are apparent from these measurements. 

First of all, as the shield voltage is varied from —12 
to +1 volt with respect to the plasma, the wire-probe 
curves shift to the right by approximately 0.2 volt. 
This indicates that the presence of the shield at a 
potential negative with respect to the plasma has 
shifted the plasma potential itself to a slightly more 
negative value. This lowering of the plasma potential 
as a result of the presence of a surface at negative 
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potential in the plasma is consistent with the Langmuir- 
Tonks theory discussed earlier, in which it is argued 
that, as a result of the flow of positive ions into the wall 
(or probe) surface where recombination takes place, 
a rather shallow potential well for the positive ions is 
set up around this surface. In our case the 0.2-volt 
shift is rather smaller than one might expect, but we 
are, of course, dealing here with a much smaller surface 
than the tube wall. We must also remember that the 
0.2-volt shift is only the average effect the shield exerts 
on the entire plasma surrounding the wire probe. The 
shift in plasma potential may, in fact, be much larger 
right next to the shield. , 

Secondly, we find that as the shield is made positive, 
the positive ion current to the wire probe decreases by 
2 percent; yet at the same time the total electron cur- 
rent increases by approximately 1.5 percent. Both of 
these effects are in a direction suggesting that, as the 
shield potential is changed from negative to positive, 
the potential of the plasma surrounding the wire probe 
is raised slightly. In other words, at negative voltages 
the shield causes a lowering of the plasma potential 
‘over a fairly broad region. 

These coupling tests seem to indicate that by far the 
greater part of the potential drop between a negative 
probe and the plasma takes place over a very narrow 
sheath region. However, there is evidence that there 
exists an additional small voltage drop extending over a 
considerable region of the plasma, as postulated by 
Langmuir and Tonks. Because of the smallness of the 
coupling effect observed, all probe measurements with 
the exception of coupling tests themselves were taken 
with the shields floating. 


VI. EVALUATION OF DRIFT-CURRENT EFFECT 


By means of the swivel probe it is possible to investi- 
gate distortion of the probe-characteristic curve re- 
suiting from the effect of drift current. When the probe 
is oriented so that its axis is perpendicular to the tube 
axis, it receives only random current. When the probe 
is oriented such that its axis is parallel to the tube 
axis, it is subjected to drift current as well as random 
current. Note that in the latter position the two sides 
of the probe are facing the cathode and anode, respec- 
tively. This means that any departures from the 
random-current probe characteristic will be a result 
only of second-order changes in the distribution function 
caused by effects of the drift current. 

Let us assume that when drift current is present the 
spherically symmetrical distribution in electron mo- 
mentum is displaced linearly in momentum space by an 
amount equal to the drift momentum. Starting with a 
Maxwellian distribution, we write for our new distri- 
bution 
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where pz,y,.=the momentum in x, y, and z directions, 
respectively, and pp>=the momentum associated with 
the drift velocity. The current density iz to a probe at 
potential V relative to plasma potential V, is given by 


pPr=2 py=2 
uivrme J f 
pr=[2me(Vp—V)]}' Y p 


yor 


pr=@ p, 
x J —=S(pes by ped pad pps, (3) 
p 


one @ 


where the probe surface is normal to the x direction. 
After the integration has been performed we have 


ig(V) =n_e(2xmkT)-! 


x[eo(-[[= “]-SH) 


a e(V,—V)7} a 
seals Sh « 
2 kT 2(m)! 


where a is the magnitude of the ratio of drift current 
to random current. For the side of the probe facing the 
cathode, the drift current and random current are in 
the same direction and therefore @ is positive; for the 
side facing the anode, their directions are opposite and 
a is negative. 

It seems reasonable to assume that the drift current 
at any point across the tube is proportional to the 
electron density m_ at that point. From the telescope 
probe measurements we know n_ across the tube; from 
the total tube current we can then calculate the drift- 
current density at the tube axis. When this is done at 
a bath temperature of 22°C and a tube current of 
4 amp, a@ turns out to be 1.05. From Eq. (4) we can 
find the current to both sides of the plane probe. This 
calculated current is compared with the observed 
currents in Fig. 6. The agreement seems good over the 
range in which the distribution is Maxwellian, indi- 
cating that our original assumption that the sym- 
metrical distribution was displaced linearly in velocity 
space was not ‘unreasonable. 

It is apparent from Fig. 6 that there is no appreciable 
difference between total electron current or plasma 
potential as measured with the two orientations; nor, 
it turns out, is there any appreciable difference in 
positive ion currents. The greatest distortion of random- 
current curves by drift current occurs at the lowest 
pressures; distortion almost disappears for a bath tem- 
perature of 61.5°C. 

The various members of the telescope array are sub- 
ject, on the average, to the collection of both pure 
random current (corresponding to the perpendicular 
orientation of the swivel probe) and to random plus 
drift current (corresponding to the parallel orientation 
of the swivel probe). Hence, the average probe current 
for the two swivel-probe orientations should yield a 
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Fic. 7. Comparison of average drift-random effect 
with wire-probe curve. 


probe characteristic curve similar to that obtained for 
the wire probe, which is the central member of the 
telescope array. Figure 7 shows that this is true. 

As a result of these considerations we can say that 
the members of the telescope-probe array will give us 
good plasma potentials and total electron currents, but 
that the shape of the actual probe curves cannot be 
taken as an exact measure of the electron-energy dis- 
tribution except at the highest pressures used. At these 
highest pressures the wire probe will, in fact, probably 
give a better indication than the plane probe of true 
electron-energy distribution because of the much smaller 
collecting area of the wire probe. 


Vil. ELECTRON-ENERGY DISTRIBUTIONS IN THE 
; PLASMA 


Probe measurements in the plasma of arc discharges 
nearly always show deviations from Maxwellian dis- 
tributions in the high-energy electron region. These 
deviations show up as departures from linearity in the 
retarding-potential region of the probe characteristic 
curve. In Figs. 8-10 are shown probe curves at the 
tube axis for bath temperatures of 22°C, 40°C, and 
61.5°C. Wall-probe curves are similar. All the curves 
exhibit a bilinear character in which the upper, straight- 
line portion of the curves represents from 95 percent to 
99 percent of the electron current. The lower region of 
the curves would seem to indicate a deficiency of elec- 
trons from a Maxwellian distribution. 


It is not possible to tell conclusively from the probe 
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curve whether a given departure from linearity repre- 
sents a depletion or a surplus of electrons from a 
Maxwellian distribution. This was first pointed out by 
Druyvesteyn,'* who showed that one could obtain the 
actual electron-energy distribution by a method which 
involves taking the second derivative d7i_/dV?, where i_ 
is the electron current to the probe and V is the probe 
voltage. To do this from the probe curve itself results in 
considerable inaccuracy, but the second derivative can 
be obtained directly from probe measurements by ob- 
serving the increase in probe current when a small 
sinusoidal voltage is superimposed on the dc probe 
voltage." 

Despite the questionable correlation between probe 
curves and actual energy distributions, it seems evident 
that the curves of Figs. 8-10 do represent a depletion 
from a Maxwellian distribution in the high-energy 
region, since there are several reasons why we should 
expect such a depletion. First, electrons are continually 
making collisions with mercury atoms, and there is a 
probability that these collisions will be inelastic for 
electrons with energies above approximately 5 volts; 
such collisions result either in excitation or ionization 
of the unexcited mercury atoms." Also the concentra- 
tion of excited atoms, particularly metastables, may be 
an appreciable fraction of the concentration of all 
mercury atoms, and inelastic collisions with these ex- 
cited atoms may produce additional excitation or ion- 
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2M. J. Druyvesteyn, Z. Physik 64, 790 (1930). 
(938) H. Sloane and E. I. R. MacGregor, Phil. Mag. 18, 193 
“ W. B. Nottingham, Phys. Rev. 55, 203 (1939). 


ization. We know that ions are being produced in the 
plasma at a considerable rate. Whether the ionization 
is the result of a single collision or of multiple collisions 
with electrons, it is clear that for every ion which is 
created there must have been at least one inelastic 
collision by an electron, a collision which results in a 
very large loss of energy for that electron. Therefore, 
the very existence of an ionization process demands a 
net transfer of electrons in velocity space through the 
distribution from low energies to high energies, where 
they suffer inelastic collisions and drop back again to 
low energies. In order to maintain this unbalance from 
thermal equilibrium there must be a depletion in the 
high energy range from a Maxwellian distribution. 

There is another reason for expecting this depletion. 
From measurements with the wall probe we can find its 
floating potential, i.e., the potential for which the net 
flow of current to the probe is zero. If we assume that 
the adsorption fractions for mercury ions and electrons 
are the same for both glass and tantalum, respectively,'® 
then the floating potential of the probe is equal to the 
potential of the glass walls of the tube, since these glass 
walls can receive no net current. Furthermore, if the 
adsorption fractions are not exactly the same, the wall 
potential still will not be very different from the floating 
potential of the probe, since the electron current varies 
so markedly with small voltage changes. 

The potential of the tube walls will thus be fairly 
negative with respect to the plasma near the walls 
(—4.5 volts for a 61.5°C bath, —10 volts at 22°C). 
This voltage drop takes place over the positive ion 
sheath at the walls. Most of the low energy electrons 
which are directed toward the walls will be reflected 
back into the plasma. Only those which have an energy 
associated with motion normal to the walls that is 
large enough to overcome the retarding potential of the 
sheath can stick to the glass walls. The current of these 
high energy electrons flowing into the walls is just 
enough to balance the positive ion current flowing to 
the wall; recombination then takes place at the wall. 

In order to maintain this selective flow of high energy 
electrons into the wall the distribution must again 
exhibit a depletion of high energy electrons from a 
Maxwellian distribution. In the plasma region near the 
walls this depletion should be quite noticeable. As we 
go a number of mean free paths away from the wall, 
the depletion caused by wall currents will gradually 
disappear as the motions again become random. The 
mean free path, as calculated from Brode,'® is about 
equal to the tube radius at 22°C bath temperature, so 
that depletion caused by wall current should be present 
in the distribution at the tube axis. At 40°C, however, 
the mean free path is only about one-sixth of the tube 
radius, so that depletion effects of the wall should be 
smoothed out in the distribution at the axis. However, 
depletions caused by exciting or ionizing collisions will 


"16 B. Klarfeld, J. Tech. Phys. U.S.S.R. 5, 924 (1938). 
16 R. B. Brode, Phys. Rev. 35, 504 (1930). 
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Fic. 9. Characteristic curve of plane probe for 40°C bath. 


be present in the distribution at both the tube wall 
and axis. 

Professor W. P. Allis has calculated the distribution 
function necessary to cause a net transfer of electrons 
in velocity space through the distribution from low 
energies to high energies. In this derivation he has 
assumed that the electron-electron interaction cross 
section varies inversely as the energy squared. The 
resulting distribution can be represented approximately 
by 

f(u)du=Auie-"—1 du u<u 

(5) 

=z () uU> Uo 
where u=energy of the electron, 0=(2/3)a (a@=the 
average energy), A =a constant depending on the elec- 
tron density, and #)=a constant depending on the net 
rate of flow through velocity space. The approximation 
is good for 1%/@>5. 

This distribution evidently goes to zero at u=wp. 
This is because the distribution has been calculated 
such that there is a constant flow of electrons through 
velocity space toward higher energies; at u=u the 
distribution has merely died out in the act of trying to 
furnish this flow of electrons. In an actual case where 
such a distribution applies, the inelastic collisions which 
cause the flow through velocity space will begin to set 
in at an energy “, which is considerably less than up. 
If the probability for inelastic collisions as a function of 
energy u is known, then a second theoretical distribution 
can be calculated for u>, and patched onto the f(x) 
distribution at w=. 


From the distribution f(u) the following formula for 
the random current collected on the surface of a plane 
probe is obtained: 


(uo—eV) 
Ta(v)=¢| ee-onn—| 14} 0<eV <M, 
26 (6) 


== () eV>u 


where — V=the probe voltage relative to the plasma 
and C=a constant depending on the electron density. 
In Fig. 11 the probe curve calculated from Eq. (6) is 
compared with the experimental currents for the plane 
probe at 30°C bath temperature. @ was obtained from 
the slope of the upper straight-line portion of the 
experimental probe curve, and the theoretical curve was 
translated linearly until a good fit with the experimental 
points was obtained. Note that the agreement between 
the experiment and theory is good to approximately 
— 14 volts (actually —10 volts with respect to plasma 
potential). The point of departure from the theory lies 
in the very region where inelastic collisions with the 
wall, as well as ionizing collisions, begin and where the 
calculated distribution can therefore no longer be cor- 
rect. 

A similar agreement between the calculated distri- 
bution and experiment is shown in Fig. 12, where the 
wire-probe data are compared with theory at a bath 
temperature of 61.5°C. The plane-probe data at this 
high pressure do not show such good agreement, but 
the wire probe is believed to yield more reliable results 
because of its smaller area and because drift current is 
negligible at 61.5°C. Good agreement between experi- 
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Fic. 10. Characteristic curve of wire probe for 61.5°C bath. 
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Fic. 11. Comparison of theoretical probe curve with 
experiment for 30°C bath. 


mental and theoretical probe curves is also obtained at 
40°C and 50°C bath temperatures. Agreement between 
theory and experiment is not as good at a bath tem- 
perature at 22°C. This may be because mean free 
paths are of the order of tube radius at this pressure; 
one would therefore expect the theory to break down. 
Because inelastic collisions causing excitation and 
ionization are occurring in the same energy region as 
inelastic collisions with the wall, it seems difficult at 
the present time to determine the rate of electron 
transfer through velocity space giving rise to the de- 
pleted distribution, and hence to calculate the electron- 
electron interaction cross section. When quantitative 
values for metastable concentrations as well as excita- 
tion and metastable ionization probabilities become 
available, then a reasonable calculation of electron- 
electron interaction cross section will be possible. 


VIII. RADIAL POTENTIAL AND DENSITY 
DISTRIBUTIONS 


A. Ambipolar Diffusion Theory 


Let us review briefly the ambipolar diffusion theory 
of Schottky.'” Both electrons and positive ions are 
diffusing cut of the plasma to the tube walls. In the 
steady state this diffusion current I’ is the same for 
both positive ions and electrons, and hence we write 


l'=—D_Vn_—p_En_ for electrons (7) 


7 W. Schottky, Physik. Z. 25, 342, 635 (1924). 
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and 
P=—D,Vn,+u,En, for positive ions, (8) 


where D,=diffusion constant for electrons or positive 
ions, = density of electrons or positive ions, u,=mo- 
bility of electrons or positive ions, and E=electric field 
(radial for a cylindrical discharge). 

In the plasma of the arc m_ and m4, are very nearly 
equal, so we assume 


n_=nN=n. (9) 


With this simplification we can eliminate ' from Eqs. 
(7) and (8) and obtain 


= D_—D, Vn 
E= ——( - —). (10) 
B+ Ey n 

Since D_>D,, and p_>>pu,, we have as a further approxi- 

mation 
— lh Vn 
E=— -—). (11) 
pe n 


In cylindrical coordinates VYu=dn/dr since n is a func- 
tion of r only. Equation (11) thus becomes 


D_ dn 


— Edr=— — 
wn 


D_ n 
vi=—f Edr=— in(- ), (12) 
M No 


where we have set the plasma potential V,=0 at n=no. 
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Fic. 12. Comparison of theoretical probe curve with 
experiment for 61.5°C bath. 
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For a Maxwellian distribution D_/u_=k7T_/e, and Eq. 
(12) reduces to 


n= no exp(eV ,/kT_) 


which is the familiar Boltzmann density formula. 

If we eliminate E from Eqs. (7) and (8) (again letting 
n_=n,=n), we can solve for the diffusion current T 
and obtain 


(13) 


r=—D,Vn, (14) 


where D, is the ambipolar diffusion constant and is 
given by 


D_p4+ Dp F 
= —_____--_, (15) 


a 


[Ton fe 


Ionization in the plasma of the arc discharge can take 
place in two ways: by direct or by cumulative ioniza- 
tion. When electrons ionize gas atoms by single col- 
lisions, it is known as direct ionization. When electrons 
raise gas atoms to an excited state as a result of a first 
collision and later ionize the excited atoms with a second 
collision, the process is known as cumulative ionization. 
Clearly the rate of ionization in the direct process will 
be proportional to the electron density n_, while the 
rate of ionization in the cumulative, two-step process 
will be proportional to n_?. Each ionization results in 
the creation of a new free electron. 

The rate of creation of new electrons in a unit 
volume must be equal to the rate at which they diffuse 
out, i.e., be equal to the divergence of the diffusion 
current I’. Thus, for direct ionization 


V-T=p_, (16) 


where vy; is the average number of ionizing collisions 
made per second by one electron. The magnitude of »; 
will depend on: (a) the ionization probability as a 
function of electron energy and (b) the actual electron- 
energy distribution. Since probe measurements in this 
research and in Killian’s work* have shown the energy 
distribution to be practically independent of distance 
from the tube axis, v; can be assumed to be independent 
of spacial coordinates. From Eq. (14) the above equa- 
tion becomes 


Vi 
V-ut+—n=0, 


a 


(17) 


where n_=n. For our case we have cylindrical geometry. 
We impose the boundary condition that n=0 at r=R’, 
where r is the radial distance from the tube axis and R’ 
is the effective radius of the tube for diffusion theory, 
i.e., the radial distance at which m would go to zero 
were it not for the presence of a sheath at the tube wall. 

Assuming that m is a function of r only, we find that 
for cylindrical coordinates and the above boundary 
condition the solution of Eq. (17) is given by a Bessel 
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Fic. 13. Radial density distributions from diffusion theory. 


function of order zero. That is 
2.405r 
n(o)=nobe( ), 
R’ 


where #o= plasma density at the axis (r=0). 

It can be shown that R’ should exceed the actual tube 
radius R by 3/4A, where \ is the mean free path of the 
electrons. However, this is true when the diffusion 
takes place for electrons of all energies, whereas only 
the high energy electrons in the plasma penetrate the 
sheath and reach the wall. 

In the derivation of Eq. (17) it was assumed that the 
ionization was a direct, one-step process. In the case 
of cumulative ionization the rate of creation of free 
electrons will be proportional not to m_ but to n_*. 
This makes Eq. (17) nonlinear. Spenke'* has recently 
solved this nonlinear equation, and the resulting func- 
tion (2.92r/R’) is shown in Fig. 13 along with 
Jo(2.4r/R’) for comparison. As would be expected, the 
MN curve resulting from cumulative ionization dips down 
more sharply from the tube axis than the Jo curve 
arising from direct ionization. 

From Eq. (12) we see that for direct ionization the 
plasma potential is given by 





(18) 








z. 2.405r 
V»=— n| Jo )} (19) 
bh R’ 
whereas for cumulative ionization 
D_ 2.92r 
Pissiee nf a )} (20) 
pe R’ 


where D_/u_=kT_/e for a Maxwellian distribution. 


B. Comparison of Diffusion Theory with Experiment 


The various members of the telescope assembly serve 
as probe collectors positioned from tube axis to tube 


18 F, Spenke, Z. Physik 127, 221 (1950) 





892 R. M. 





-———_— or coma | 
| 
RADIAL POTENTIAL CURVE : 
TELESCOPE PROBE | 
: TeaTH * 615°C |- 
= 
[- 
a oe l.@ 
| | 
l| ¢ 
4 | | ro} 
| caiiamal ‘ > 
i r I] 2 
| | @: af 
‘| al| 3 
e| i 
| | gifs 
| Fi} @ 
| a 
1] 3 
a 
| / 3 
IE 2 ' a 
| 
| 
| Hs 
| 
| | 
aa i 
10 08 06 04 02 00 


DISTANCE FROM TUBE AXIS 


Fic. 14. Radial variation in plasma potential as a step function 


wall. The plasma potential or density, as obtained from 
each of these probes, represents the average taken over 
the length of the probe. Hence it would seem appropri- 
ate to plot radial potential or density data in the form 
of a step function, as shown in Fig. 14, where the width 
of each step represents the finite length of each probe. 
A smooth curve can be drawn through the steps, and 
it is reasonable to assume that this curve is a fair 
representation of the continuous plasma variation in 
potential from tube axis to tube wall. The smooth curve 
suggests, in turn, that we arbitrarily assign the mid- 
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point of each probe segment as the representative point 
for the radial distance of that probe from the tube axis. 

In this way the experimental points have been plotted 
in Fig. 15, where the observed radial density distribu- 
tion is compared with the Jp and 9% curves for direct 
and cumulative ionization, respectively. The value of R’ 
has been selected in each case to make a good fit be- 
tween theory and experiment near the wall. At 30°C 
and 40°C bath temperature the cumulative ionization 
theory seems to be a better fit. At 22°C the direct 
ionization theory is a little better. However, at this 
low pressure the mean free path of the electrons is the 
order of the tube radius. Therefore the applicability of 
diffusion theory is somewhat doubtful. 

At 61.5°C bath temperature the observed density 
distribution dips below the cumulative ionization curve. 
This is believed to be the result of plasma density 
depletion which is due to the larger area of those probes 
located away from the tube axis. This theory is borne 
out by comparing the probe currents obtained from the 
swivel probe and wire probe at the same bath tempera- 
tures. Both of these collectors are located at the tube 
axis, but the swivel probe has approximately four times 
the area of the wire probe (0.60 cm? compared with 











TABLE I. 
3/4% R'—R 
T bath Pressure (for kT _) R R 
22°C 0.00175 mm 2.3 cm 0.64 0.24 
30°C 0.0034 1.0 0.28 0.20 
40°C 0.0076 0.4 0.11 0.12 
61.5°C 0.035 0.07 0.02 0.027 








0.13 cm?). At 22°C, 30°C, and 40°C the ratio of electron 
current at the swivel probe to electron, current at the 
wire probe remains fixed, indicating that no depletion 
effect is taking place, whereas at 61.5°C the ratio is 
down by 30 percent. One can also observe a.definite 
darkening of the plasma in the region surrounding the 
swivel probe when it is maintained at or above plasma 
potential. All of these facts indicate that at 61.5°C bath 
temperature (0.035-mm Hg), the finite area of the probe 
can cause an appreciable decrease in plasma density 
about the probe. If one makes a linear correction with 
the probe area of the experimental densities (based on 
the difference in densities as measured with plane and 
wire probes at the axis), points are obtained which lie 
more nearly on the cumulative ionization curve at 
61.5°C. 

We have already pointed out that R’—R should 
equal 3/4 when diffusion to the wall takes place for 
electrons of all energies. It was also observed that in 
our case only the high energy electrons penetrate the 
sheath, and that therefore one would expect R’—R to 
be greater than 3/4A (in general, \ increases with the 
electron-energy increase). Nevertheless, we find that 
R’—R=3/4\ when one calculates the mean free path A 
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from Brode’s curves'* for electrons of energy kT_. This 
is illustrated in Table I. 

The actual mean free paths of electrons are probably 
smaller than those obtained for collisions with mercury 
atoms as a result of electron-electron interactions. Thus 
the above agreement may be pure chance; that is, the 
mean free path of the fast electrons which diffuse to 
the wall may be just enough smaller than the values 
taken from Brode’s curve to give approximate agree- 
ment with those same values calculated for an energy 
kT_. 

The theoretical plasma potential variations with 
radius are compared with experiment in Fig. 16. At 22°C 
the plasma potential has been calculated from 


kT_ 2.4r 
€ R’ 


For the higher bath temperatures 


kT_ 2.92r 
—Hla(=)| 
€ R’ 


has been used. T_ was obtained from the upper slope of 
the plane- (swivel-) probe curve in each case. The 
agreement seems to be well within the experimental 
error, even though it is not quite correct to substitute 
kT_/e for D_/y_ when the distribution is not perfectly 
Maxwellian. Indeed, to say that T_ as obtained from 
the upper slope of the plane-probe curve is an electron 
temperature loses its meaning in the face of a non- 
Maxwellian distribution. 

A direct determination of D_/y_ can be obtained by 
plotting logn_ (obtained from Eq. (1) when V=V,) vs 
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Fic. 16. Comparison of experimental radial potential 
distributions with diffusion theory. 
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Fic. 17. Log density vs plasma potential from tube axis to wall. 


plasma potential V, for the telescope probes at each 
bath temperature. This has been done in Fig. 17. 
Reference to Eq. (12) shows that the resulting linear 
plots should have a slope of 0.434u_/D_. When these 
slopes are converted to temperature units, the resulting 
temperatures are lower than those obtained from the 
upper slope of the probe curves themselves. At 20°C, 
30°C, 40°C, and 61.5°C the temperatures are 18.5 per- 
cent, 10 percent, 7 percent, and 10 percent low, respec- 
tively. This is exactly what we should expect, since 
D_/yw— must be less than k7_/e for a distribution 
depleted from a Maxwellian in the high energy region, 
where kT_/e represents the slope of the probe curve at 
low energies. 


IX. CONCLUSIONS REGARDING THE IONIZATION 
PROCESS IN THE ARC 

In the previous section we saw that the radial poten- 
tial and density distributions in the arc seemed to 
show better agreement with diffusion theory when 
cumulative ionization was assumed. From these facts 
alone, however, it is hardly safe to infer the type of 
ionizing process, since the difference between the theo- 
retical radial density distributions for direct and cumu- 
lative ionization processes is not large. A more straight- 
forward approach is to calculate the rate of direct 
ionization in the plasma from the known ionization 
probability and electron-energy distribution. If this 
calculated rate of ionization falls short of the observed 
rate (as obtained from the positive ion current to the 
wall), the difference must be due to cumulative ioniza- 
tion. The theoretical distribution function given in 
Eq. (5) and illustrated in Figs. 11 and 12 has been used 
for this calculation at 22°C bath temperature, since it 
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exhibits a reasonably good fit with experiment over the 
required energy range. The distribution must be dis- 
placed in velocity space to take care of the drift effects 
(at 22°C this increases the direct ionization by a factor 
of two). The positive ion wall current resulting from 
ionization calculated in this way is 2.10 amp/m? com- 
pared with the observed wall current of 4.58 amp/m’. 
This would indicate that even at 22°C bath temperature 
(0.00175-mm Hg) a direct process accounts for only 
half of the ionization; the remainder is presumably 
cumulative. 


HOWE 


For bath temperatures of 30°C and above the density 
of high energy electrons capable of direct ionization is 
even less than at 22°C, indicating that cumulative 
ionization predominates. These results are substantially 
in agreement with the work of Klarfeld,'® who concluded 
that for mercury-arc pressures above 0.001-mm Hg 
cumulative ionization is taking place. 

The author is indebted to Professor W. B. Notting- 
ham for his many valuable suggestions and constant 
interest in this research and to Professor W. P. Allis for 
his considerable help with the theory. 


APPENDIX. SUMMARY OF DATA 











i+ 6. T J 

T =22°C (ma) (ma) (°K) 
Plane probe 0.505 157 23 800 
Wall probe 0.0423 13.0 23 500 
Wire probe 0.157 48.5 
Cyl No. 1 0.377 117 
Cyl No. 2 0.335 109 
Cyl No. 3 0.139 47.3 
Cyl No. 4 0.112 42.1 

T=30°C 
Plane probe 0.624 210 18 800 
Wall probe 0.0444 13.9 18 600 
Wire probe 0.219 64 
Cyl No. 1 0.448 141 
Cyl No. 2 0.365 125 
Cyl No. 3 0.152 51 
Cyl No. 4 0.121 46 

T=40°C 
Plane probe 0.897 317 14 340 
Wall probe 0.050 16.5 14 300 
Wire probe 0.331 100 
Cyl No. 1 0.652 218 
Cyl Ne. 2 0.48 177 
Cyl No. 3 0.189 68 
Cyl No. 4 0.140 53.5 
T=61.5°C 
Plane probe 2.28 820 10 400 
Wall probe 0.063 28 10 200 
Wire probe 1.00 352 9530 
Cyl No. 1 1.57 615 
Cyl No. 2 0.982 396 
Cyl No. 3 0.294 127 
Cyl No. 4 0.189 84 











’ plaema Area i, dens. i_ dens. electrons 
(volts (cm?) (amp/m?*) (amp/m?) per m-ie? X10 
—3.7 0.60 8.42 2620 

—4.35 0.923 4.58 1410 

—2.5 0.133 11.8 3650 9.52 
—3.0 0.396 9.52 2950 7.70 
—3.5 0.537 6.25 2070 5.40 
—4.1 0.331 4.20 1430 3.73 
—4.8 0.441 2.54 955 2.50 
—4,.25 10.4 3500 

—4.8 4.8 1510 

—3.0 16.5 4810 14.2 
—3.4 11.3 3560 10.5 
—4.0 6.80 2330 6.85 
—4.5 4.60 1540 4.53 
—5.25 2.75 1040 3.06 
—5.6 15.0 5290 

—6.1 5.42 1790 

—4.15 24.9 7520 25.3 
—4,5 16.5 5500 18.5 
—5.05 8.94 3300 11.1 
—5.63 5.72 2060 6.92 
—6.25 3.1 1210 4.06 
—4.85 38.0 13 650 

—5.25 6.83 3030 

— 3.70 75.2 26 500 105 
—4.0 39.6 15 500 62.5 
—4.55 18.3 7380 29.3 
—5.13 8.88 3840 15.2 
—5.6 4.28 1900 12.0 
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A Certain Problem in Heat Conduction 


HENRY ZATZKIS 
Department of Mathematics, University of Connecticut, Storrs, Connecticut 
(Received February 6, 1953) 


A homogeneous sphere is surrounded by an infinite homogeneous medium. Heat is generated inside the 
sphere at a prescribed rate. The temperature distribution inside and outside the sphere is computed. 


I. INTRODUCTION 


N connection with a certain problem in biophysics 
Schaefer and Schwan! posed the following problem: 

A homogeneous sphere of radius R is imbedded in an 
infinite homogeneous medium. Initially the temperature 
is zero everywhere. From the time ‘=0 on, heat is 
generated continuously in the interior of the sphere, at 
the rate of Q(¢) per unit volume per unit time. 

The question is, what is the temperature distribution 
inside and outside the sphere at any later time? Schaefer 
and Schwan attacked the problem experimentally by 
setting up a large-scale model. Then, using dimensional 
analysis, they computed from their data the values for 
the actual physical conditions. They admitted the possi- 
bility that the temperature at the boundary of the two 
media may show a jump, but they postulated that the 
heat current density shall change continuously. We 
shall, however, assume that the temperature changes 
continuously, whereas the heat current may change 
discontinuously due to the presence of the heat genera- 
tion inside the sphere. Naturally, both quantities change 
continuously in the steady-state case. Whereas the 
results obtained by the above-named investigators are 
not general and apply only to the particular type of heat 
generation employed in their experiments, we shall 
give here a general solution valid for any arbitrary mode 
of heat production. 

We shall use spherical coordinates and choose the 
center of the sphere as origin. The following notation 
will be used: 


r=radial distance, 

t=time, 

p=density of sphere, 

c=specific heat of sphere, 

k=thermal conductivity of sphere, 
a’= k/cp=thermal diffusivity of sphere, 
R=radius of sphere, 

Q(t)=rate of heat produced in the sphere per unit time 
per unit volume, 

k’=thermal conductivity of surrounding medium, 
C=thermal diffusivity of surrounding medium, 
U=U(r, t)=temperature inside sphere, 
U’=U'(r, t) =temperature outside sphere, 


7 z 
erf (x) =—— f e~ "dw. 
V2r 0 


''H. Schaefer and H. Schwan, Ann. Physik 43, 99 (1943). 





The Laplace transform L{F(t)} of a function F(é) 
will be denoted by the corresponding lower case letter 


f(s), ie., 
f)=LFO)= f e~**F (#)dt. 


The problem to be solved can now be formulated: 


0U/dat=aV?U+Q0/pc, (0OSr<R, 0S!) (1) 
0U'/at=C?V?U'’, (R<r, 0OSd) (2) 
Q=Q(2), continuous, (0=2) (3) 

Q(0)=0, (4) 

U(r, 0) =0, (5) 

U'(r, 0) =0, (6) 

lim U'(r, t)=0 for all #, (7) 

U(R, t)=U'(R, t)=F (2) for all t. (8) 


II. THE INTERIOR PROBLEM 
It is well known? that the solution of the equation 
dU /dat=V?U 


in the presence of a continuous distribution of heat 
sources with density Q(x, y, z, ) is given by 


U (x, y, 2, t) 
Lp rp pres 02, w) 
7 8aicpa* 1 Os (t—w)! 
(x—2')+ (y—y')?+ (2—2')? 
4a*(t—w) 
The solution of Eq. (1) is therefore 











x exp| _ |evaya'ew 


1 t 
U(x, y, 2, )=— O( dw 
X,Y, 2 a | w)du 


et) ie 


sphere 
(x—«’)?+ (y—y') + 2’)? 
Xexp}| —- 
4a? (t—w) 


2B. Baule, Die Mathematik des Natur forschers und Ingenieurs 
(S. Hirzel, Ziirich, 1947), Vol. VI, third edition, p. 64. 











jayacn. (9) 
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By using polar coordinates, the volume integral can be 
evaluated and we obtain 


— fos 
a é (R-—r)* 
+— f 0(w){exe| - - 
V2rrcp Jo 4a? (t—w) 
(R+r)* 
exp| - — lh (t(—w) dw 
4a?(t—w) 
r—R 
+f Q(w) ex*(- ——) (10) 
2a(t—w)! 
r+R 
ert( — -) fe 
2a(t—w)! 


At the surface of the sphere the temperature is 


U(r, j= 











a t 
F()=U(R, )=—— | QW) 


VarCcp 


R? 
xX i i exp -_— —| 
a*(t—w) 


Ill. THE EXTERIOR PROBLEM 


(t(—w)*. (11) 





This problem is best handled by the method of the 
Laplace transform. The transform of Eq. (2) is in polar 
coordinates 





=—(ru’). (12) 


‘Therefore 


1 s} s} 
= | Aexn(—r) +Bexp(-—r) | (13) 
r 4s G 


Condition (7) shows that A =0, i.e., 


s} 
W'=Bexp(——r). (14) 
C 


Equation (8) determines B, viz. 


B s 
u’(R, )=—e(-=R)=/0 (15) 
R C 
hence 
si 
B=Rf(sexp( -—R), (16) 
and therefore 
R (r—R) 
u' (r, )=—se0{ -" —s] (17) 
r . 


The inverse Laplace transform of Eq. (17) finally gives 
the result 


; F (w) (r—R)? ho. (18 
x | ——exp] -——— |dw. 
J (i—w)? exp| oe 


That this solution satisfies the correct boundary condi- 
tion can easily be verified by using a new variable of 
integration z, where 


(r— RY 
4222 





(19) 


t—w= 


We then obtain 
2R - (r—R)? 
U'(r, d)=—— f F(‘-— Jexp(—2ade (20) 
ra/n Jo 4C*2? 
Equation (20) shows that 
2 fs) 
U’(R, t)=——F (8) f e-*"dz= F(t). (21) 
/T 


If the expression for F(t), given by Eq. (11), is 
substituted into Eq. (18), we finally obtain for the 
exterior temperature the result 








aR(r—R) w= Q(y) 
U'(r, )=— 
he 2xCcpr* im J. (x—~y)} 


x {exo — -j-—1 (t— y)'dydx. (22) 
a*(t—y) 
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Potential Analog Network Synthesis for Arbitrary Loss Functions* 


ERNEST SHIU-JEN KuUH 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received March 9, 1953) 


A general method is developed for designing networks with arbitrary loss functions based on the potential 
analogy. An appropriate potential problem is formed on the basis of the given loss function by introducing 
continuous charge distribution on the complex frequency plane. After the potential problem is solved, the 
technique of quantization of charge is used to find the natural modes of the network function. 





I. INTRODUCTION 


ETWORK synthesis, in general, has two main 
parts: first, the approximation problem, or the 
determination of the location of the poles and zeros of 
the network function to give a desired response; 
second, the realization problem, or the determination 
of the configuration of the network and the circuit ele- 
ments to yield these poles and zeros. In this work, only 
the first part is investigated; but the second part can 
be handled by already known methods.?* A general 
method is presented here for solving the approximation 
problem for arbitrary loss functions in the steady-state 
theory of lumped constant linear passive networks. 
This paper presumes a knowledge of the potential 
analogy applied in network synthesis.~* The terms 
used throughout are defined in the following way. 
Letting 


; _ 1 (pp) (b— p2)(b— ps) + -T 
W (p)=V+j¥=— In 
24 (p—Ppa)(p— pr) (p— pe): ** 





(1) 
1 
=— InG(p) 
qT 
hence 
1 | 1 
V=—In\G| and V=—<(G), (2) 
2x 2r 


where W is the complex potential function of a system 
of filamentary charges piercing the complex frequency 
p plane, V is the real potential and W is the stream or 
flux function. G(p) is the complex power ratio function 
of a 4-terminal network, defined as input over output. 


* This paper is one portion of a Ph.D. dissertation “A study of 
the network synthesis approximation problem for arbitrary loss 
functions” written for the Electrical Engineering Department of 
Stanford University, February, 1952. Also see reference 1. 

'E. S. Kuh, “A study of the network synthesis approximation 
problem for arbitrary loss functions,” Tech. Report No. 44, 
— Research Laboratory, Stanford University (February, 

2S. Darlington, J. Math. Phys. 18, 257-353 (1939). 

’ E. A. Guillemin, “A summary of modern methods of network 
synthesis” in Advances in Electronics (Academic Press, Inc., New 
York, 1951), Vol. 3. 

* W. W. Hansen and O. C. Lundstrom, Proc. Inst. Radio Engrs. 
33, 528-538 (1945). 

°S. Darlington, Bell System Tech. J. 30, 315-365 (1951). 
us ji ” Klinkhamer, Philips Research Reports 3, 60-80, 378-400 

t Units are defined arbitrarily. 


On the real frequency axis of the complex frequency 
plane, p= jw, 


G(jwo)=e*, or V=a/rz, (3) 


where a is the loss function in nepers. Positive fila- 
mentary charges (pa, P», p-) correspond to poles of G(p) 
or points of infinite loss, and negative charges (1, po, ps) 
to zeros of G(p) or the natural modes. 

The use of the potential analogy method in solving 
the band-pass filter problem was developed recently.*~* 
This technique is now extended and modified for the 
problem of the arbitrary loss function. Therefore a 
review of the band-pass filter problem is necessary. 

On the complex frequency plane a conducting plate 
which gives a constant potential is laid along the pre- 
scribed pass band. Positive filamentary charges are 
located symmetrically anywhere on the plane, as 
desired. The whole potential problem is solved with the 
prescribed boundary conditions as shown in Fig. 1. A 
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7R. M. Fano, J. Franklin Inst. 249, 189-205 (1950). 

8D. L. Trantman, Jr., “Amplifier synthesis through conformal 
representation,” Tech. Report No. 41, Electronics Research 
Laboratory, Stanford University (December, 1951). 

*G. L. Matthaei, “A general method for synthesis of filter 
transfer functions as applied to L-C and R-C filter examples,” 
Tech. Report No. 39, Electronics Research Laboratory, Stanford 
University (August, 1951). 
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P-PLANE 








complete picture of potential variation and flux can 
now be calculated. 

A plate of continuous charge corresponds to a branch 
cut of the network function, which is not physically 
realizable. Therefore what is left to be done is to approx- 
imate the plate’s effect by suitably placing filamentary 
negative charges. The method is stated briefly as 
follows: The total charge m in the band from 


2 
wW1 tO we is f —29r(dV)/(dn)dw, 
#1 


where 0V/dn, the normal derivative of the potential off 
the plate, is proportional to the negative of the charge 
density. The continuous charge must now be replaced 
by m unit filamentary charges such that the proper 
density is approximated in some fashion. The obvious 
way is to quantize the continuous charge at the cen- 
troids of the charge density curve for each unity sub- 
area. With the negative filamentary charges so ob- 
tained, the potential along the band is constant in equal 
ripple manner and has its minimum at negative infinity. 
The next step is to move the negative charges off the 
jw axis along the flux lines and onto an equipotential 
surface. All the ripples will remain equal as the negative 
charges move outwards but their magnitude will 
gradually decrease. Thus, by specifying the amount of 
the ripple, negative charges can be located. 


Il. STATEMENT OF THE PROBLEM 


Let an arbitrary loss function ao=f(w) (not a con- 
stant as above, and not directly realizable) be given in a 
prescribed frequency band. The poles and zeros of G(p) 
are wanted such that the loss function a gives a close 
approximation to a in the given band. In terms of the 
potential problem, filamentary charges are needed so 
that V in the given band gives an approximation to 
ao/m, as seen in Eq. (3). Moreover symmetry of the 
charges and physical realizability must be considered. 

This problem differs from the usual filter problem in 
that the real potential along the band of interest is not 
‘a constant. Although the potential problem can still be 


solved by specifying the desired real potential along the 
given band, yet the quantization procedure is not 
applicable. The theory given in the next section will 
illustrate how the filamentary charges can be found by 
modifying the potential problem and introducing con- 
tinuous charge distribution. This method is different 
from Darlington’s® in that there is no need to choose a 
contour. 

Before developing the complete theory, a special 
example of a linearly increasing loss function ao= f(w) 
=aw, for a frequency band 1<w<r is taken. Suppose 


V 








3a 




















34a 
Fic. 3. 


that an immobilet uniform continuous charge with 
—0V/dn=a/7, is laid on the o axis on the p plane as 
shown in Fig. 2. From the electrostatic theory, the real 
potential along the imaginary axis is linearly decreasing 
as shown in Fig. 3a. An uncharged conducting plate is 
then put down on the imaginary axis from w= 1 to w=r. 
The potential is therefore required to be a constant 
along the band as shown in Fig. 3b. Now the potential 


t The word “immobile” is used to differentiate the fixed con- 
tinuous charge distribution from that of a conducting plate. The 
charges on a conducting plate can be moved by outside field. 
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problem in Fig. 2 with boundary conditions, V=0 for 
o=0, l<w<r and 0V/dn=—a/x for w=0 is solved. 
Since the real potential along the band of interest is 
constant, the same quantization procedure as in the 
filter problem can be performed. The real potential along 
the band would be expected to have a filter character- 
istic of the equal ripple type in the presence of both the 
quantized charges and the undisturbed continuous 
charge on the o axis, as shown in Fig. 3c. Finally, if the 
continuous charge along the o axis is removed, the 
potential along the given band, due to the filamentary 
charges alone, will be expected to have an equal 
ripple approximation to the linearly increasing function, 
as shown in Fig. 3d. 

To solve the aforementioned potential problem, the 
following transformation is required to take account of 
the infinite amount of charge on the o axis. Letting 


Vi=V+a/rw (4) 
the new boundary conditions become 


OV ;/dw=—a/r+a/r=0 for w=0, (5) 


P- PLANE r 








Fic. 4. 


and 
Vi=a/mw for o=0 and i<w<r. (6) 


With these boundary conditions, V; can be found by 
using an elliptic tangent transformation as discussed in 
the next section. Hence the problem of the linearly 
increasing loss function can be solved. 


Ill. THEORY 


The general theory is developed from the preceding 
particular example. The complete potential problem can 
be separated into three parts. First, a complex potential 
W,, is obtained with a boundary condition V;= ao/z in 
the given band. This corresponds to V;, in the preceding 
example as seen from Eq. (6). Second, a continuous 
charge distribution on the p plane is introduced such 
that in the given band, V2= — ao/z. This corresponds to 
the —a/mw term in Fig. 3a of the preceding example. It 
is seen that the sum of V; and V» is a constant along 
the band of interest. Third, a complex potential W; is 


formed by specifying the total number and position of 
the positive filamentary charges. This is exactly the 
same as the complex potential in the filter problem with 
a conducting plate at the prescribed band. It is clear 
that the superposition of the three still gives a constant 
potential along the prescribed frequency band. If now 
quantization of negative charge is performed and the 
continuous charge due to W, thrown away, a good 
approximation of the required potential along the given 
band is obtained. Actually, the continuous charge dis- 
tribution along the o axis is only used in the calculation 
for quantization purpose. Next, the three complex 
potential functions are discussed separately. 

The first part involves only the solution of a straight- 
forward potential problem. In order to specify it, the 
loss function ao= f(w) is prescribed for a frequency band 
i<w<r without losing any generality. Then the poten- 
tial problem is given in terms of the following boundary 
conditions on the complex frequency plane. 


Vi=1/nf(o), I<w<r (7) 


and from the symmetry of the right and left, upper and 
lower half-planes, 


for o=0, 


0<w<l 
rSw< (8) 
w=0, O<o<m. 


OV; Ge 0, 
—=0 for 
On and 


Thus on the p plane, charge exists only in the band 
1<w<r on the jw axis, and the total charge is zero be- 
cause there is to be no charge elsewhere. Since V is an 
even function with respect to both o and w, a solution 
covering one-quarter of the # plane is sufficient. The 
elliptic-tangent transformation may be used to trans- 
form the semi-infinite plane into a rectangular cell as 
shown in Figs. 4 and 5. The corresponding critical 
points are indicated and the boundary conditions speci- 
fied. Mathematically, 


p=in(z, k), (9) 
where 
k= (1—k”)* and k’=1/r. (10) 
k and k’ are called the modulus and complementary 
y 
z= PLANE 
we c 
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modulus. The notation used here follows that in most 
mathematical textbooks on the Jacobian elliptic func- 
tions.” Thus K and K’ in Fig. 5 are the usual symbols 
related to the periods of the functions. 

Solving the potential problem inside a rectangular 
cell is straightforward. The boundary conditions are 
transformed as 





Vi=1/rf()=1/ 
sais Nxcpl 


=1/nrF(x), for z=x+jK’ (11) 
and 
oV Wy 
oll, for z=x, and =| (12) 
on K+ jy. 


The solution is therefore, 


aq cos (nrz/K) 
Wi= —- } > an ’ 
2 »=1 cosh(mrK’/K) 





(13) 


where a, are the Fourier coefficients of the function 
1/xF (x). 
The second part of the method is to introduce a 


”E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, Cambridge, 1950). 


symmetrical charge distribution on the complex fre- 
quency plane such that V2= —1/mf(w) along the pres- 
cribed band, 1<w<r. This is an independent problem, 
and V; is due to this charge alone. The solution is given 
by 

W2=—1/nf(—jp). (14) 


Note that this equation is good only for w=0. At real 
frequencies, «= 0, 


We= Vet j¥2=—1/xf(w). (15) 


This is nothing more than the application of the theory 
of analytic continuation. Frorh the given value of the 
real potential along a band on the imaginary axis, the 
potential and the flux function for the rest of the jw 
axis are constructed. Hence the complex potential 
throughout the p plane is also obtained. Charge distri- 
bution is introduced (by implication) somewhere on the 
p plane along with W,. In the preceding example this 
continuous charge distribution is most easily seen on the 
o axis with a uniform charge density, —27rdV/dn=2a. 
The third complex potential function, W3, is formed 
from positive filamentary charges and the negatively 
charged conducting plate on the prescribed band. The 
number of positive charges must be a multiple of four, 
because of the symmetries of the upper and lower, right 
and left half-planes :—moreover, it must be equal to the 
desired number of negative charges on the plate and its 
image below the real axis. Depending upon how good an 
approximation is required and how many elements can 
be afforded in the final network, the total number of 
positive charges is determined. The positions of the 
filaments of charge are somewhat arbitrary, yet the 
charges should be placed in the most efficient way, from 
the point of view of the final result of the approximation, 
the calculation procedure, and the desired network con- 
figuration. Usually they are put on the jw axis either at 
the point of infinity or at zero frequency, depending on 
the shape of the required curve. To show how this 
potential problem is solved, for simplicity, all the posi- 
tive charges (m units) are put at infinity. On the z plane, 
correspondingly, m positive charges are placed at the 
point (K,0). Using the method of images, it is found 


W;=m/2rx In sn(S, ki) +C, (16) 


where sn is the Jacobian-sine function and C is a real 
negative constant to fulfill the condition V;=0 along 
the given band. Because of the difference of the periods 
of this and the elliptic function used in the transforma- 
tion, a change of variable and modulus has to be made. 
The results are 





S=A[s— (K+ 2K’) ]. (17) 
and 
1—k’ 1 
k= , A=—. (18) 
1+’ 1+’ 


The reason that W; must be added to the first two 
complex potential functions is to insure that there is 
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only negative charge along the prescribed band. It is 
found that the sum of W, and W; has a saddle point in- 
side the prescribed band (i.e. two different kind of 
charges exists above and below the saddle point). W; 
is therefore added to move the saddle point outside 
such that quantization of charge is possible. 

After the discussion of the three complex potential 
functions, the final stage, the quantization of charges, 
is reached. Letting 


W .=Wit+-W2t+ Ws, (19) 
the following transcendental equation, 
wy, 
Ve 
WV; 


Wi =Vitjhi=Vetj (20) 





|. 
is to be solved. The roots represent the natural modes of 
the network function. V, is the real potential of an 
equipotential line on which the negative filamentary 
charges are quantized. V,, W2, V3, etc. represent the flux 
lines passing through the centroids of each unity charge 
on the band. Thus if m= 16, four unit charges are found 
in each quadrant. V1, V2, V3, etc. are then 3, 13, 25, etc. 
as shown in Fig. 6. The procedure of solving Eq. (20) is 
rather involved. However, this can be done graphically 
to a good approximation. 


IV. EXAMPLE 


Again the linearly increasing loss function ao= f(w) 
=aw is taken. But instead of going through the logic, 
the theory developed in the last section is used. From 
Eq. (11), 

1 1 a 
—F (x)=- . 
rs a dn(x, k) 





(21) 


The Fourier expansion of this function is tabulated in 
many books." Hence 














2aq” 
6,= (2), (22) 
Kk’ (1+-9°") 
where g is another parameter used in elliptic function 
theory, 
q=expl— (rK’/K) ]. (23) 
Therefore 
2, # q”  cos(nmz/K) 
¥ of ——— 7 (es - (24) 
2Kk’ Kk’ n= 1+-¢°" cosh(nrK’'/K) 


This series converges very rapidly; only three or four 
terms are needed to get practical results. 
From Eq. (14), 


W2= —1/x(—jap)=jap/n, (25) 





POTENTIAL ANALOG NETWORK SYNTHESIS 





where 
1 1 
2= ——do), V.=-ae. (26) 
TT TT 


For the third complex potential, taking m= 16, from 
Eq. (16), 


W3=16/2m In sn(S, ki) +C. (27) 


Numerical values are found from elliptic function 
tables." 

The superposition of the three gives the total compelx 
potential function W,;. Choosing a= and V,=0.4, the 
natural modes of the final network are found to be 
(—0.0436, +1.012), (—0.1194, +1.216), (—0.1002, 
+1.971), (—0.1603, +1.586). The result is plotted in 
Fig. 7. It is seen that the curve a is an approximation to 
the given curve ap in a Tchebycheff sense. 


Vv. CONCLUSION 


In the preceding sections the basic idea and method 
of obtaining a good approximation to an arbitrary loss 


4& (NEPERS) 





Fic. 7. 


ul G. W. Spenceley and R. M. Spenceley, “Smithsonian Elliptic 
Functions Tables,” Smithsonian Institution, Washington, D. C., 
(1947). 
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function are described. Equal ripple results have been 
found for some simple examples. Since the Tchebycheff 
polynomial does not appear explicitly in the method,” 
no formal proof has been found as to whether this 
method yields an exactly equal ripple approximation or 
not. However, some physical reasoning based on the 
conformal mapping theory can be given to show why 


2S. Darlington, Bell System Tech. J. 31, 613-665 (1952). 


equal ripple results might be expected. Since this is of 
relatively little practical interest, the reader is referred 
to reference 1. 

The author is indebted to Professor D. F. Tuttle for 
his many valuable suggestions. Acknowledgment is 
also due Mr. V. H. Grinich for reading the manu- 
script. This research was sponsored by the U. S. Office 
of Naval Research under Contract N6onr-251. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 24, NUMBER 7 


JULY, 1953 


Matrix Solution of Equations of the Mathieu-Hill Type 


Louis A. Pires 
University of California and U.S. Naval Ordnance Test Station, Inyokern, China Lake, California 
(Received March 2, 1953) 


This paper presents a method for the solution of a class of linear, second-order differential equations with 
periodic coefficients of the Mathieu-Hill type. The method is based on a procedure involving powers of 
matrices and is adequate for the study of a large class of physical problems. The stability of the solution is 
considered and the general method is illustrated by its application to typical special cases. 


I. INTRODUCTION 


HE mathematical analysis of a considerable va- 

riety of physical problems leads to a formulation 

involving a differential equation that may be reduced 
to the following general form: 


d*x 


—+F (i)x=0, (1.1) 
dt? 

where F(t) is a single-valued periodic function of funda- 
mental period, 7, that may be represented by a general 
Fourier series of the form 


F()=Act+- An cos(awt)-+3° B,, sin(nwt), (1.2) 


where w=22/T. 
If the Fourier series expansion for F(t) degenerates 
into the simple form 


F(t)=Ao+A, cos(wt), (1.3) 


then Eq. (1.1) is known as Mathieu’s differential equa- 
tidn. If the function F(t) is a periodic function of the 
general form, (1.2), the equation is known as Hill’s 
differential equation. 

The general properties of the solution of Eq. (1.1) 
have been extensively discussed in the mathematical 
literature.-* A survey of the nature of the analyses 

1N. W. McLachlan, Theory and A pplication of Mathieu Func- 
tions (Oxford University Press, London, 1946). Contains 226 
references to the international literature. 

2 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge ‘University Press, Cambridge, 1927), pp. 404-428. 


*L. Brillouin, Quart. Appl. Math. 6, 167~178 (1948); 7, 363- 
380 (1950). 


arising from practical applications indicates that they 
may be divided into two main categories. In the first 
category are problems in which an equation of the type 
(1.1) arises as a consequence of the separation of vari- 
ables of a boundary-value problem. In this case the 
appropriate solution is required to be a periodic func- 
tion. In the second category are found problems that 
may be regarded as initial-value problems in which an 
equation of the type (1.1) is involved. In this case the 
solutions are not restricted to periodic ones. The follow- 
ing physical problems are of the second type: 

1. The production of electric currents by periodically 
varying the parameters of electric circuits. This phe- 
nomenon is commonly called “parametric excitation” 
in the current literature.*~? 

2. The vibrations of the side rods of locomotives.® 

3. The propagation of waves in stratified media.*-” 

4. The propagation of electric currents in filter cir- 
cuits and other periodic electric structures.!?"" 

5. The theory of modulation in wireless.” 

6. The theory of super-regeneration.” 


4M. Brillouin, Eclairage Electrique XI, 49-59 (1897). 

5 A. Erdelyi, Ann. Physik 19, 585 (1934). 

6 Barrow, Smith, and Baumann, J. Franklin Inst. 221, No. 3, 
403 (1936). 

7N. Minorsky, J. Franklin Inst. 240, No. 1, 25-46 (1945). 

8S. Timoshenko, Vibration Problems in Engineering (D. Van 
Nostrand Company, Inc., New York, 1937), pp. 167-181. 

® Lord Rayleigh, Phil. Mag. 24, 145-159 (1887). 

1. Brillouin, Wave Propagation in Periodic Structures (Mc- 
Graw-Hill Book Company, Inc., New York, 1946). 

1G. A. Campbell, Bell System Tech. J. 1, 1-32 (1922). 

12 J. R. Carson, Proc. Inst. Radio Engrs. 10, 62 (1922). 

13 A. Erdelyi, Ann. Physik 23, 21 (1935). 
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7. The theory of the stability of an inverted pendu- 
lum by periodic movements of its point of support.” 

8. The theory of astronomic perturbations.'*-6 

9. The quantum theory of metals.!” 

10. The theory of the stability of the solutions of 
certain nonlinear differential equations.'® 

This is by no means an exhaustive list of the types of 

physical problems whose mathematical analyses involve 
equations of the type (1.1) directly, but it serves to 
indicate the importance of this equation in mathe- 
matical physics. The determination of the periodic solu- 
tions of equations of the type (1.1) has been the subject 
of considerable investigation.'* The purpose of this 
discussion is to present a method for the solution of 
equations of the type (1.1) subject to prescribed initial 
conditions when the solutions are not required to be 
periodic. This method is based on an application of 
Sylvester’s theorem of matrix algebra," to the solution 
of the problem. The method presented reduces the solu- 
tion of Eq. (1.1) subject to given initial conditions to 
that of computing powers of matrices and is applicable 
to the solutions of the physical problems enumerated 
above. 


II. THE USE OF MATRIX ALGEBRA IN SOLVING HILL’S 
EQUATION 


A general method for the determination of the solu- 
tion of (1.1) in terms of given initial values of x(#) and 
<(t)=v(t) by means of the theory of matrices will now 
be presented. It has been found that in solving problems 
of the initial-value type, the matrix method has certain 
advantages over methods that make use of the conven- 
tional Floquet theory of Hill’s equation. ?.* 


Let u(t) and u(t) be two linearly independent solu- 
tions of the equation 


ad’x 


—+F(t)x=0, (2.1) 
df 


in the fundamental interval O<t< 7. The value of x(t) 
and its first derivative, <(¢)=v(t), may be expressed in 
the following form: 


x(t) =A yu, (t)+Aour(t), 
for O<t=T. (2.2) 
v(t) ax A y(t) +A oti (t), 


14 A, Stephenson, Proc. Manchester Phil. Soc. 52, No. 8 (1908). 

1° G. W. Hill, Acta Math. 8, 1 (1886). 

16 J. H. Poincaré, Les Methodes Nouvelles de la Mécanique 
Céleste (Paris, 1893), vol. II. 

FP, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, New York, 1940), Chap. VIII. 

18 N. W. McLachlan, Ordinary Nonlinear Differential Equations 
in Engineering and Physical Science (Oxford University Press, 
London, 1950), pp. 188-190. 

1? Frazer, Duncan, and Collar, Elementary Matrices (Cambridge 
University Press, Cambridge, 1938), pp. 64-85. 


as G. Floquet, Ann. L’Ecole Normale Supérieure 12, 47-88 
83). 


It is convenient to write (2.2) in the matrix form 
x(t) x 4; (t) U2 (t) A 1 
Hore iC} es 
v (t) Vide U21 (t) Uo (t) A 2 
A, and A, are arbitrary constants, and 
Uyi(t) Ur2(t) u(t) u(t) 
fare seer 


U2 (t) 22 (t) 1; (t) U2 (t) 


The Wronskian?! ~ of the two solutions, #;(¢) and u(t) 
is a constant in the fundamental interval, O<i<T, and 
is given by the determinant 


Uy(t) t%12(#) 
Uoi(t) uUe2(t) 


Since the two solutions u,(/) and mu2(¢) are linearly 
independent, Wo+0, and the matrix (2.4) is nonsingular 
and has the following inverse, 








=u (t)ti2(t)—t (t)m2(t). (2.5) 


- 32(t) 1 1 U29(t) —Uy2(t) 
U2 (t) ol We — U2; (t) ol 


Let xo and % be the given initial values of x(t) and 0(?) 
at ‘=0, and introduce the following notation: 


l-l) an 


Hence as a consequence of (2.3) we have 
Xo 4 ;(0) u2(0) Aj 
|"'|- 1" es) 
Vo 21 (0) 22 (0) A 2 
or 


‘ | - mond | |") 
Ae uoi(0) %22(0) Vo 
a) pdms os 
W ol — U2 (0) 111 (0) Yo 

This determines the column of arbitrary constants in 


terms of the given initial conditions. If (2.9) is sub- 
stituted into (2.3), the result may be written in the form 


x 1 ful) aa 
l'|- Wo Uo, (t) U2 (t) 
| alin 20, {2} (2.10) 
—U1(0) (0) Vo 
Cascading the Solution by the Use of Matrices 


The extension of the solution beyond the fundamental 
period 0</<T may be effectively carried out by matrix 


1 L. A. Pipes, Phil. Mag. 30, 370-395 (1940). 
2 E. Meissner, Schweiz. Bauz. 72, 95 (1918). 
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multiplication. If a change of variable of the form 
r=t—nT, where 0<7r<T 


2.11 
n=0, 1, 2,3, ... a19) 


is introduced in the Hill equation (2.1), the equation is 
transformed to 


d’x 
—+F(r)x=0, 
d 2 


T 


(2.12) 


as a consequence of the periodicity of F(t) since 


F(r+nT)=F(r). (2.13) 


Hence Hill’s equation is invariant to the change in 
variable (2.11). It is thus apparent that a solution of 
the form (2.10) may be obtained in each interval 
0<1r<T. The final values of x and » at the end of one 
interval of the variation of F(¢) are the initial values of 
x and v in the following interval. 

At the end of the fundamental period t=7, (2.10) 
becomes 


" = be uy2(T) 
ic uo(T) mee 


U2 (0) —U\2 (0) Xo 
| | | (2.14) 
— U2, (0) U31(0)J Lv 
Let 

A B 1 u(T i2(T 
voll Bae a 
C D Wo U2(T) Uo2(T) 

| U22(0) —2(0) 

— U2 (0) — 


[#11 (7) #22(0) —2(T) 21 (0) ] 
- X [12(T) 11 (0) — #11 (T) 4120) ] 
7 [421 (T))¢22(0) —#22(T)u21(0) J 
X [22(T) 11 (0) — #o1(T)12(0)] 


(2.15) 


Then by the use of this notation, (2.14) may be written 
in the following form: 


Lol ol 


Since the Wronskian Wp of the two solutions, ;(/) and 
u2(t), is a constant, it may be seen that the determinant 
of the matrix [M] has the following value: 


(2.16) 


A B 
|M|= = (AD—BC)=1. (2.17) 
es 





At the end of the second period of the variation of F (#) 


PIPES 


_ we have 


PL 2 
EAI Foot, om 


Similarly, it may be seen that at the end of » periods, 


we have 
x A By" [xo x 
"| -| | |-c (2.19) 
Vint a Vo. Vo 


The solution within the (7+1)th interval is given by 
x U(r) %12(7) 
Wee ee so 
U22(0) 
| 


—u2(0)] [x 
|| | , (2.20) 
— U2, (0) 11(0) VinT 
where 0<r<T. 


Equation (2.20) is the solution of Hill’s equation at 
any time ¢/>0 in terms of the initial conditions and two 
linearly independent solutions of Hill’s equation in the 
fundamental interval 0O</<T. 


Computation of Integral Powers of [M] 


The integral powers of the matrix [M] required in 
Eq. (2.19) may be most simply obtained by the use of 
Sylvester’s theorem. This important theorem states that 
if the characteristic or latent roots 7; and r2 of the matrix 
[M] are distinct and P({M]) is any polynomial of 
[M], then 


P((M)) =P (rs) [Ho(rs) J4+P (72) Ho(re)], 


where 


(2.21) 


[F(r:)] 


(7) 
dr r=r; 


[F(r)] is the adjoint of the characteristic matrix of 
the matrix [M] given by No. 9 of Table I. A(r) is the 
characteristic function of the matrix [M_] as given by 
No. 5 of Table I; it has the form 


LHo(ri) J= (2.22) 





A(r)=r—1r(A+D)+1. (2.23) 
Hence 
dA(r) 
=2r—(A+D). (2.24) 
dr 


In order to apply Sylvester’s theorem to the computa- 
tion of [M]", let the polynomial of (2.21) be given by 
P({M))=[M]}*. If A+-D#+2, the two latent roots of 
[M ] are distinct, and entry No. 10 of Table I readily 
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TABLE I. Fundamental relations involving the matrix [M]. 











(1) The matrix [M7] 

(2) The determinant of [M7] 

(3) The inverse of [M] 

(4) The characteristic matrix of [M] 

(5) The characteristic function of [M] 

(6) The characteristic equation of [M] 

(7) The characteristic or latent roots 
of [M7] 


(three cases) 


(8) The inverse of the characteristic 


matrix of [M] 


(9) The adjoint of the characteristic 


matrix of [M] 


(10) Integral powers of [M] 
(distinct latent roots) 
A+D#x+2 
n=0, 1, 2,3, --- 


cosh (a) = ar”) 


(11) Integral powers of [M] 
symmetric case, A=D 
(distinct latent roots) 
A=D#¥=1 
cosh(a)=A 


(12) Integral powers of [M] 
(equal latent roots) 
(A+D)=+2 


1=fe= +1 


(13) Integral powers of [M7] 
(equal latent roots) 
(A+D)=-—2 
1=f3=— 1 


n=0, 1, 2,3, --: 


uff J 


|M|=AD—BC=1 
a 

ona[ 2-2 

(r—A) 


=—C rae D)| 


A(r) =determinant of [f(r)] 
=r’—r(A+D)+1 


L@l-[ 


A(r)=r—r(A+D)+1=0 
Roots of A(r)=0 


If (A+D) #2, n=é, re=e~* 


where cosh(a)= Mr?) 


If (A+D)=+42, n=r2=+1 
If (A+D)=—2, n=r2=—1 


2 (r—D) B 
Yor =xal C ail 
[FOl=0LOr 

(> 2) 

“-. € (r—A) 

1 [Fa DS. BS, 


MSL CS. San ASal? 
where S,=sinh(an) 


cosh(an) Zo sinh(an) 
>= santo cosh (an) 
Zo 


Zo=(B/C)* n=0, 1, 2, 3, --- 


n..[2(A—1)+1 nB 
tM] -| nC n(D—1)+1 


n=0, 1, 2,3,--> 


il (A+1) B 
[M] =nE,1] C (D+1) 
En=exp(jnr) 


I 


|e 


=unit matrix 


“lo 1 








follows from Sylvester’s theorem. In case that A+ D=2, 
both latent roots become equal to unity and No. 12 
Table I gives the powers of [M] as a consequence of a 
confluent form of Sylvester’s theorem (see reference 19, 
p. 85). If A+D=—2, both latent roots of [M] become 
equal to —1. In this case entry No. 13 gives the proper 
form for the powers of [M1]. In the important case of 
distinct latent roots and symmetry of [M] so that 
A=D, the proper form for the powers of [M] is given 
by No. 11 of Table I. Entries No. 10—No. 13 of Table I 
cover all possible special cases that can arise in practice. 
These forms are useful in the theory of four-terminal 


networks.”! The general theory will now be applied to 
the solution of some representative special cases. 


III. THE SOLUTION OF THE HILL-MEISSNER 
EQUATION 


The Hill equation (1.1) in the special case for which 
the function F(?) has the form of the rectangular ripple 
of Fig. 1, was used by Meissner” in his analysis of the 
vibrations of the driving rods of locomotives. The sta- 
bility of the solution of this equation has been studied 
by van der Pol and Strutt.” 


% B. van der Pol and M. J. O. Strutt, Phil. Mag. 5, 18 (1928). 
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Let T be the fundamental period of the rectangular 
ripple, and let the ripple vary in height from h; to hp. 
Hill’s equation now reduces to 


dx 
—+hyx=0, 0<t<T/2, 
df? 


(3.1) 
dx 
—+hox=0, T/2<t<T. 
df 
If we let 
wM=V/h, and we=V/ho, (3.2) 


it can be seen that the solution of (3.1) in the range 
0<t<T/2 may be written in the matrix form 


x cos (wt) sin(w,t)/wy] [xo 
l'l- |. sin(w,t) cos(w,t) Ho 
O<t<T/2, (3.3) 
where 2%» and v are the initial values of x and z at ‘=0, 


and the column on the left gives the values of x and z 
at ¢. The values of x and v at ‘=T/2 are given by 


x cos (6;) sin (0;)/wi] [xo 
‘. IC} os 
virj2 L—w,sin(@;) cos(@:) 4 Lr 


sf 
6, =wy—=—vV/. (3.5) 
2 2 


where 


Since the values of x and » at f= T/2 are the initial 
values of x and »v in the next interval, 7/2<i<T, 
we have 


" | cos (62) sin (62)/we 
v a —w,sin(@.) cos(@) 


| cos (6;) sin ie [" 


| (3.6) 


—w,sin(@,) cos(6;) Vo 
where 
T T 
aaa ae daa (3.7) 


If the indicated multiplication in (3.6) is performed, 


the result may be written in the form 


x A By [xo Xo 
ele pttseott 
vIT C D Vo Vo 
In this case the matrix [M_] has the form 


A B 
[j= | 


Cc DB 


N 7 
| (ata. N, pr a, (10 —) 


We 
~— (M Now2t+M2N yw) (ar M.— vie) 








= 


(3.9) 
where the notation 


M ;=cos(6,), and N;=sin(6;), (3.10) 


has been introduced. 
The values of x and v at the end of m complete periods 
of the rectangular tipple of Fig. 1 are given by 


x “A BY [x0 Xo 
P-L Ika f} on 

VinT C D Vo Vo 
If numerical values are given the matrix [M ]" may 


be computed by No. 10 of Table I or its alternative 
forms. 


The Stability of the Solution 


The nature of the solution depends on the form taken 
bv the powers of the matrix [M]. If 


(A+D)#¥=+2, (3.12) 


the matrix [M] has two distinct latent roots and [M ]* 
is given by No. 10 of Table I. Now 


(A+D) 


cosh (a) = —" =cos(6,) cos (82) 


_ 6; aj 2+ 2 
_ oor (3.13) 


1%2 





as can be seen directly from (3.9). There are two sepa- 
rate cases to be considered. If 


> (3.14) 


then cosh(a)>1, and a must have a positive real part. 
In this case (3.11) may be written with the aid of No. 10 
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of Table I in the following form, 


x 7 1 
eee 


' | sinh[a(n+1) ] B sinh(an) 
—D sinh(an) 





C sinh(an) 








sinh{ a(n+1) ] 
| sinh (an) i 


Xo 
| | (3.15) 
Vo 


Since the real part of the number a is positive, it can be 
seen that x and 2 will increase with ¢. In physical applica- 
tions this leads to unstable solutions. If 














(A+D) 
<1, (3.15) 
2 
then 
a= 7b, (3.16) 
where 
(A+D) 
cos(b) = _ (3.17) 


If the value a=7b is substituted into (3.15), the result is 


x 1 
| ra sin (6) 


| sin[b i. —! nl 
— D sin(bn) 





C sin(bn) 








sin[ b(m+1) ] 
| —A sin(bn) J 


Xo 
| | (3.18) 
Vo 


It can be seen that in this case the values of x and o 
oscillate with increasing ¢. This case leads to stable 
solutions in physical applications. The dividing line 
between stable and unstable solutions leads to the case 
for which 


L 





| (A+D) 


Mo 


(3.19) 


In this unique case the matrix [M] has equal latent 
roots. If (A+D)=2, the latent roots are r;>=72=1 and 
the proper form for [M ]" is given by No. 12 of Table I. 
If on the other hand, (A+D)=-—2, the latent roots of 
[M] are r,=r2=—1, and the proper form for [M ]* is 
given by No. 13 of Table I. In general, the condition 
(3.19) leads to instability in the physical applications. 


The question of the stability of the solution may be 
summarized by the following expressions: 











(A+D) 
>1 unstable, 
2 
(A+D) 
; <1 stable, (3.20) 
(A+D) 
- =1 unstable. 








These are the conclusions reached by van der Pol and 
Strutt™ in a different manner by the use of the Floquet 
theory of Hill’s equation. The present analysis indicates 
the intimate connection between the criterion for sta- 
bility and the nature of the latent roots of [M7]. 


IV. SOLUTION OF HILL’S EQUATION IF F(t) IS A 
SUM OF STEP FUNCTIONS 


The matrix method of solution is particularly effective 
in solving Hill’s equation in cases when the function 
F(t) may be represented as a sum of step function in 
the interval 0<‘<T as shown in Fig. 2. 

Let the function F(t) be composed of m step functions 
each of length 7» and heights , he, --- hm, where 


Let the following notation be introduced: 
We=VShi, Ov=To/hn, (4.2) 


Py Ok 0, in (0,)/w» 
ru—| e -| — | (4.3) 
R. P; —w, sin(@,) cos(@,) 


If we let 
odiins =| M M M M\,=(M 4.4 
' ae Te (M na -CMe-CML=[M], (4.4) 


it can be seen, by reasoning similar to that used in Sec. 
ITI, that at the end of the fundamental interval T= mT») 
the solution is given by 











x A B Xo 
cle oll} = 4s 
vir LC D Vo 
4 : 
ty | - --------- : 
oneal 3 
Ff (t) a ie 
ee 
am ee - Bat 
To 2% 3 4% mTo aanaad 
ao 
Fic. 2. 
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F(t) 
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The solution at the end of m intervals when t=nT is 


given by 
"| 5 nie 
olar LC DJ Lood 


The stability of the solution is then determined 
by (3.20). 

This method can be used to study the stability and 
to obtain the approximate solution of equations of the 
Hill type by representing the given function F(t) 
throughout the fundamental interval by a sum of step 
functions as in the method of mean coefficients. To 
illustrate the general procedure consider a Hill’s equa- 
tion of the form 


(4.6) 


d*x 
—+F(t)x=0, (4.7) 
df? 
where the function F(¢) has the form 
F (t)=(169’e**—3), O<t<l, (4.8) 


in the fundamental interval 0<‘<1 and is a periodic 
function of fundamental period T=1. 

In order to represent the function F(/) by step func- 
tions, divide the fundamental interval 7=1 into ten 
equal subintervals of length 7T»>= yy. The average 
value of F(t) in each sub interval will be taken to be 
equal to the height of the steps. Thus in the Ath interval 
the representative step function will have the height 


1 kT9 
h=— 


F (t)dt, 
To S(k-1)To 


k=1,2,3,---. (4.9) 


A graph of F(¢) and its step-function representation is 
given in Fig. 3. 

The exact solution of (4.7) in the range 0</< 1, with 
the initial conditions x»=1, 1=4, is given by 


x(t)=exp(t/2) cos(4me~"), O<t<1. (4.10) 


The values of h,, w,, and the elements of the ma- 
trices [M], are tabulated in Table II. The matrices 
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[ M ], and the values of x, and 2, of the solution at the 
end of the &th sub interval as a result of the initial 
conditions x»=1 and v9>=43 are given in Table III. The 
matrix [M] is obtained by the multiplication of the 
chain of matrices in the form 


(MJ=(M Jio-(MJo-(M]s--- (M1): 


A B 0.6504 —1.8412 
-| I | aw 
CD 0.1956 




















— 3.9488 
TABLE Il. 
Step he Wk Pi Ox Rx 

1 142.88 11.953 0.36673 0.07783 — 11.1202 
2 116.93 10.813 0.47015 0.08162 —9.5438 
3 95.69 9.782 0.55851 0.08480 — 8.1142 
4 78.30 8.849 0.63339 0.08745 — 6.8473 
5 64.06 8.004 0.69644 0.08966 — 5.7437 
6 52.41 7.239 0.74922 0.09149 — 4.7945 
7 42.86 6.547 0.79326 0.09301 — 3.9862 
8 35.04 5.920 0.82983 0.09426 — 3.3032 
9 28.64 5.352 0.86016 0.09529 — 2.7298 

10 23.40 4.838 0.88523 0.09614 — 2.2506 
As a consequence of (4.11), we have 

(A+D) 
= — 1.6492=cosh(a). (4.12) 


The stability criterion (3.20) indicates that the solu- 
tion is unstable. A table of hyperbolic functions gives 
the following value for a: 


a=1.085+- jr. (4.13) 


The solution at the end of m periods of the function 
F(¢) is given by (3.15) with the value given by (4.13) 
for a. 


V. A CLASS OF HILL’S EQUATIONS WITH 
EXPONENTIAL VARIATION 


If Hill’s equation has the form 


dx _ 
a (Re **—n?)x=0, O<t<T 


(5.1) 
di 


throughout the fundamental interval 0</<T, it may 
be solved in this interval by means of Bessel functions” 
in the form 


x(t)=A J n(ke~*) + AoY (ke), (5.2) 


where J, and Y,, are Bessel functions of the first and 
second kinds of order n,”> and the A’s are arbitrary 
constants. If we let 


0<t<T, 


(5.3) 


ou —et 
z=ke ; 


*4E. Kamke, Differentialgleichungen Lisungsmethoden und Lis- 
ungen (Chelsea Publishing Company, New York, 1948), p. 442. 

28N. W. McLachlan, Bessel Functions for Engineers (Oxford 
University Press, London, 1941). 
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and compute the derivative 


d d dz 
—J »(z)=—J n(2)—= —2J »' (2), (5.4) 
dt dz dt 


it is evident that we may write x(#) and <(#)=v in the 


convenient matrix form 
x J n(z) Y,(2) Ay 
| Hlak 69 
vi, L—zJ,/(s) —2Y,'(z)4 LA 
The Wronskian, Eq. (2.5), now takes the form 


Wo=—2LJ n(z) Vn! (2) —Jn’ (2) Vn(z)]. (5.6) 


From the theory of Bessel functions*® we have the 
following result : 


J n(2) Vn’ (2) —Jn' (2) V n(z) =2/n. 
If this is substituted into (5.6), we obtain 


(5.7) 

















Wo=—2/r. (5.8) 
Taste III. 
ove [4 P] =(M]k rt 
1 0.36673 0.07783 1.0_ x 
— 11.1202 0.36673 0.5 v% 
2 0.47015 0.08162 0.4056 
—9.5438 0.47015 — 10.9368 
3 0.55851 0.08480 —0.7019 
—8.1142 0.55851 —9.0134 
4 0.63339 0.08745 — 1.1564 
— 6.8473 0.63339 0.6617 
5 0.69644 0.08966 —0.6746 
— 5.7437 0.69644 8.3373 
6 0.74922 0.09149 0.2777 
—4.7945 0.74922 9.6811 
7 0.79326 0.09301 1.0938 
— 3.9862 0.79326 5.9218 
8 0.82983 0.09426 1.4184 
— 3.3032 0.82983 0.3374 
9 0.86016 0.09529 1.2088 
— 2.7298 0.86016 —4,.4053 
10 0.88523 0.09614 0.6200 
— 2.2506 0.88523 — 7.0890 
The matrix [M] of (2.15) now becomes 
A B 
[M]= 
C D 
‘| J ,(ke-T) Y ,(ke~") . 
2L—ke-7J,/(ke-7) —ke-TY,'(ke~*). 
Been —Y,(k)) 5.9) 
+kJ.'(k) +J2(k) J 
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The conditions for stability are given by (3.20) and 
the solution after ” periods is given by 


ale oa 
v Py C D Vo. 

If k=4m and n=}, Eq. (5.1) reduces to the one dis- 
cussed in Sec. IV by another method. 


(5.10) 


VI. HILL’S EQUATION WITH A SAWTOOTH 
VARIATION 


As a final example of the general method, consider 
the solution of Hill’s equation (1.1) when the function 
F(t) has the form of a sawtooth wave as shown in Fig. 4. 

The function F(/) has the form 


F(j)=at+b, O<t<T, (6.1) 


in the fundamental interval and repeats the variation 
at intervals of T. Hill’s equation now takes the form 





dx 
—+(ai+b)x=0, O<t<T, (6.2) 
df? 
in the fundamental interval. Let 
z=al+b. (6.3) 
This change of variable transforms (6.2) into the form 
ax 2 
+—x=0. (6.4) 
d? @ 


Equation (6.4) is a form of Stokes’ equation. The 
linearly independent solutions of this equation have 
been tabulated.?* The solution of (6.4) may also be 
expressed in terms of Bessel functions of order one- 
third in the following form: 


a= (2)§[A J (ko!) + AV (ks!) ], (6.5) 
where the A’s are arbitrary constants, and 
k=2/3a. (6.6) 


F(t) 











Fic. 4. 


26 Tables of the Modified Hankel Functions of Order One-Third, 
and of Their Derivatives (Harvard University Press, Cambridge 
Massachusetts, 1945). 
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In the notation of Sec. II we have 
u(t)=(z)4J,y(Rz!), uo(t)=(2)4Vy(ks!). (6.7) 


By the use of the following recurrence relation of the 
theory of Bessel functions,” 


d n 
—J n(y) == —J u(y) +I n-r(y), (6.8) 
dy y 
the following derivatives may be calculated: 
du, dus 
—= 2) _2/3(kz'), —=2Y_23(kz'). (6.9) 
dt dt 


Hence the solution of (6.2) in the fundamental interval 
0<i<T may be expressed in the following form: 


I" (2) *Jy (ka!) 
Vd 


| yr p 
2J _2/3(kz') 
Let the following notation be introduced: 


| (6.10) 
2¥_23(kz}) A» 


263 

6=kbi=—, (6.11) 
3a 
2h! 

entire (6.12) 
3a 


The Wronskian W» of (2.5) in this case is given by 














me (b)*J; (6) mien 
: bJ_23(0) bY _23(8) 
= bi J, (0) V_2/3(0) —J_2/3(0)¥4(0) J. (6.13) 
The matrix [M] of (2.15) is now 
1 (h)V h)ty 
cM -—|" 3) (h) ed 
WobhJ_2/3(@) hY_2/3(¢) 
bY_23(6) (b)!¥4() A B 
| |-| | 6.14) 
—bJ—-2j3(0) (b)*J4(@) C D 
Hence 
h)} 
A= [J4() V_2/3(0) —J_23(0) V3) J, 
(b)4 
D= 7 [Jy (0) V_2/3(¢) —J_23(@) ¥4)], 
~ (6.15) 
B=—[J,@)¥3(¢)-s@) V4], 
Wo 
’ hb 
C= we) Y_2/3(0) —J_2/3(0) V_2s(@) J. 
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The stability conditions for the solution are given by 
(3.20) and the magnitude of the solution after ” periods 
is given by (2.19) in terms of the initial conditions. 


Asymptotic Approximations 
If } is large so that 


3a 
(0°) > (6.16) 


then terms of the order of 1/6! and 1/¢! can be neglected, 
and the various Bessel functions involved may be repre- 
sented by the dominant term of their asymptotic expan- 
sions (see reference 25, pp. 158-161). If this is done, 
we have 


2\3 
J;(w)= (—) cos(w—2/4—7/6), 
rw 


24% 
viu)=(—) sin(w—71/4—7/6), 
rw 
(6.17) 
2,3 
J-as(w)=(—) cos(w—7/4+7/3), 
rw 


2 } 
Y_»/3(w) = (—) sin(w—2/4+7/3). 
Tw 


If the Bessel functions in (6.13) and (6.14) are repre- 
sented by their dominant terms, (6.17), the following 
expressions are obtained for Wy and [M]: 


W=3a/n, (6.18) 
and 
2 /bhy 
[u}-—(—) 
3a \0p 
‘anaing sin(@—8) | 6.19) 
(bh)* sin(@—@) (h)' cos(—¢) 
In this case we have 
A+D s(@— 
AFP) 80-9) se ney], 6.20) 





2 3a 
and the stability criterion (3.20) may be easily applied. 


VII. CONCLUSION 


The natural manner by which equations of the 
Mathieu-Hill type may be solved in terms of given 
initial conditions by the use of matrix algebra has been 
demonstrated. The powerful matrix notation, and the 
use of Sylvester’s theorem to raise the matrices involved 
to the required powers, greatly facilitates the solution 
of equations of this type. 
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The Relaxation Distribution Function of Polyisobutylene in the Transition 
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The steady flow viscosity of a sample of polyisobutylene of viscosity-average molecular weight 1.35 
million, distributed by the National Bureau of Standards, has been measured from 15° to 100°C. Its log- 
arithm is a linear function of 1/7?. Application of the method of reduced variables to dynamic mechanical 
data from —45° to 100°, previously reported for this polyisobutylene, yields composite curves reduced to 
25°C for the real and imaginary parts of the complex compliance and complex shear modulus; the real part 
of the complex dynamic viscosity ; and the mechanical loss tangent. The latter exhibits a broad and peculiarly 
asymmetric maximum. The reduced time scale extends from 1 to 10~ sec. The reduction factors a7 obtained 
in this way are slightly higher than those derived either from the viscosity or from stress relaxation measure- 
ments of Tobolsky and associates. The distribution functions of relaxation and retardation times have been 
calculated by second approximation methods and their detailed shapes are defined in the transition region 
between rubber-like and glass-like behavior. The relaxation distribution function is compared with the 


idealized distribution of Tobolsky. 





INTRODUCTION 


HE dynamic mechanical properties of a sample of 
polyisobutylene distributed by the National 
Bureau of Standards, covering ranges of frequency and 
temperature within which the properties change from 
those characteristic of a soft rubber to those character- 
istic of a hard glass, have been given in a previous 
paper.! The frequency and temperature dependence of 
the real and imaginary parts of the complex compliance 
are now analyzed by the method of reduced variables** 
to provide two separate functions, one of time alone 
and one of temperature alone. The steady flow viscosity 


TABLE I. Viscosity data. (Temperatures in chronological order.) 











Temp Load logn 
™ g (in poises) 
97.2 112.9 8.74 
82.5 112.9 9.12 
71.5 112.9 9.35 
61.4 112.9 9.63 
51.8 112.9 9.90 
51.8 215.6 9.89 
43.0 215.6 10.14 
36.1 215.6 10.35 
25.6 215.6 10.78 
14.8 215.6 11.19 








of this sample of polyisobutylene has also been meas- 
ured, to compare its temperature dependence with that 
of the relaxation processes which determine the visco- 
elastic properties in the audio-frequency range, as well 


* Union Carbide and Carbon Fellow in Physical Chemistry, 
1950-1952. Present address: E. I. du Pont de Nemours and Com- 
pany, Wilmington, Delaware. 

7 Present address: Department of Physics, The Pennsylvania 
State College, State College, Pennsylvania. 

Aas Fitzgerald, Grandine, and Ferry, J. Appl. Phys. 24, 650 

953). 

?J. D. Ferry, J. Am. Chem. Soc. 72, 3746 (1950). 
m7 (19a Fitzgerald, Johnson, and Grandine, J. Appl. Phys. 22, 

1951). 


as with that of the slower relaxation processes reflected 
in measurements of stress relaxation.‘ 


VISCOSITY MEASUREMENTS 


The measurements of viscosity and dynamic prop- 
erties' were made on the same sample, distributed by 
Dr. R. S. Marvin of the National Bureau of Standards.® 
Its viscosity-average molecular weight was 1.35 million. 
Data obtained on this sample for stress relaxation,‘ 
creep,® viscosities of concentrated solutions,’ and dy- 
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Fic. 1. Logarithm of viscosity in poises plotted against 1/77. 


4A. V. Tobolsky, J. Am. Chem. Soc. 74, 3786 (1952). 

5 R. S. Marvin, Interim Report on the Cooperative Program on 
Dynamic Testing, National Bureau of Standards, 1951. 

®C. A. Dahlquist and M. R. Hatfield, J. Colloid Sci. 7, 253 
(1952). 

7 Johnson, Evans, Jordan, and Ferry, J. Colloid Sci. 7, 498 
(1952). 


911 





912 FERRY, GRANDINE, 


AND FITZGERALD 





2. 


Loc Jp IN CM YOYNE 
O 
1 











“9 ~ 
oa 
-9.5 5 ®x 7 
Mee 
AOE I i | ! 1 ! ! l it tke 
4) / 2 5 7 8 9 


4 S 6 
LOG Wdar 


Fic. 2. Real part of complex compliance reduced to 25°C, plotted logarithmically against reduced frequency. 
Key to temperatures: downward pip, —44.6° (at highest reduced frequency) ; successive 45° rotations counter- 
clockwise, —40.4°; —34.7° and —33.4°; —29.8° and —28.5°; —25.0° and —23.0°; —19.9°; thereafter approxi- 
mately 5° increments corresponding to temperatures listed in Table II. 


namic mechanical properties at extremely low fre- 
quencies® have been reported from various laboratories. 

Steady flow viscosities were measured in an apparatus 
of the Pochettino type’ which was originally constructed 
by Fox and Flory” and later modified in our Labora- 
tory." The polymer was molded in the apparatus for 
4 hr at 80°C. Steady-state flow under constant load was 
established at about 100°C, and then the temperature 
was lowered in successive steps, with measurements at 
each temperature; the rate of fall of the inner cylinder 
was followed with a cathetometer telescope. The load 
was never removed, so the steady-state elastic com- 
pliance was not allowed to recover, and the long and 
uncertain delay for re-establishment of steady-state flow 
was avoided. At about 52°, however, the load was 
doubled, and time was allowed for re-establishment of 
steady-state flow; the same viscosity was obtained for 
both loads, lending confidence to the conclusion” that 
non-Newtonian effects are negligible under the condi- 
tions of these measurements. 

8 W. Philippoff, J. Appl. Phys. 24, 685 (1953). 


* A. Pochettino, Nuovo cimento 8, 77 (1914). 
1948) G. Fox, Jr., and P. J. Flory, J. Am. Chem. Soc. 70, 2384 

" Ferry, Grandine, and Udy (to be published). 

We are indebted for the use of this apparatus to Professor 
J. W. Williams, to whom it was transferred under a U. S. Office 
of Naval Research contract. 


The viscosity data are given in Table I. These values 
are probably among the highest ever to have been 
reported for a polymer. A plot of the logarithm*of 
viscosity against the reciprocal of the absolute tempera- 
ture is curved, as found in earlier studies on polyiso- 
butylenes of somewhat lower molecular weights ;'°:3-4 a 
plot against 1/7? (Fig. 1) is quite linear, however, as 
observed by others,!* and its slope is 5.1X10°, in 
agreement with the value found by Leaderman"™ for 


TABLE IT. Values of logar from superposition 
of reduced dynamic data. 











a, logar x logaT 
—44.6 4.75 4.9 0.98 
—40.4 4.23 9.8 0.72 
—34.7 3.69 14.8 0.51 
— 33.4 3.44 19.9 0.27 
—29.8 3.22 25.0 0. 
—28.5 3.06 30.2 —0.21 
— 25.0 2.84 34.9 —0.42 
— 23.0 2.68 40.0 —0.62 
—19.9 2.45 50.0 —0.99 
—14.8 2.08 59.8 —1.31 

—9.9 1.78 80.0 — 1.90 

—5.0 1.51 99.9 —2.29 

—0.1 1.22 








3 J. D. Ferry and G. S. Parks, Physics 6, 356 (1935). 
4 Leaderman, Smith, and Jones, unpublished experiments. 
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Fic. 3. Imaginary part of complex compliance reduced to 25°C, plotted logarithmically 
against reduced frequency. Key to temperatures same as in Fig. 2. 


polyisobutylenes of quite low molecular weight. The 
logarithm of the viscosity in poises at 25.0° is found by 
interpolation to be 10.79. 

REDUCED DYNAMIC DATA 


The real and imaginary parts of the complex com- 
pliance J’ and J”, given in the previous paper,’ were 
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Fic. 4. Logarithm of reduction factor ar plotted against tem- 
perature. Open circles, from superposition of dynamic data; half 
black, from superposition of stress relaxation data; full black, 
from viscosity. Dashed curve, apparent activation energy for 
relaxation (from dynamic data). 


reduced to 25°C by the following equations :"® 
Jp! =J'(Tp/T pot (Jxe/J’)(1—Tp/Topo)], (A) 
J,"= J" (Tp/T po). (2) 


Here p and pp are the densities at absolute temperatures 
T and Ty (298°K), respectively. The ratios p/po were 
calculated from the value of 0.58X10-* deg for the 
thermal expansion coefficient.’ The glassy compliance 
J. was estimated to be 1.1X10~” cm?/dyne from the 
measured values of J’ at the lowest temperatures and 
highest frequencies. 

If all contributions to compliance except J, are in- 
versely proportional to temperature and density and 
are associated with retardation times all of which de- 
pend identically on temperature, then values of either 
J,’ or J,” at all frequencies and temperatures should 
form a single curve ?:'® when plotted against wa7, where 
w is the circular frequency and @7 is the factor by which 
all retardation times change when the temperature is 
changed from JT) to T. This superposition is closely 
fulfilled by both J,’ and J,”, as shown in Figs. 2 and 3. 
The logarithms of the values of a7 which are chosen to 
make both real and imaginary components give these 


15]. D. Ferry and E. R. Fitzgerald, J. Colloid Sci. 8, 224 
(1953). 
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single composite curves are listed in Table IT and plotted 
against the temperature in Fig. 4. 

These values of ar are considerably more reliable than 
those given in an earlier publication for a different 
sample of polyisobutylene of slightly lower molecular 
weight,’ because the matching of reduced dynamic data 
extends over a wider frequency range and the measure- 
ments themselves are more accurate. The new values do 
agree with the previous values of logar within about 8 
percent, however; they are numerically somewhat 
smaller below 5°C and larger above. 

According to the postulates of the method of reduced 
variables, the factor ar should also be calculable* from 
the temperature dependence of the steady flow vis- 
cosity: a@r=nT po/noTp. Values calculated in this 
manner from the data of Table I are also plotted in 
Fig. 4, as well as values derived by Tobolsky and 
McLoughlin'*:"’ from superposition of reduced stress 
relaxation data. The results from stress relaxation agree 
with those from our viscosity measurements, but both 
are slightly smaller numerically than the results from 
our dynamic measurements. All three sets of values give 
fairly good straight lines when plotted logarithmically 
against 1/7?, the slopes being about 5.4, 5.4, and 
5.8X10° for ar from viscosity, stress relaxation, and 
dynamic data, respectively. 

The reduced experimental data in Figs: 2 and 3 repre- 
sent predictions of J’ and J” at 25°C over a frequency 
range of nine decades. With increasing frequency, the 
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Fic. 5. Real and imaginary parts of complex shear modulus G,’ 
and G,”, and real part of complex viscosity »,’, all reduced to 
25°C, plotted logarithmically against reduced frequency; reduced 
loss tangent plotted against log reduced frequency. 





16 A. V. Tobolsky and J. R. McLoughlin, J. Polymer Sci. 8, 
543 (1952). 

7 Tobolsky and McLoughlin denote this factor by « when 
derived from superposition of time-dependent mechanical data. 
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real component falls from 10~** cm?/dyne, character- 
istic of a soft rubbery material, to 10- cm*/dyne, 
characteristic of a hard glass. The imaginary component 
attains a maximum of 10-7? cm?/dyne and falls below 
10-"°-5 cm?/dyne at the highest frequency attained. 

These data may be also presented in the somewhat 
more familiar form of the real and imaginary com- 
ponents of the complex rigidity, G,’ and G,’’. These 
quantities (reduced to 25°C) are plotted in Fig. 5, 
together with the real part of the complex dynamic 
viscosity, np’ (=G,’’/w,). The latter is about 10° poises 
at a circular frequency of unity—still more than 10° 
times smaller than the steady flow viscosity; at a circu- 
lar frequency of 10° it has fallen to 2.5 poises. 

The loss tangent, J,”/J,'(=G,"/G,’), which is also 
shown in Fig. 5, is of particular interest because of its 
unusual shape, with a broad maximum at w,= 10*-* and 
a plateau or shoulder extending from 10* to 10’. These 
features are also apparent in the original data,' where 
at low temperatures the plateau appears as a small 
secondary maximum; the reduction to 25° changes the 


las e III. Distribution functions of relaxation and 
retardation times, reduced to 25°C. 

















log® log! 

logrp from G’ from G” from J’ from J” 
—9.0 8.97 9.18 

—8.5 9.27 9.36 — 10.87 — 10.63 
—8.0 9.25 9.36 — 10.59 — 10.37 
—7.0 8.84 8.84 —9.89 —9.79 
—6.0 8.25 8.30 —9.26 —9.27 
—5.0 7.63 7.60 — 8.69 —8.70 
—4.0 6.89 6.91 —7.83 —7.92 
—3.0 6.28 6.32 —7.31 —7.32 
—2.0 5.71 5.74 —7.22 —7.20 
—1.0 5.30 5.28 —7.68 —7.53 
—0.5 5.28 5.16 —7.98 —7.58 








| 
| 
| 





shape slightly because of the difference between the 
factors of Eqs. (1) and (2). 


DISTRIBUTION FUNCTIONS 


The distribution function of relaxation times ® can 
be calculated from G’ and G” (Fig. 5), and the distribu- 
tion function of retardation times L can be calculated 
from J’ and J” (Figs. 2 and 3), by the following 
formulas,!*:'.'9 in which for convenience the subscript p 
is omitted : 


®,~1;4= AG’ (d logG’/d logw) (3) 
= BG" (1—|d logG’’/d logw | ), (4) 
L,m1jo= — AJ’ (d logJ’/d logw) (5) 
= BJ" (1—|d logJ’’/d logw| ). (6) 


The function $d Inz is the differential contribution to 
the instantaneous rigidity associated with relaxation 
18 J. D. Ferry and M. L. Williams, J. Colloid Sci. 7, 347 (1952). 


 M. L. Williams and J. D. Ferry, J. Polymer Sci. (to be pub- 
lished). 
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RELAXATION 


times whose logarithms lie between Inz and Inr+d Int; 
Ld \nz is the differential contribution to the steady-state 
compliance associated with retardation times whose 
logarithms lie between Inz and Inr+d Inr. The factors 
A and B have been evaluated numerically as functions 
of m, the negative slope of a logarithmic plot of © against 
r or the positive slope of Z against 7, determined from 
a first approximation calculation. 

The functions ® and L, both reduced to 25°C, are 
given in Table III and plotted logarithmically against +r 
in Fig. 6. The agreement between values calculated 
from the real and imaginary components of the experi- 
mental data is in most cases excellent, providing a 
gratifying confirmation of the validity of the measure- 
ments. The detailed shapes of these functions are thus 
known throughout the region of time scale in which the 
consistency changes from that of a soft rubber to that 
of a hard glass. The function ® goes through a maximum 
at tp=10-** sec; L goes through a maximum at 
10-** sec. 
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Fic. 6. Distribution functions of relaxation times (#) and 
retardation times (L), plotted logarithmically, reduced to 25°C. 
Key to points: top black, calculated from G,’ or J,’; bottom black, 
from G,” or Jp”. 


DISCUSSION 


The above treatment separates the variables of tem- 
perature and time to provide a7, a function of tempera- 
ture alone, and ® (or L), a function of time alone. 
Actually, Fig. 4 shows that a7 is not quite independent 
of the time scale. The steady flow viscosity is largely 
determined by elastic mechanisms with very long re- 
laxation times, such as are measured in stress relaxa- 
tion, and it is not surprising that these two types of data 
yield identical values of ar. The slightly larger values 
obtained from the dynamic data suggest that mecha- 
nisms with short relaxation times are associated with 
slightly higher apparent activation energies for the unit 
relaxation process. If this is the case, the shapes of the 
functions @ and L cannot be exactly independent of 
temperature either; they should be slightly sharper at 
low temperatures and slightly broader at high tem- 
peratures. It is not worth while to take these small 
differences into account at present, however. 
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Fic. 7. Reduced loss tangents for (1) polyisobutylene, (2) 
polystyrene, (3) polyvinyl chloride-dimethyl thianthrene compo- 
sition with 10 percent polymer, (4) polyvinyl chloride-dimethyl 
thianthrene composition with 40 percent polymer. Reference tem- 
perature for 1, 3, and 4, 25°C; for 2, 125°C. 


To describe the temperature dependence of relaxation 
and retardation processes without the use of an arbi- 
trary reference temperature, the factor ar may be 
differentiated to give the apparent activation energy 
AH,= Rd \nar/d(1/T). This quantity, which ranges from 
16.0 kcal at 80°C to 27.6 kcal at —40°, is also plotted 
in Fig. 4. It is considerably smaller and less tempera- 
ture dependent than for other polymers in a comparable 
range of mechanical properties.” For example, at a fre- 
quency of 600 cycles/sec, polyisobutylene at —30° has 
the same value of J’ (0.5X10-® cm?/dyne) as poly- 
styrene at 118.2°. But for polyisobutylene at —30°, 
AH, is 23 kcal, and it is changing only moderately with 
temperature; for polystyrene at 118°, AH, is 89 kcal 
and is changing much more rapidly. It is to be expected 
that the effects of chemical composition on mechanical 
properties will be largely apparent in the function AH,, 
and to a much lesser extent in the shape of ® and L. 

That the time-dependent functions are affected by 
chemical composition to some degree, however, is shown 
in Fig. 7 by comparison of the loss tangents J’’/J’ for 
several different polymers as a function of frequency. 
The maximum of this ratio is much sharper in poly- 
styrene” and two compositions” of polyvinyl chloride 
and dimethyl thianthrene, previously studied by the 
same experimental method, than in polyisobutylene. 
The plateau on the high frequency side of the maximum 
is seen only in polyisobutylene. These characteristics of 
the latter polymer may be in some way associated with 
the well-known steric hindrance of its methyl groups. 

Combination of Fig. 6 with values of at longer times 
derived from stress relaxation data of Andrews and 


” J. D. Ferry and E. R. Fitzgerald, Proceedings of the Second 
International Congress on Rheology (to be published). 

21. D. Grandine, Jr., and J. D. Ferry, J. Appl. Phys. 24, 679 
(1953). 

“EE. R. Fitzgerald and J. D. Ferry, J. Colloid Sci. 8, 1 (1953). 
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Fic. 8. Distribution function of relaxation times #, plotted 
logarithmically. Solid curve, reproduced from Fig. 6; points, from 
stress relaxation measurements of Tobolsky and associates; dashed 
lines, idealized distribution of Tobolsky. 


Tobolsky* shows clearly that & goes through a mini- 
mum near r=1 sec and a broad maximum near 10° sec 
(reduced to 25°C). This is the region where ® has 
previously been approximated by a constant.” 

Measurements of stress relaxation reported by To- 
bolsky and McLoughlin'® at very low temperatures, 
when reduced to 25°C, extend down to r= 10~®°. Values 
of ® derived from these measurements by a second 
approximation calculation’ analogous to those of Eqs. 
(3) and (4) are compared in Fig. 8 with the curve for ® 
from our dynamic measurements reproduced from Fig. 
6. The values from the two sources agree well although 
they are reduced from measurements at quite different 
temperatures; at r=10~* sec, for example, the stress 
relaxation data are derived from experiments at —70° 
to —55°, while the dynamic data are derived from 
measurements at —10° to 35°C. This agreement bears 
out the validity of the method of reduced variables for 
predicting time-dependent mechanical properties over 
a wide range of frequency and shows that the slight 
differences in ar associated with long and short relaxa- 
tion times, apparent in Fig. 4, produce no serious dis- 
tortion of the time-dependent functions obtained in this 
manner. 

The distribution function ® for polyisobutylene in 








%R. D. Andrews and A. V. Tobolsky, personal communication. 
* Andrews, Hofman-Bang, and Tobolsky, J. Polymer Sci. 3, 
669 (1948). 
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the transition region from rubber-like to glass-like be- 
havior has been approximated by Tobolsky**> by an 
idealized wedge-shaped log-log plot with a slope of 
—0.5, to permit analytical calculations of time-de- 
pendent mechanical properties. This plot is included 
in Fig. 8; it lies near the experimentally determined 
curve, but it does not of course reproduce the maximum 
at r=10-*“4, and it deviates considerably from the 
curved region above r=10~ sec. The latter deviation 
causes values of G’ (or E’, the real part of the complex 
dynamic Young’s modulus) calculated from Tobolsky’s 
idealized function to be in error by a factor of 2 to 2.5 
in the frequency range from 10° to 10° cycles/sec 
(reduced to 25°C). 

A recent theory of Rouse”* for the viscoelastic prop- 
erties of isolated polymer molecules predicts that in the 
region of short times the distribution function ® should 
be proportional to 7~4, in accordance with the slope of 
Tobolsky’s idealized plot. The same slope is predicted 
by the viscous coupling theory of Blizard,?’ which does 
not, however, relate the mechanical properties to mo- 
lecular parameters. The experimental curve for poly- 
isobutylene does not lie far from a line with this slope, 
as seen in Fig. 8. Other polymers, however, give some- 
what steeper ® curves.” Neither theory accounts for the 
minimum and secondary maximum in the ® function of 
polyisobutylene which” lie at larger values of reduced 
time beyond the range of the present study. 
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25 The function D’ used by Tobolsky is equal to 6.914. 
26 P. E. Rouse, Jr. (to be published). 
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Helix Impedance Measurements Using an Electron Beam 
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Impedance measurements made on a tape helix with an electron beam are described. Curves showing the 
measured impedances of the fundamental and first backward space-harmonic components of the mode 
commonly used in traveling-wave tubes are presented for values of ka (circumference to free-space wave- 
length ratio) ranging from 0.15 to 0.6. The impedance of the fundamental is found to be less than that 
calculated from the sheath model by a factor ranging from 0.8 to 0.3. Phase velocities of other modes and 
components were observed for ka from 0.1 to 1.1; these agree with an analysis by Sensiper which predicts 
that certain values of the phase constant are not allowed for a single wire helix. A relationship for the 
impedance of one space-harmonic component in terms of the impedance of its fundamental is presented in 
approximate agreement with the experimental data. In addition to providing impedance data over a wide 
frequency range, the helix tester performed as a continuously voltage tunable backward-wave oscillator 


from 1500 to 4300 mc at a beam current of 1 ma. 


HE helix is the circuit most frequently used for 
traveling-wave tubes because of several desirable 
properties. It is easy to construct, has a mode of 
propagation whose phase velocity is constant over a 
wide frequency range, and has high impedance. In the 
design of traveling-wave tubes it is important that the 
designer know what the circuit impedance is so that 
he may predict with reasonable accuracy the gain and 
power output to be expected. 

Pierce! has calculated the velocity of propagation and 
the impedance of the helix by means of the sheath 
model, in which the actual helix is replaced by a cylin- 
drical surface that is conducting only in the helical 
direction. The sheath model and the tape model helices 
are shown in Fig. 1. Experience shows that impedances 
calculated from the sheath model are higher than those 
actually obtained with wire helices by a factor ranging 
from one to about four, depending upon the diameter 
of the helix and the amount of dielectric material 
present. In addition, the sheath model fails to yield 
any information about the space-harmonic wave 
components? which must exist with an actual helix 
owing to its periodicity in the axial direction. 

Cutler? has reported probe measurements of field 
strength for a helix, but they were made at only one 
frequency. Besides, probe measurements are difficult to 
make because the probe alters the field that it measures 
and fails to separate the various space-harmonic 
components. Such measurements are likely to be time- 
consuming and difficult or impossible to interpret. 

Kompfner* has suggested a method of measuring 
circuit impedance in a traveling-wave tube based upon 
the careful adjustment of beam voltage and beam 
current to produce a cancellation of the rf signal applied 
to its input. Kompfner calculated the circuit impedance 


* Now at Stanford University, Stanford, California. 

1J. R. Pierce, Traveling-Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1950), Appendix IT. 

2J. C. Slater, Microwave Electronics (D. Van Nostrand Com- 
pany, Inc., New York, 1950), Chap. VIII. 

°C. C. Cutler, Proc. Inst. Radio Engrs. 36, 230 (1948). 

*R. Kompfner, J. Brit. Inst. Radio Engrs. 10, 283 (1950). 


for which this cancellation occurs in terms of beam 
voltage, beam current, and the length of the circuit in 
wavelengths. The method is difficult to apply to 
ordinary tubes because the conditions for cancellation 
are influenced by the degree of space-charge, the 
distribution of circuit loss, and the radial distribution 
of beam current over the cross section of the circuit. 
Also, ordinary tubes are not likely to be operable 
over a wide frequency range (such as ten to one) 
because of poor input and output matching. Because 
of their importance in design, it was decided to measure 
the impedance and velocities of the field components 
on a helix utilizing a thin hollow electron beam in a 
specially constructed traveling-wave tube. In designing 
it, special care was taken to minimize sources of error 
and to yield the greatest amount of useful information. 
The experimental results obtained with this helix tester 
verify to a considerable extent the theoretical work of 





Fic. 1. The sheath model and tape model helices. The sheath 
model is conducting only in the helical direction making an angle 
y with a plane normal to the axis, 
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Fic. 2. Chart of the forbidden values of 8 for the tape helix shown 
in Fig. 1. Tan ¥=p/2xa. (From Sensiper, reference 5.) 


Sensiper® on the tape helix and show qualitative agree- 
ment with the impedance calculations made by Tien® 
and based on Sensiper’s field solutions. In addition, the 
results show that other wave components and modes 
have properties that make them useful for special 
applications. 


THEORY 


Sensiper’s analysis of the tape helix reveals a number 
of possible modes of propagation, all with space- 
harmonic components. He shows that, because of the 
periodicity of the tape helix in free space, there are 
certain values of phase constant that are not allowed. 
These “forbidden regions” are shown in Fig. 2. The 
argument employed can be stated as follows. 

Because of the periodic character of the structure, 
the field variation in the z direction can be described by 
a sum of Fourier components of the form exp—T’,,z 
with appropriate coefficients. If IT, is an imaginary 
number, the wave is unattenuated with distance and 
corresponds to a “free mode”’ of propagation. If I’,, is 
complex or real, the wave is attenuated. If I’,, is imagin- 
ary, it may be written l’,,=78,,. Then, because of the 
periodicity of the structure, 


Bm=Bot (2xm/ p), (1) 


where f» is the phase constant of the fundamental 
space-harmonic component of the mode under consider- 
ation, p is the pitch of the helix, and m is a positive or 
negative integer. The radial dependence of the fields 
is written in terms of the radial propagation constant 


F¥m=j (Bm? — R*)! (2) 


where k=w/c, w being the radian frequency and c the 
velocity of light in the medium surrounding the helix. 
Mks units are used throughout. For all the field 
components of a given mode of propagation to decay to 
zero at large radius, it is required that all the y’s be 
purely real; otherwise the field at infinite radius would 
have a finite value corresponding to radiation in the 
radial direction. For ym to be real, 8,, must be greater 
than &. It is this condition that determines the bound- 


5S. Sensiper, “Electromagnetic Wave Propagation on Helical 
Conductors,” Ph. D. dissertation, in abbreviated form as Research 
Laboratory of Electronics Report No. 194, Massachusetts 
Institute of Technology, Cambridge, Massachusetts, (1951). 

*P. K. Tien, “Helix Impedance of Traveling-Wave Tubes,” 
Technical Report No. 50, Electronics Research Laboratory, 
Stanford University, Stanford, California (1952). 
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aries of the forbidden regions. Thus 8» is restricted to 
those values for which all of the associated 8,,’s for the 
particular mode are greater than k. It is noted that 


tany= p/2ra, (3) 


where y is the pitch angle of the helix and a is its radius. 

In the traveling-wave tube, the axial or z component 
of the electric field intensity is of the greatest interest 
since it is the only one that has appreciable coupling 
with an electron beam. The impedance used in traveling- 
wave tube theory is defined in terms of the electric 
field of the mth component and the total power as 
follows: 


K m= E.m'/ 2B m'P, (4) 


where E.,, is the z component of the peak field strength 
of the mth space-harmonic component, and P is the 
total average power carried by all of the space-harmonic 
components of the mode being considered. From 
Sensiper one obtains the following expression for Ez», 
inside the helix in terms of the current in the tape: 


| [| e~ibm2—m®) 





Eim'™j (yoa) (yma) 
pweod 

Yn8 
sin— 

2 

X tanh] mn (¥m7)Km(y¥ma)——, (5) 
Ymd 
m 


where |/ | is the magnitude of the current in the tape, 
T m(¥mr) and K » (yma) are the modified Bessel functions, 
and 6 is the width of the tape. The approximations 
made in obtaining Eq. (5) are (1) that 8n~ym, a good 
approximation for waves traveling slowly enough to 
interact with electron streams; (2) that the rf current is 
of constant magnitude across the tape; (3) that there is 
no rf current in a direction perpendicular to the tape; 
(4) that the current does not vary in phase in a direction 
perpendicular to the tape and that the pitch angle ¥ 
is small. We do not know how good the last three 
approximations are for wide tapes. Sensiper shows that 
they are very good for narrow tapes, and the writers 
believe that they are good for wide tapes also. 

Using Eq. (5) one obtains the following relationship 
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Fic. 3. Experimental helix tester shown in its container 
with input and output connections. 
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HELIX 


between the impedances of two space-harmonic 
components of the same mode at r=a: 


7 I? (yma) Kp,” (yma)M,,? 
Kn= Ko , (6) 
To? (yoa) Ko? (yoa)M °? 








where 
Ymd 
sin— 
2 
M,=——. (7) 
Ynd 
2 
For Ym@>2, Im(¥m@)K m(¥ma)—~}yma, and Eq. (6) 
becomes 
7 (yoa)*M ,,” 
Kapullige meen: (8) 
(yma)*M °° 


Equation (8) is interesting because it shows that the 
impedance of a space-harmonic can be as high as that 
of its fundamental, depending upon the ratio of their 
phase velocities. The ratio M,,2/M,? is of the order of 
0.5 for typical cases. 

The mode commonly used in traveling-wave tubes 
is Sensiper’s mode /yo. For this mode, the zeroth and 
all of the space-harmonic components with positive 
values of m are forward waves. By a forward wave is 
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Fic. 4. Power out vs beam voltage for interaction with (a) a 
forward wave and (b) with a backward wave. 
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Fic. 5. Phase velocities of observed wave components vs ka tan y, 
a parameter proportional to frequency. Tan y =0.0944. 


meant a wave whose phase velocity w/8,, and group 
velocity dw/d8,, are in the same direction. All of the 
components of this mode with negative m are backward 
waves; that is, their phase and group velocities are in 
opposite directions. The interaction of an electron 
stream with a forward wave is as described in Pierce’s! 
theory of the traveling-wave tube. Interaction with a 
backward wave is much different, being of a regenera- 
tive character. This kind of interaction was described 
by Kompfner’ and is the basis of his backward-wave 
oscillator. 


EXPERIMENTAL RESULTS 


The traveling-wave tube used for our measurements 
consisted of a tape helix and a hollow-beam electron 
gun enclosed in a glass envelope. The helix was sus- 
pended as nearly as possible in free space by use of the 
glass configuration shown in cross section in Fig. 7. 
Its dimensions were: mean diameter, 0.486 in.; length, 
15.0 in. ; tany, 0.0944 ; 5/p= 0.444; tape width, 0.064 in. ; 
tape thickness, 0.020 in. The envelope was constructed 
by shrinking 7070 glass tubing onto a rod in which 
three longitudinal groves has been milled. An annular- 
ring cathode, followed by grid and anode with similar 
annular openings, furnished a hollow cylindrical beam 
at an r/a of 0.825 with respect to the helix. The beam 
thickness was 0.005 in. Beam focusing was'accomplished 
by immersing the entire structure in an axial magnetic 
field of approximately 1000 gauss. That the beam 
retained its original diameter was verified by use of a 
three-element collector consisting of an inner plug, a 
coaxial outer ring, and a main collector behind the 
opening between the plug and ring. With normal beam 
focusing, more than 85 percent of the total beam current 
passed through the 0.010-in. wide annular slit, which 
had the same mean diameter as the cathode ring. 
Roughly equal amounts of the remaining current were 
intercepted by the plug and ring elements. Less than 

7R. Kompfner, “Backward Waves,” presented at the Tenth 


Annual Conference on Electron Tube Research, Ottawa, Canada, 
June 16, 1952. 
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Fic. 6. Phase velocities of components of the 4; mode vs ka tany. 
Tan y =0.0944. The solid line was observed and the broken lines 
calculated therefrom, using Eq. (1). 


0.2 percent of the cathode current was intercepted by 
the helix. 

The ends of the tape helix were brought out as leads 
through the glass envelope; matching to the helix 
was accomplished by connecting the leads directly to 
the center conductors of coaxial lines. The VSWR of 
the connections was better than 3.5 to 1 over most of 
the frequency range. In operation the tube was sup- 
ported in a piece of brass tubing of diameter 3 in. by 
two bushings of polystyrene foam (Fig. 3), and the 
entire assembly was positioned in the solenoid that 
provided the magnetic focusing field. 

Interaction between the beam and _helix-wave 
components was observed by operating the tube either 
as a forward-wave or, backward-wave amplifier. The 
helix voltage was swept at 60 cps about some fixed 
center voltage, and the power output as a function of 
helix voltage was observed on an oscilloscope. The 
various components observed were identified by com- 
parison with theory, and by their characteristic 
patterns: the sine wave-shaped dip and gain peak for 
forward waves, and the broad shallow dip and high 
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Fic. 7. Dielectric loading factor of the ho fundamental compo- 
nent vs ka tany. This is the ratio of the observed wave velocity 
to that calculated by using the sheath model; it is less than unity 
because of the dielectric effect of the glass envelope. 
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narrow gain spike for backward waves. Typical patterns 
are shown in Fig. 4. 

Phase-velocity curves of components over a fre- 
quency range from 750 to 8250 Mc/sec are presented 
in Fig. 5. The components of the /io and /’ modes 
were observed to agree quantitatively with Sensiper’s 
analysis. Only very weak interaction with the h,o(+1) 
component was observed; interaction with the other 
components was relatively strong at low beam currents. 
In making observations, it was necessary to keep the 
beam current below the level at which backward- 
wave oscillations on /iwo(—%t) began. The sharply 
dispersive component shown at the lowest frequencies 
is not predicted by any analysis, and remains for the 


150 


100 
80 


60 


40 


30 


20 


IMPEDANCE -OHMS 


K-; MEASURED 
AT r/o*.625 ™ 





ie) Ol 02 .O5 06 


.O3 04 
ka tan Y 


Fic. 8. Measured values of impedance of the fundamental and 
(—1) components of the /zo mode at the electron beam position. 
Tan y=0.0944. 


present unexplained. It is a backward wave. If the 
observed wave is taken to be the fundamental, its (+1) 
component lies somewhat above the first forbidden 
region, and all other components lie below it. 

The observed component shown at the highest 
frequencies is identified as the (—2) space harmonic of 
the h,/1 mode. Phase-velocity curves for the (—1) 
space harmonic and the fundamental of this mode, 
calculated from the observed component, are shown in 
Fig. 6. The fundamental lies just below the first 
forbidden region. 

Figure 7 shows the ratio of the observed phase 
velocity of the i. fundamental to the phase velocity 
of the corresponding wave on a sheath helix. The glass 
configuration illustrated was used in order to minimize 
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HELIX 


the dielectric loading effect of the tube envelope on the 
wave propagation. 

Measurements were made of Ky and K_,, the 
impedances of the /;o fundamental and h,o(— 1) compo- 
nent, respectively, over the frequency ranges 1000 to 
4500 Mc/sec for Ko and 2000 to 4000 Mc/sec for K_1. 
As previously said, the impedances at the beam were 
derived from measurements of electron velocity and 
beam current at the cancellation point for Ko and at the 
start-oscillation point for K_,. The effect of circuit loss 
was taken into account, and the effect of space charge 
was negligible. The impedances were translated from 
the beam radius to the helix by using Eq. (5). Measured 
values of Ko and K_, at the beam radius are shown in 
Fig. 8. The reduction factor (observed impedance of 
tape helix divided by theoretical impedance of sheath 
helix) for Ko is shown in Fig. 9, together with the value 
of the reduction factor calculated from Tien.* In Fig. 10 
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Fic. 9. Ratio of the observed /o (fund) impedance to the imped- 
ance calculated for the sheath model. Tany =0.0944; 5/p=0.444. 
The broken line is the ratio as calculated from Tien’s analysis, 
which takes into account the effect of the dielectric on the 
impedance. 


the measured value of K_, at the helix is compared 
with the value computed from the measured Ko by 
using Eq. (8). 


BACKWARD-WAVE OSCILLATIONS 


The tube operated as a continuously voltage-tuned 
backward-wave oscillator over the frequency range 
1500 to 4300 Mc/sec, the helix voltage being varied 
from 100 to 5000 v. Oscillation at intermittent lower 
frequencies to 1200 Mc/sec was obtained, depending on 
the manner in which the helix was terminated. The 
highest frequency obtained was limited primarily by the 
power supply voltages available. 

Plots of helix voltage and start-oscillation current as 
functions of frequency are shown in Fig. 11. Near 
3600 Mc/sec the phase velocities of the /(—1) and 
fundamental components become equal in magnitude, 
and it is possible for the electron beam to interact 
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Fic. 10. Measured value of the /w(—1) impedance compared 
with that calculated from the measured value of /yo (fund) 
impedance using Eq. (8). 


simultaneously with the fundamental of an Ay mode 
traveling in one direction and the (—1) component of 
an /y mode traveling in the opposite direction. The 
sharp anomolies in the starting current near 3600 
Mc/sec are attributed to interference effects between 
these two modes. These effects were sharply reduced 
by terminating the helix in a good match at both ends. 
The frequency of oscillation was extremely stable 
when the helix voltage was well regulated, varying 
considerably less than one part in 10* over a 15-min 
period. The frequency decreased slightly with increasing 
beam current, but was independent of magnetic field 
strength above 600 gauss, the value necessary to focus 
the beam well. Variation in frequency with change in 
load impedance was small: oscillation frequency was 
constant to within 3 Mc/sec for any load impedance 
from perfect match to dead short. In the range 2900 to 
3100 Mc/sec, the power output at a beam current of 
2500 amp was approximately 25 mw, varying by +3 db 
over the band, with a beam efficiency of 1 percent. 
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Fic. 11. Start-oscillation current and voltage vs frequency for the 
helix tester used as a backward-wave oscillator. 
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CONCLUSIONS 


The existence of the forbidden regions deduced by 
Sensiper is verified by the experimental results. Two of 
the modes (Ay and hy’) of Sensiper’s analysis were 
observed, together with an unidentified mode so far 
unexplained. The measured value of the impedance of 
the Aw fundamental agrees very roughly with Tien’s 
calculation, but the check is not all one would desire. 
Some extrapolation was necessary in using Tein’s 
results so that there is no necessary indication that his 
calculations are in error. The finite thickness of the 
tape used for the experimental helix would be expected 
to lower the impedance somewhat. 


SIEGMAN 


The observation of the A,’ mode suggests that it may 
have some possible uses either for dispersive (voltage- 
tuned) amplifiers or for amplifiers and backward-wave 
oscillators designed to operate at higher frequencies. 
It seems likely that the fast wave observed by Cutler® 
and nearly everyone else who has worked with a helix 
was in reality the /.,’ mode. At low frequencies (ka< 1), 
the group and phase velocities of the (— 1) component 
for this mode are close to the velocity of light. 

The experimental tube was built by J. J. Roberts 
and A. M. Anderson with assistance from other members 
of our Engineering Section. 
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Response of pore pressure meter on variations in loading conditions of surrounding soil is retarded by the 
necessity that pore water has to enter the instrument. This property is introduced as an instruments coeffi- 
cient influencing the boundary conditions. With regard to the surface of the instrument, two types are 
considered : a rigid type and a cavernous type. At #=0 for unit step loading, consolidation has not yet started 
and the response of the instrument depends on shear modulus of soil only. Calculation of response as a func- 
tion of time involves three-dimensional consolidation theory and is established with the aid of spherical 
solutions for simple harmonic and unit step loading conditions. 


1. INTRODUCTION 


HE newest type of pore pressure meter in use with 

the Delft Soil Mechanics Laboratory* consists of 

a cylindrical instrument of about 20 cm in length and 

3.6 cm in diameter embedded in the soil mass. The body 

of the instrument contains a diaphragm-type pressure 

transducer connected by a coaxial flexible cable with the 
measuring apparatus above soil surface. 

The response time of previous nonelectronic types 
amounted to several days, because of the compliance 
of the diaphragm and the very great flow resistance 
encountered in the soil by the water that has to actuate 
the manometer. By constructing the diaphragm as rigid 
as practically feasible the response time was reduced to 
15 minutes. 

A further reduction of the response time to a fraction 
of a second was obtained by a device resulting from an 
analysis of pore-water movement and soil deformation. 
This study forms the subject of this paper. 

We shall treat the influence of simple harmonic load- 
ing conditions of the surrounding soil mass and by 
integration over the whole range of frequencies, using 
Fourier’s integral, obtain the influence of unit step 
loading. 

. cped by S pressure-transducer and electronic circuitry de- 


vel by S. L. Boersma, Consulting Engineer, Delft, The 
Netherlands. 


To simplify the mathematical treatment the instru- 
ment is idealized and instead of cylindrical symmetry a 
spherical symmetry is assumed. If idealized in this way, 
the pore pressure meter consists of a sphere with radius 
ry (cm). The following two types will be considered. 


1.1 The Rigid Type 


Here the diaphragm is in contact with a water volume 
enclosed in a rigid chamber. Holes in the wall form the 
connection between this water volume and the water 
in the pores of the soil. 

We shall represent this schematically as a rigid, pervi- 
ous sphere (Fig. 1a). 


1.2 The Cavernous Type 


Here the diaphragm is in contact with a water volume 
that fills a cavity in the soil. The connection between 
this water volume and the pore water is direct. 

We shall represent this schematically as a spherical 
cavity (Fig. 1b). 


Indicating by AV (cm*) the quantity of water neces- 
sary to account for the deformation of the diaphragm 
under water pressure, we introduce analogous to the 
compressibility coefficient a of the soil (see Sec. 5.1) a 
coefficient b (cm?/kg) for the instrument in such a 








pt 
pl 


rc 
SU 


pl 
ta 





Ay 


y; 
uS 


ne 
he 
er 


ne 
en 


mal 


PS- 
7m 


he 








CONSOLIDATION AROUND 


way that 
AV/ ($)ar°= bwo, (1.1) 


in which wo (kg/cm?) indicates the pressure in the water 
enclosed in the sphere. 

When the surrounding soil mass is loaded, water 
pressures are generated in the pore water and in order 
that the pore pressure meter may register this, a volume 
of water AV must enter the chamber. 

For the rigid type the volume of water enters by 
percolation through the holes in the wall. This water 
can only be supplied by the pore water squeezed out of 
the surrounding soil mass. For the cavernous type the 
volume AV arises principally from the deformation of 
the cavity, while an additional part is furnished by pore 
water coming out of the surrounding soil. 

We shall proceed to formulate this action mathe- 
matically by first establishing the boundary conditions. 


2. BOUNDARY CONDITIONS AT r= 


2.1 Water pressure at r=1% 


The rigid type. If we may apply Darcy’s law of perco- 
lation. The water volume Q cm’ entering through the 
pervious wall with a surface area 4mr,* is related to the 
pressure gradient in the pore water dw/dr in the soil at 
r=ro, by the expression: 

Yw(0Q;/dt) = k4ar,?(dw/dr), (2.1.1) 
in which y~ (kg/cm*) denotes the density of water and 
k (cm/sec) the permeability of the soil (the permeability 
of the wall of the pore pressure meter is considered large 
in comparison with & of the soil). 

Since for the rigid type AV=Q,, we obtain by 
using (1.1) 

bro(Ow/dl)= (k/yw)(Ow/dr) at r=ro. (2.1.2) 

It is assumed here that wo, the pressure in the meter, 
is equal to w, the pore pressure in the soil directly sur- 
rounding the meter, wo(r=1ro—0) = w(r=70+-0). 

The cavernous type. Here the water amount AV is the 
sum of Q; and the volume change produced by the 
deformation of the cavity Q2. If we introduce the dis- 
placement «, (cm) of the surface of the cavity in a 
radial direction, this volume is given by Q2= —4aro*u,. 
Thus we obtain 


$619 (w/t) = (k/yw) (dw/ Ar) — (du,/ dt) 

at r=fro. (2.1.3) 
These expressions relate to the spherically symmetrical 
case. 

In the case when the variables w and «, are axially 
symmetrical and are functions of y (Fig. 2) the second 
member of Eqs. (2.1.2) and (2.1.3) must be integrated 
over the range 0<y< 7. (See Sec. 4.) 
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Fic. 1. Pore pressure meters of two different types. 





2.2 Soil skeleton at r=1% 


In the rigid type the boundary condition at r= 7 is im- 
posed on the soil skeleton by the rigidity of the sphere: 


(2.2.1) 


In the cavernous type the wall of the cavity can dis- 
place itself freely and the stresses are determined by 
the condition that there is equilibrium between the 
water pressure wo in the cavity and the radial stress in 
the soil mass o,* (negative sign for compression). 


up=O0 at r=7fo. 


Wo = —o,* 
at r=Po. 


(2.2.2) 

Here —<¢,* indicates the total radial stress acting on 
the soil skeleton and water combined, so we can divide 
—o,* into —a,, the radial stress on the grains only, and 
w the water pressure in the poresf by putting 


—o,*=—a,+w. (2.2.3) 


These stresses act in the soil, that is to say for r>*7o, 
while wo is the water pressure in the cavity r<71. 


t We shall use an asterisk to denote stresses and elastic con- 
stants associated with the combined system, water and soil 
skeleton, and omit it in the case of the grain skeleton alone. 
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Fic. 2. Definitions of symbols used. 


It follows from (2.2.2) and (2.2.3) that 
wo(ro—0) = —o,+w(ro+0). (2.2.4) 


Normally there is no difference between w(ro—0) and 
w(rot+0), except when the loading conditions are dis- 
continuous with regard to time, as for instance at the 
moment /=0 for unit step loading. We shall treat this 
special situation in Sec. 4 and use condition (2.2.2) then. 
For the case of continuous loading conditions w(ro—0) 
equals w(ro+0) and the boundary stress condition 
becomes 


O;-=Ty=0 at r=f7. (2.2.5) 


3. BOUNDARY CONDITIONS AT r—>~ 


We shall assume that the dimensions of the pore 
pressure meter are so small in comparison with the 
distance to the boundary of the soil mass wherein it is 
embedded that we may consider the stress conditions of 
the soil as homogeneous. To simplify the formulas we 
shall also suppose that this homogeneous stress condi- 
tion holds up to r-. As the disturbing effect di- 
minishes proportional to r~* the errors introduced by 
these assumptions are negligible. 

» In addition we shall suppose that in the surrounding 
soil mass the rate of squeezing out of pore water is slow 
in comparison with the response studied here. We may 
therefore simplify the condition for r—* to an im- 
permeable coat, upon which the exterior loads act. Thus, 
we may write 

1, 


dw/dr=0 at (3.1) 


Regarding the stresses on the boundary at r>~« we 
must consider the general case where there are three 
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principal stresses of unequal magnitude: S,, Sz, S3. If 
we know the influence of one principal stress we may 
obtain by superposition their combined influence. Tak- 
ing the principal stress S in the direction Y=0, + we 
obtain as boundary condition: 


= —S§ cos*y oy*= —S§ sin’y oe*=0 
try*=S siny cosy 


Tr" = Tey* =(). 


at ro, 


(3.2) 


Because of the simpler treatment involved we shall 
finally derive a solution to the case where a uniform 
pressure P acts in all directions. In such a case we have 


og, =o=oy.=—P, 1,4*=7,9*= T94*=0, 
at r—-0, (3.3) 
The conditions (2.1.2), (2.1.3), (2.2.1), (2.2.2), 


(2.2.5), (3.1), (3.2), and (3.3) are necessary and suffi- 
cient to determine the solution to the problem explicitly 
in the different cases indicated. 


4. SITUATION AT t=+0 FOR UNIT STEP LOADING 


Because of its elucidatory character we shall first 
determine the response of the pore pressure meter to 
unit step loading at the moment of loading (¢‘=+0). 
This is very simply feasible by virtue of the following 
considerations. 

By neglecting mass acceleration and viscous retarda- 
tion, we shall suppose, as is usual in the literature on 
consolidation, that any loading increases instantane- 
ously the stresses in the soil mass, generating elastically 
the deformations that are therefore instantaneous too. 

Assuming that in comparison with the compressibility 
of the grain skeleton of the soil the pore water is incom- 
pressible, at the instant of loading no volume change 
of the soil will take place. This may be expressed by 
putting 


y*=4 for 


t=+0, (4.1) 


where y* is the Poisson’s ratio of the combined system, 
water and soil skeleton. As the water is gradually ex- 
pelled from an element at any point in the loaded soil, 
the Poisson’s ratio v* at this point decreases and tends 
to the value of v, where v(<34) is the value of the 
Poisson’s ratio of the grain skeleton alone. 

A result of some importance concerning the value of 
E* may be derived in the following way. The water 
enclosed in the pores can prevent volume changes from 
occurring, but not shearing strains. This implies that 
shear stress in the combined system is carried by the 
grain skeleton alone. It follows directly that r*=7, and 
hence that the shear moduli G* and G are equal. Then 
by a well-known relation in elasticity theory, 


G*= E*/2(1+*)=E/2(1+v)=G at all times, 
and in particular 
3E*=E/(i+v) at 


(4.2) 


t=+0. 


(4.3) 
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CONSOLIDATION AROUND 


The relations (4.1) and (4.3) enable us to describe 
the condition at =+0 as a function of the elasticity 
constants of the grain skeleton E and ». 


The relations between the stresses in the combined 
system and grain skeleton only, which have already 
been stated, may be condensed to 


—o*=—o+w and r*t=r. (4.4) 


By adding the normal stresses in three perpendicular 
directions we obtain 


— (0;*+-02*+03*) = — (01+ 02+03)+3w. 


As the volume dilatation ¢«, which is known to be 
equal to 


é= (1-— 2v) (o:+02+03)/E, (4.5) 
is zero at {=+0, we obtain, by virtue of the fact that 
#4, 

— (o;*+02*+03*) = 3w= — (o1*+on*+o1") 


at t=+0. (4.6) 
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in which o;* etc., indicate the principal stresses in the 
combined system. 


With the aid of these general considerations we shall 
proceed to determine the conditions at =+0 in our 
special case. 

Under the influence of the stress system (3.2) and 
the boundary condition for the cavity (2.2.5), the stress 
distribution in the soil can be determined by the aid of 
stress functions. We shall not enlarge on these compu- 
tations because they are easy to carry out and by apply- 
ing the following expression for the radial displacement 
as derived from a stress function, ®: 





1+y* 
p= {20-»" cosyV*b 
E* 
fe] Ob 1 0® 
——| cosy——siny- —| ; (4.7) 
or or r Or 


the reader may verify that “, is given by 





1+* y* 
Uuyp= r| 
E* 1+ * 


r 

In this expression wo is the pressure in the water 
contained in the cavity and caused by the volume 
change AV, which is, in turn, caused by the displace- 
ment of the wall of the cavity. We may obtain AV by 
integration over the surface of the sphere 


—AV= f 2rro sinp: u,rody. (4.9) 
~ AV ={[(1+»*)/2E*](—35-+-0») 
—~[(1—20*)/3E*]S}4erc. (4.10) 
By the use of (4.1) and (4.2) it follows that 
~ AV =4ar[ —3S+w]/4G* 
=4nr[—4S+wo]/4G. (4.11) 


However, we have a relation (1.1) between AV and 
wo, by which we may eliminate AV obtaining: 


wo=4S/{1+40G}. (4.12) 


This result indicates that the cavernous pore pressure 
meter registers a pressure of nearly 3S so long as } is 
small in comparison with 1/G. As in the newest type } 
is of the order of 1/100G, where G is the shear modulus 
of the stiffest clay we have to deal with, the error in- 
volved is less than 1 or 2 percent. 


We have shown in (4.6) that the water pressure in 
the pores of the soil is one-third of the sum of the 
principal stresses. Therefore, neglecting the influence of 
the denominator of (4.12), it follows that the water 
pressure, as measured by the cavernous type meter, is 


- cost | jw") + [(6—5Sv*)+5(4v*—5) cos*y ](ro/r)?—[3—9 cos*y ](ro/r)4 


St. (4.8 
2(7—5y*) #8) 





effectively the actual water pressure in the pores of 
the soil. 

In the case of spherically symmetrical stress P at 
infinity all expressions have a simpler form, and it is 
easy to verify that the boundary conditions (2.2.2) and 
(3.3) are satisfied, together with those of equilibrium 
and compatibility, by taking 


u,= —[(1+»*)/2E* ](P—wo) (10°/1") 


—[ (1—2»*)/E* |Pr= _ (P—wo)ro?/4Gr’, (4.13) 
o,;*= — P+ (P—wo) (ro/r)3, (4.14) 
og* = — P—3(P—wyo) (10/r)*. (4.15) 


By virtue of the identity of (4.10) and (4.13) the 
resulting water pressure wo in the instrument is the 
same as given by (4.12) with P=3S. 

The water pressure in the soil mass itself is 
w= —4(o,*+20*)=P. There is therefore a jump in 
the water pressure at r=79 with a magnitude of $ P&G. 
It follows therefore that, the water gradient dw/dr 
is infinite at that surface and percolation starts with 
infinite velocity giving a vertical slope of the water 
pressure registered by the meter as a function of time. 
The same effect occurs in the rigid type, but in this case 
the starting point for the water pressure at (=+0 is 
zero, because no increase of water pressure has been 
possible before water entered the holes by percolation. 
In Fig. 3 an account is given of the stresses around the 
instruments in the different cases. 


1S. Timoshenko, Theory of Elasticity (McGraw-Hill Book Com- 
pany, Inc., New York, 1934), p. 326. 
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i 1G. 3. Stresses and water pressure around pervious sphere and spherical cavity 
(arrow pointing upwards indicates compression). 


5. DETERMINATION OF THE CONSOLIDATION 
PROCESS AROUND THE PORE 
PRESSURE METER 


To determine the water pressure registered by the 
meter as a function of time we need a consolidation 
theory in 3 dimensions. Such a theory has been de- 
veloped by Biot.” For the case of saturated soil the basic 
equation is derived in the form 


(k/aVw)V*e= de/ dt, (5.1) 


where 

a=compressibility coefficient = (1—2v)(1+v)/(1—v)E 
(cm?/kg,) 

k=permeability 


(kg/cm*), 
«= volume dilatation of grain skeleton, and ¢= time. 


(cm/sec), Yw=density of water 


The physical meaning of this result may be appreciated 
if we consider the well-known relation from elasticity* 
in which equilibrium and compatibility conditions are 
taken into account, 


(1/a)V*e+ (0X /dx)+ (VY /dy)+ (8Z/dz)=0. (5.2) 


The body forces X, Y, Z in our case are furnished by 
the water gradients X = — dw/0x etc., so that 


(1/a)V2e= Vw. (5.3) 


Now, by extending Darcy’s law of percolation to the 
case of 3 dimensions it is easy to deduce that the rate 
of increase of volume d¢/0i necessary to store the excess 
of water at a certain point is given by 


de/Ot= (k/Yw)V*w. (5.4) 
A combination of (5.3) and (5.4) gives the basic equa- 
tion (5.1). 


In order to obtain an agreeable treatment of the 
problem we shall consider simple harmonic loading 
conditions for r—>«. 


P=P exp(iwt) in cond. (3.3). 


*M. Biot, J. Appl. —_ 12, 155 (1941). 
3 See reference 1, p. 198 





All variables influenced by this harmonic effect as for 
instance ¢, will be written «=é€exp(iw/). So we can 
divide all expressions throughout by exp(iw/) and retain 
the overdashed characters. We get for (5.1) in the case 
of axially symmetrical stress distribution 


ifoa re] 1 @ 
min {—(+—)4— — (sit) fine RG, 
rldar\ ar siny dy 


where (5.5) 
. [%e 
i} 
which has the solutions 
€=1-[A Jang (qr) +AoN nis(igr) Wn, (5.6) 


where J and N denote, respectively, Bessel and Neu- 
manns functions,‘ and W Legendres polynomials.® To fit 
this solution to the purpose of our problem we need such 
a combination of J and N that for r— the expression 
vanishes. From the theory of Bessel functions it is 
known that this is accomplished if A2=iA,. We then 
obtain from (5.6) 


= Ayi® [brig 4 exp(—9r)Sny4(29r) Vn, 


in which S are polynomials in (1/gr).® 

This equation for € permits us to compute the solution 
to the axial symmetrical problem that arises when 
introducing the true form of boundary conditions. For 
instance location of the holes on rigid type, upper part 
of the cavity formed by the instrument, etc. Computa- 
tion would then require a treatment with many stress 
functions ® derived from (5.7) by 


e=[ (1—2v)(1+)/E ]{cosyd/dr 
—sinyrd/ dp} V°®. 


(5.7) 


(5.8) 


4 Jahnke and Emde, Tables of Functions (Dover Publications, 
New York, 1945), pp. 144, 146. 

5 See reference 4, p. 107. 

6 See reference 4, p. 136. 
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Fic. 4. Graphical representation of formula (6.6): response of pore pressure meter on simple harmonic loading. 
Assumptions: 6/3a= 107, ro=1 cm, @yu/k=10™ sec/cm?, v=}. 


In general: in all cases, where the solution of stress 
distribution under static loading is known as derived 
from stress functions, the consolidation problem is 
solved by replacing the dilatation-stress functions which 
satisfy V°V*b=0 by corresponding functions of the 
form (5.7). The functions V*=0 need no alterations, 
because €=0 also satisfies (5.5), neither the rotation- 
stress-functions. 

We shall limit ourselves, however, to the solution of 
complete spherical symmetry, because this leads to a 
simplification in the treatment. The same solution for wo 
as a function of time is then obtained for 3 equal stresses 
(P=4S) at ro as well as for 1 principal stress (S) 
there. This conclusion has already been proved for the 
situation at /=+-0 for unit loading (see the identity of 
(4.10) and (4.13)) and that it holds here may be ac- 
cepted without proof. 


6. SPHERICAL SYMMETRY 
The solution needed is that of order n=0 


é= Ar“ exp(—qr). (6.1) 


We shall not use a stress function now, but u, as basic 
variable as all stresses and boundary conditions can be 
written as functions of u, by virtue of the symmetry. 
For instance ¢=7~*0/dr(i,r?), which gives after in- 
tegration : 


i,= — AC (gr)+ (qr)] exp(—qr)— Br. 


In order to describe the boundary conditions with #, we 
must firstly dispose of #. This is simple by virtue of (5.3) 
which can be written (1/a)d*/dr?(ér) = 6?/dr? (wr), and 
which after integration becomes (1/a)€=#—C,—Czr™. 
We may omit the term C.r~", which contributes a water- 
flow radiating from a point source at the origin and is 
irrelevant here. Therefore, it follows that 


(1/a)e=z—C or ®=C+(1/a)r-d/dr(Gi,r’). (6.3) 


Also &, and ¢,* may be written in terms of #, in the 
following way : 


,*=¢,—H=E/(1+)[da,/dr+e/(1—2r) ]—@. 


(6.2) 


(6.4) 


We can now express the boundary conditions in terms 
of i,. For the rigid type we need: (2.1.2), (2.2.1), (3.1), 
and (3.3). For the cavernous type: (2.1.3), (2.2.5), (3.1), 
and (3.3). The condition (3.1) is already satisfied by 
making A»=iA,, in (5.6). There then remain three con- 
ditions to be satisfied for each type. The integration 
constants to adjust are A and B in (6.2), and C in 
(6.3). It can be verified that their values are 


A= — Pib¢?r.3 exp(qro)/N, 
B= sbr 3 (u2— M1) (qro)?+ (gro) + 1/N, 
C=P with N=[p(qro)*+ (gro) +1], 


P (6.5) 
P 


where 


u=w for rigid type=b/3a, 
u=we for cavernous type=b/3a+[ (1—v)/2(1—2v) ]. 


With these values we obtain finally for the water 
pressure io at r=ro (that is the pressure registered by 
the meter) 


io= P{1— (b/3a) (qro)?/N}. (6.6) 


The complex value of g [see (5.5) ] leads to a complex 
value of Zo, Zo being out of phase with P. In Fig. 4 is 
shown the relation between P and @ in the complex 
plane as a function of the frequency w/2zx. The range of 
frequencies where the rigid type can be used is from 10~* 
Herz down to zero, while the cavernous type can be 
used for all frequencies. 


The response of the pore pressure meter on unit step 
loading is obtained by using the Fourier integral 


1 pt? exp(iwt) 
Wo = Wo 
2ri J_, w 





dw. (6.7) 


Putting @ in a more manageable form 


™ b ¢ 1 
iy P| : 


Daasenms aoe 


3a uw (g+a)(¢+8) 
bg 1 
-P{1-— = aa ||: (6.8) 
3a wp (a—p)L(g+8) (gta) 
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Fic. 5. Graphical representation of formula (6.9). Response of pore pressure meter on unit step loading. Rigid 
pervious type with some typical values of (3a/4b). 


@ 


the integral may be expressed in terms of tabulated - P 

functions in the form (see Fig. 5): erfc&= 2x f exp(—)’)dA, 
g 

wo= P{1— (b/3a)ro(1—4y)— La exp (axl) erfc(a’xt)! k=k/ayw (see (5.1)). 


—B exp (Gat) erfc(@*«t)!]}, (6.9) 
For the definition of uw see (6.5) and of b/3a see (1.1) 


which is valid for all ¢>0, and (5.1). 
Putting u=y. and /=0 the expression (6.9) reduces 
where P= value of step loading at r—> « to (4.12). Since 6 is small in comparison with 3a the ex- 
pression (6.9) for the rigid type becomes approximately 
a=[1+(1—4y)!]/2uro, wo= P{1—exp(y*xt) erfc (y*xt)}} 
with 
B=[1—(1—4y)!]/2uro, v= (3a/bro). (6.10) 
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Reflection of Sound in the Ocean from Temperature Changes* 
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When the temperature of the ocean changes with depth within a horizontal layer, it is accompanied by a 
change in the velocity of sound. The reflection of sound from such a transition layer depends on the incident 
angle and wavelength of the sound, the thickness of the layer, the manner in which the velocity changes, and 
the total amount of the change. The usual formula for reflection assumes a transition layer of negligible 
thickness. The reflection coefficient then depends only on the incident angle and the total velocity change. 
This case is treated and numerical] values are given for the reflection coefficient under conditions of practical 
interest. It is then shown that for a gradual velocity change which corresponds to certain temperature data, 
the reflection coefficient for small glancing angles of incidence changes gradually with increasing layer 
thickness and may be approximated very closely by the usual formula. Quantitative comparison of the 
cases is made and the general applicability of the approximation is discussed. 





I. INTRODUCTION 


ATHER abrupt changes in the temperature of the 
ocean with depth are observed.! These changes 
cause a corresponding variation in the velocity of sound, 
and it is of interest to inquire as to the reflection of 
sound from strata in which such changes occur. 

The usual treatment of reflection assumes a discon- 
tinuous velocity-depth function at the interface of two 
media of different indices of refraction. This is certainly 
a good approximation to a continuous change, provided 
it takes place within a distance which is small compared 
to the wavelength of the sound. In the ocean, however, 
there are indications of temperature and sound velocity 
changes occurring over an interval of several inches. 
Since the wavelength of 24-kc sound used in echo- 
ranging is about 2.4 inches, the above approximation is 
no longer justified without further study. 

It is therefore convenient to treat the problem of 
reflection in two parts according to whether the velocity 
change is “sharp” or “smooth.” The term “sharp” will 
be used to indicate the case in which the layer of 
velocity change has negligible thickness. A “smooth” 
change will denote a velocity change in a layer whose 
thickness is not negligible. The meaning of “negligible” 
in this connection will be discussed below. The 
fraction of incident energy which is reflected in the two 
cases will be called the sharp and smooth reflection 
coefficients and designated by r and 1’, respectively. 
It is seen that the sharp reflection coefficient is the usual 
reflection coefficient associated with a discontinuous 
poc change (po being the density and c the sound 
velocity) and is given by the usual elementary calcula- 
tion, but that the second requires a treatment which 
recognizes the wave nature of sound. 

The analogous problem of reflection of electrons from 

* This work was performed in 1943 while the author was on the 
staff of the University of California Division of War Research, 
supported by OSRD under Contract OEMsr-30, and by the 
Bureau of Ships, Navy Department under Contract NObs 2074. 
Contribution from the Scripps Institution of Oceanography, New 
Series, No. 647. 


' Principles of Underwater Sound, NDRC Summary Technical 
Reports, Chapter 2, Fig. 5, p. 12. 


a region in which their velocity changes (i.e., a potential 
barrier) has been treated by Eckart.? By a change of 
notation these results can be applied immediately to 
give the smooth reflection coefficient for sound, as 
has been shown by comparison with a paper by Epstein.’ 
After a brief examination of the reflection from a sharp 
change, the results for the smooth case will be given 
and the smooth reflection coefficient r’ will be shown to 
depend in a simple way on the sharp reflection coefficient 
r, and on a parameter u defined below. 


II. REFLECTION FROM A SHARP VELOCITY CHANGE 


A discontinuous change in the sound velocity will be 
assumed at the boundary between two semi-infinite 
media, the velocity being c in the first and c’(=c+ Ac) 
in the second, with 6 and @ the glancing angles of 
incidence and refraction (Fig. 1). 

Snell’s law is 

c’ cosd=c cos@’ (1) 

for any ray, and the amplitude reflection coefficient is 
c’ sind—c sind’ 

or a -chacaaall (2) 
c’ sin6+c sin@é 


* Ocean Surface 
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Fic. 1. Sound at a sharp velocity change. 


2 Carl Eckart, Phys. Rev. 35, 1303-1309 (1930). 
3 Paul S. Epstein, “Effect of the Thermocline on the Propagation 
of Sound,” UCDWR, No. 5,(March 19, 1942). 
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Fic. 2. Fraction of energy reflected at normal incidence from a 
sharp velocity change (increase or decrease) of Ac. 


provided the densities of the two media are assumed to 
be equal, a justifiable approximation in considering the 
ocean. The sign of s is the same as that of Ac (i.e., 
positive for an increase in sound velocity along the 
incident ray and negative for a decrease). To a sufficient 
approximation, the energy reflection coefficient is r= s*. 
Replacing c’ by c+ Ac and assuming normal incidence 
(6=0’=90°), Eq. (2) reduces to s=Ac/2c and the 
energy reflection coefficient becomes 


r= (Ac/2c)? (3) 
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Fic. 3. Critical angle @, for various values of Ac and AT. 
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for normal incidence and is plotted in Fig. 2. The 
corresponding temperature change AT is also shown, 
and the reflected energy is seen to be down 60 or 80 db 
for ordinary values of AT. 

It is convenient to give the following formulas in 
terms of radians rather than degrees. For small values of 
6, Eq. (1) becomes approximately 


6’ =[@— (2Ac/c) }}, (1’) 
and the critical angle is given by 6’=0 or 
6.= (2Ac/c)}, (4) 


which is shown in Fig. 3. Using Eq. (4), the angle of 
refraction 6’ may be conveniently written 


2— Pp? (1’’) 


and is plotted in Fig. 4. The value of the reflection 
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Fic. 4. Relation between incident, refracted, and critical angles. 


coefficient is then approximately 
r= (6—6')"/(6+6')° (5) 


for small glancing angles. 

The curves in Figs. 5 and 6 show how r changes with 
the angle @ for various values of Ac. Figure 5 is drawn 
for a velocity increase. For a given Ac, it is seen that 
for @ less than the critical angle the reflection is perfect. 
Within several degrees of the critical angle the reflected 
energy drops off rapidly to very small values. In Fig. 6 
the reflection takes place at a velocity decrease, and 
there is no critical angle. The reflection is perfect only 
at grazing incidence (@=0°) and drops rapidly to small 
values (1 percent or less) as the glancing angle increases 
to 4° or 5°. 

It should be mentioned that the reciprocity theorem 
holds; i.e., the reflection coefficient is independent of 
the direction of propagation along a given path. Thus, 
suppose sound from below to be incident on a stratum 
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at an angle of 3° with the horizontal, with the trans- 
mitted ray emerging above at 4°, then the theorem 
states that the reflected energy will be the same 
fraction of the incident energy as if the sound were 
incident from above at 4°, with the transmitted sound 
emerging below at 3°. 

It may be concluded that good reflection from strata 
with sharp temperature changes occurs only when the 
ray angle with the horizontal is very near the grazing 
angle on the high velocity side and less than or equal to 
the critical angle on the low velocity side. 


III. REFLECTION FROM A SMOOTH VELOCITY 
CHANGE 
In general, it may be assumed that the velocity of 
sound changes somewhat as shown at the left of Fig. 7. 


o ” 2 Ri 
100 






































T - 
| Velocity - Depth 
} Function 
50 C's C+aC } 50 
(AC Positwe) 
Tronsmitted 
“f — 
Incident Reflected 
10 +— 90 
»v 
2 
s° s 
& w 
= 
G 3 O*4C (FI/Sec) 3 
= .2 Ee 
: H 
ve 
s & 
a e 
. 99 
S$ 
is) 
as 
oz \ 
| N\ 
| 
ou 4 — 999 
o F ad Fad e s° 


Glancing Angle (8) 


Fic. 5. Percent reflected energy from sharp velocity increase. 


Sound of a single frequency rises from z= — © through 
the layer of velocity change v(z) (whose thickness is 2d) 
towards the surface and z=+ 0. The velocity-depth 
function shown is given by 


v?= (c+Ac)?+ 2Ac{c[1+exp(2z/d)]}“. (6) 


The coordinate z is measured upward from the center of 
the layer. Outside this layer the velocity approaches 
the limiting values c and c’(=c+Ac) very rapidly. The 
situation, therefore, approximates the assumption of 
relatively constant velocity in each of two semi-infinite 
media which are separated by a stratum of changing 
sound velocity. 
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Fic. 6. Percent reflected energy from sharp velocity decrease. 


The smooth amplitude reflection coefficient s’ is then 
a function of the sharp reflection coefficient s (associated 
with the same Ac and @) and of the variable 


u= (2rd/d)siné, 


\ being the wavelength of the sound. (The differences in 
wavelength in the two media may be ignored for present 
purposes.) The energy reflection coefficients are then 


y=s? and 9’=s", (7) 
With these definitions 

s’=sinh[us/(1+s) ]/sinh[/(1+s) ], (8) 
and has the same sign as s. 
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Fic. 7. Sound at a smooth velocity change. 
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Fic. 8. Sharp and smooth amplitude reflection coefficients. 


Figure 8 is a graphic presentation of Eq. (8), showing 
s’ as a function of s for various values of wu. All of the 
curves pass through the origin, and s’=1 corresponds 
to s=1 for all values of u. In general, an increase in u 
produces a decrease in s’, this decrease being markedly 
greater for negative values of s than for positive values. 
This asymmetry does not imply a departure from the 
reciprocity principle, since the value of « is partially 
determined by the angle of incidence, but is independent 
of the angle of refraction. 

In Fig. 9, r’ is shown at a velocity increase for two 
values of 2d/X (the layer thickness in wavelengths), 
with curves for the sharp reflection coefficient (r) 
repeated from Fig. 5 for comparison. Figure 10 shows 
the corresponding r’ and r curves for a velocity decrease. 

The variable « has a simple significance. If A is a 
point at the center of the transition layer and B a 
point vertically above (or below) A at the distance d, 
then u is the phase difference (in radians) of the sound 
wave at A and at B. Hence, the layer can be considered 
as an abrupt change whenever this phase difference is 
small, but it must be treated as a smooth change when 
this difference is large. 

It will be seen that when s=+1, corresponding to 
perfect reflection at a sharp velocity increase, the 
sinh arguments become equal in Eq. (8), giving a 
smooth reflection coefficient of one. At a sharp velocity 
decrease the reflection is perfect (s=—1) at grazing 
incidence (@=0), making u=0 and again giving a 
smooth reflection coefficient of one. Thus, whenever the 
sharp reflection becomes perfect the smooth reflection 
also becomes perfect. Two results are thus reached for 
the smooth velocity change: 


1. At grazing incidence the reflection is perfect. 

2. At any velocity increase (Ac) of the form of Eq. 
(6), there will exist a critical angle which is 
identical with the critical angle associated with an 
equal discontinuous velocity change. 


R. 
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It can be shown that if a ray has a smaller glancing 
angle of incidence than this critical value, it will have a 
vertex within the stratum of change and the ray will 
curve back. The existence of a critical angle for reflection 
at a smooth velocity change is therefore consistent with 
refraction theory. 

The calculation of r’ is simplified by using the various 
graphs given above. From Fig. 3, the value of @ can 
be obtained for a given AT or Ac. Figure 4 simplifies 
the calculation of 6’ from @ and @., whereupon 


s= (0—0')/(0-+0’). (9) 


Knowing the value of « and s, s’ can be obtained from 
Fig. 8. The accuracy thus obtained is sufficient for 
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most purposes, except when s is very small. In this case, 
Eq. (8) reduces to 
(10) 


The function «/sinhu decreases very rapidly with 
increasing “, and is given in Table I. It is seen that s’ 
and s have the same order of magnitude only for small 
values of u. 


s’=us/sinhu. 


IV. APPLICATION AND GENERALITY OF RESULTS 


The glancing angles usually encountered in echo 
ranging are less than 5°; small values of @ are therefore 
of primary interest. It can be seen at once from Figs. 5, 
6, 9, and 10 that the reflection for such angles may be 
far from negligible. 
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Reflection from a Single Layer 


To illustrate the magnitude of the smooth reflection 
from a single layer, two typical examples involving 
upward and downward refraction were calculated 
(Figs. 11 and 12). 

In Example 1 the projector is in an isothermal layer 
extending from the surface to a depth of 50 ft. Owing to 
pressure the velocity increases with depth in this layer, 
being 0.9 ft/sec greater at 50 ft than at the surface 
and giving rise to mild upward refraction of the sound 
field. The various rays are incident upon a layer in 
which the velocity decreases according to Eq. (6). The 
reflection coefficient for 24-kc sound is calculated for 
several layer thicknesses and for two values of Ac (— 10 
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Glancing Angle (8) 


Fic. 10. Percent reflected energy from smooth velocity decrease. 


ft/sec and —1 ft/sec) corresponding to a temperature 
decrease of about 2°F and 0.2°F, respectively. An 
isovelocity layer lies below the reflecting layer. The 
reflection coefficient increases with range from very low 
values at short ranges until it reaches one for the ray 
which is tangent to the top of the reflecting layer at 


D (Fig. 11). 


In the second example (Fig. 12) a negative velocity 
gradient causes downward refraction in the top layer 
and, at a depth of 30 ft, the sound (again 24 kc) is 
reflected from the layer of change. The same values of 
Ac and 2d were used. Here it will be seen that the best 
reflection occurs at B for sound traveling along the 
axial ray (which leaves the projector horizontally), 
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since this ray has the smallest glancing angle of in- 
cidence. Beyond the point B, the reflection drops off , 
with increasing range until it reaches a small value at 
D for the limiting ray which is tangent to the surface. 
Inside the axial ray the reflection decreases more rapidly 
and drops to extremely small values for short ranges. 

In general the reflection will be greater for upward 
refraction than for downward refraction and also greater 
at a velocity increase than at a velocity decrease as 
assumed in the two examples. It should also be remem- 
bered that the same reflection coefficient will again act 
on a returning echo from a target below the reflecting 
layer, so that the echo intensity will be lowered by a 
factor of (1—r’)? from the value to be expected if the 
reflection is ignored. 


Reflection from Many Layers 


If the velocity depth curve is a series of steps ran- 
domly spaced and consisting of m alternate high and 
low gradient layers, the reflection coefficient is p, where 


o/(1—p)= ‘ rs/(1—re), (11) 


r, being the reflection coefficient at the top of the kth 
layer. If 7; is small compared to one, Eq. (11) becomes 
approximately 


p= 2 re (12) 


As the sound traverses the layers, the glancing angle of 
incidence increases and the reflection coefficient de- 
creases rapidly. In general, therefore, only the first few 
layers need be considered in summing Eq. (12). 


Generality of Results 
In Fig. 13 three velocity-depth functions are shown: 


1. The first (“exponential”) is the form given by 
Eq. (6), used in calculating the smooth reflection 
coefficient. 

2. The second (‘‘observed’’) has the form indicated 
by certain temperature data. 

3. The third (‘‘hyperbolic’’) is a more gradual change 
than either of the others. 


TABLE I. Values of u/sinhu. 











u u/sinhu 
0.0 1.0 
1.0 0.85 
2.0 0.55 
3.0 0.30 
4.0 0.15 
5.0 0.067 
7.0 0.013 

10.0 0.001 
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Fic. 12. Example 2—Reflection with downward 
refraction for 24-kc sound. 


The main difference in the first and last forms lies in 
their asymptotic approach to the constant values c 
and c’. The first is exponential, and the third is approx- 
imately hyperbolic in form. There are theoretical 
reasons for believing that the latter is much less effective 
in reflection. However, it is evident that the exponential 
is the better approximation to the observed form, since 
the data indicate an abrupt rather than a gradual 
change from low to high gradient. It is, therefore, 
reasonable to believe that the calculated reflection from 
the assumed exponential is a conservative estimate of 
reflection to be expected from the observed change. 


V. CONCLUSIONS 
The principal results may be summarized as follows: 


1. For normal incidence the reflection is very small 
and depends only on the total velocity change. It is 
independent of whether the velocity is increasing or 
decreasing. For a layer thickness up to a third of a 
wavelength the reflected energy is 60 db below the 
incident energy for a velocity change of 10 ft/sec 
(corresponding to a temperature change of about 1°C); 
it is 80 db down for 1 ft/sec (0.1°C) and 100 db for 
0.1 ft/sec (0.01°C). The reflection then drops very 
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rapidly with increasing thickness, being about one-tenth 
the values above for a thickness of one wavelength 
and about one-hundredth for a thickness of two 
wavelengths. 

2. When the incident sound encounters a velocity 
decrease the reflection becomes perfect as the glancing 
angle of incidence decreases to zero. The reflection 
drops very sharply for increasing glancing angle. 

3. At a velocity increase the familiar critical angle 
exists, and its value depends only on the total velocity 
change, not on the wavelength or layer thickness. 
For glancing angles less than the critical angle (which is 
of the order of 1° for commonly found temperature 
changes), the reflection is perfect, regardless of wave- 
length and layer thickness. As the glancing angle 
increases a degree or two above the critical values, 

EXPONENTIAL 


OBSERVED HYPERBOLIC 

















(Wy) (2) (3) 


Fic. 13. Various velocity depth functions. 


the reflection drops very sharply (from 100 percent to 
1 percent). 

4. In general, for either of the above cases, the reflec- 
tion drops off gradually with decrease in wavelength 
and increase in layer thickness. 

5. In general, a velocity change can be considered 
as abrupt whenever the phase difference of the sound 
at two points vertically above each other and on 
opposite sides of the layer is less than one radian. A 
formula is given which is valid when this phase dif- 
ference is greater than one radian. 

6. In echo-ranging with 24-kc sound, changes of 
temperature occurring in horizontal layers less than 
4 ft thick may usually be treated as abrupt since the 
sound rays generally approach the layers at small 
glancing angles of incidence. 
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A method is outlined for estimating the probability of detection for a pulsed radar, assuming a randomly 
modulated carrier. For a square law detector closed forms for the moments of the distribution of the envelope 
are presented in terms of three different choices of the distribution of carrier amplitude, thus leading to an 
Edgeworth series representation of the desired probability. At least one choice of distribution of the carrier 
amplitude leads to closed forms for the moments for the case of a linear detector. Curves of probability 
of detection vs signal-to-noise power ratio are constructed and cross checked by a method of numerical 


integration. 


I. INTRODUCTION 


ECENT papers by Marcum! and Kaplan and 
McFall? have discussed the statistical effect of 
receiver noise applied to radar range performance, 
assuming a constant amplitude carrier. The purpose of 
this paper is to extend the theory to include the case of 
a randomly modulated carrier. There are two simple 
mathematical procedures involved, the expansion of a 
bounded function by the asymptotic Edgeworth series 
and the numerical evaluation of a certain definite 
integral by the Simpson process. 
A voltage consisting of a sinusoidal wave plus 
random normal noise may be represented as 


V(tj)=A cos wt+Vy(t). (1) 


Rice* has shown that for A constant the probability 
density function associated with the envelope R is 


R442) (RA 
_frinee(—2*4)n(@), ren 
f(R)= Ho me a 


0, R<0, 


where Wo is the noise power admitted by the filter of 
the system, Jo is the modified Bessel function of the 
first kind, zero order. It is understood that (2) applies 
for the case of the narrow filter; usually it is required 
that the width of the filter be approximately equal to 
the reciprocal of the pulse duration time. The pulsing 
is considered to be a sampling of the continuous random 
variable R, the interval between pulses taken large 
enough for the successive values of R to be independent. 

A more elaborate analysis by Middleton‘ has shown 
that (2) holds true for the general case where A is a 
function of time, random or nonrandom, provided the 
average is taken over all possible values of A. The case 





a The original unrevised manuscript was received October 27, 
52 

‘J. I. Marcum, A Statistical Theory of Target Detection by 
tg Radar: Mathematical Appendix (Rand Corporation, RM- 

3, 1948). 

?S. M. Kaplan and R. W. McFall, Proc. Inst. Radio Engrs. 39, 
56-60 (1951). 

*S. O. Rice, Bell System Tech. J. 23, 282-332 (1944); 24, 
46-156 (1945). 

‘D. Middleton, Quart. Appl. Math. 5, 445-498 (1948). 


where A(t) is random is, of course, of greatest interest 
in the radar problem. It is necessary to assume several 
logical (and elementary) forms of the probability 
density function associated with A(t), say p(A). In 
terms of the dimensionless variables, 


y=A/po', x=R/po', OSx,y< om, 
the formal representation of the probability density 


of the envelope of a randomly modulated carrier in the 
presence of normally distributed receiver noise is 


f(x) =x exp(—22/2) f p(y) exp(—3*/2)fo(ay)dy. (3) 


The criterion of system performance is equivalent to 
those defined by Marcum, Kaplan, and McFall. That 
is, a signal is said to be detected at the instant of a 
pulse return if the received envelope of signal and noise 
exceeds a predetermined bias level, say xo. Hence the 
probability of detection of a single pulse is 


Pill. a= f flxdde 


-f x exp(—s/2) p(M,, o1, y) 


Xexp(—y*?/2)Io(xy)dydx, (4) 


where the M, and the a, are the mean and the standard 
deviation associated with the probability density func- 
tion p(y). The choice of xo depends on the prescribed 
false alarm time, the average time interval between 
false target indications in the absence of signal. Mathe- 
matically, the no signal case corresponds to the 
limiting case 

lim — p(Mi, 01, y)=4(y), (5) 

M1,01->0 

where 6(y) is the well-known Dirac delta-function. 
The criterion of choice of bias propounded by Kaplan 
and McFall is, therefore, 


lim P(M,, 01, Xo) 


M1,01-0 





. 1 
. f x exp(—a2/2)dx=——, (6) 
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where Jf is the filter band width, ¢ is the false alarm 
time, f, is the fraction of time between successive 
pulses that the receiver is gated on. The corresponding 
criterion of Marcum is only slightly different. 

The evaluation of the probability of detection for a 
given set of parameters depends on carrying out the 
integration in (4). Cramér® has thoroughly discussed 
the problem of the most advantageous representation 
of a function of probability density type and the 
corresponding distribution function. Let g(t) be any 
probability density function of the standardized 
variable ‘= (x—M)/o, which has zero mean and unit 
standard deviation. The Gram-Charlier orthogonal 
function expansion is 


2 Cn 


s= dL —o™(), (7) 
n=0 n! 
where 
g(t) = (24)-! exp(—#/2), 
d” (8) 


eo” O®=—e)=(-1)"H. Oe. 
dt” 


The H,(¢) are the Hermite polynomials, orthogonal 
with respect to the weight function ¢(¢). By repeated 
integration by parts 


n!, m=n, 


f H,.()Hn(b) e()dt= . (9) 


cm , men, 





1 1 10 
g(t)= e()—— Bae la al O+— Bie (t) 
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so the coefficients in (7) are determined by 


x 


Cn=(— yf H,,(t)g(é)dt. 


(10) 


This means that each c, is a linear combination of the 
central standard moments 8, of g(x), with, in particular, 
¢, and c.=0. In practice, for any g(x) it is usually 
necessary to first find the moments a, and the central 
moments pn: 


a,= E(x")= fescoas, 


pn=E(x—a)"= f (x— a)"g(x)dx, (11) 


" n 
p2!"Bn=un= DL (— »*( Janse 
k=0 k 
where M=a, and o=y,!. The integration in (11) is 

understood to be over the entire range of x. 

In spite of the simplicity of the above Gram-Charlier 
A series expansion, Cramér points out that an asymp- 
totic series development due to Edgeworth requires 
less calculation for expansion of g(x) to a given order of 
magnitude. This new series is a rearrangement of the 
terms in (7), 


) 


1 35 280 
—— @Bs— 1083) ¢ (¢) 7 PaBe— 3) e ()-— BF ed), (12) 
J: H ! 


where the terms in each line are the same order of 
magnitude. It is usually better not to go beyond the 
third line in (12). 

Returning to (4) the probability of detection takes 
the form 


P(M,, 01, “=f f (x)dx 


o ¢ 


=0.5— 9 (t) -—E —e" (tr), (13) 


n=3 n! 


where fo= (xo— M)/o and the c, are defined in terms of 
the central standard moments according to (12). Here 
gy‘ (t) is the error function; volume 23 of the Annals 
of the Computation Laboratory of Harvard University, 
“Tables of the Error Function and of Its First Twenty 
Derivatives,” is quite sufficient for all possible calcula- 
tions. Once the moments for single pulse detection are 


5H. Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946). 


9 





found, it is easy to obtain the corresponding 8, for the 
detection of V integrated pulses. Let Z be a new random 
variable, 


t= y Xi; (14) 


where each x; is independent and distributed according 
to (3) with mean a; and standard deviation pu,'. The 
moments corresponding to the new variable are 


N 
&,= E(z)=>- E(x;)=Nay, (15) 
i=1 
N 
jin= E(Z—G&)"=E[> (x;— a) }". (16) 
i=1 


Bearing in mind that any difference x;— a, has a mean 
of zero, 


M= 


E(x;— a)*= Nu, (17) 


= 


:~) 


i=l 


N 
s= LL E(xi—a)*= Nuys, (18) 
i=1 


:~) 
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but 
N 
a= =2 E(x:— a)'+6E[ (a1— a1)? (%2—0)?-++ oe 
+ (x1 an)*(ey—11)"] 


N 
= Nut of Jas. (19) 
Hence, the Edgeworth coefficients for £ would be 
obtained from 
B;=N-%8;, Bs=N“B,+3(1—N“). (20) 


Marcum discusses several methods for the evaluation 
of bias level for this case. 


II. SQUARE LAW DETECTOR 


A choice of square law detector leads to quite simple 
closed forms of the a,. The substitution u=2*/2 
changes (3) to the form 


f(u)= exp(—) fi p(y) exp(— y?/2)To(y(2u)*)dy. (21) 


The easiest method for obtaining the a, is to apply 
the Laplace transformation: 


Fo)= f exp(—su) f(uddua (s++1)~ f p(y) 


sy’ 
x _ ) >0 22 
xexp( Tan)” s>0, (22) 


n= E(u") = (—1)"F (0). (23) 





where 


The interchange of the order of integration in (22) and 
the evaluation of F“(s) for s=0 in (23) are justified 
since f() is by definition a probability density function. 
Rather than to evaluate the mth derivative of F(s), it 
is better to expand F(s) in a Taylor series, 


- a,s” 
F()=L —, (24) 
n=0 
where 
an= (—1)"an. (25) 


Straightforward algebraic manipulation leads to a 
general formula, 


n\ y* 
a,=n! oh x ( st (26) 


2*k! 


A. Normal Law 


Further progress requires definite assumptions about 
p(y), the probability density function associated with 
the carrier amplitude. For the normal law case 


rym Bee - 2 
“ 2a? ) (27) 


Ba(x/2)[1+2¢— (yo/a) ]=1. 





This is an example of a truncated distribution, necessary 
because the amplitude of the carrier is essentially 
positive. After an obvious change of variable, r= a/yo, 


2k 


| l/r n n y 
a= nIBay f exp(—2?/2) >> )sa(—reyhde 
LJ, imo \p/ 2k! 


+f exp(—.?/2) x f "(1+ ra)ds (28) 
0 2 


The integration is simple but tedious: 


Pe ( Vo 
=n ("roan 


+ Ba exp(—1/2r*)Sox_1(r)], (29) 


where 
etl (30) 
Vor f)\= —— 30 
oe 0 241(2k—23)! 
S“\(r) =0, (31) 


2k 
Soxa(rh=rt+r ( ) 
i=1 L\2i+1 


x > (2i)(2i—2)- + « (2é-+2—25) 4 
j=1 


2k i 

-( . )z Qi+1) 
2i+2/ i=1 

x (—1)--: Qi+3— apr) 


k=1,2,---,m. (32) 


Note that Qa (r)= (— 1)*r**H(i/r). The second part of 
the a, would be quite negligible for small values of r. 
Given specific values of the bias level up (=2,?/2) and 
the parameter r, the probability of detection could 
be obtained from (13) as a function of the signal to 
noise power ratio z. 

It is interesting to*note that since 


(y— yo)? 
)=80-»), (33) 
2a? 


the Marcum formulas for the moments of the constant 
amplitude carrier follow at once from (26). A similar 
result is possible for the other two forms of p(y) 
discussed below. 





lim B exp(- 
a—0 


B. Gamma Distribution 


A choice of 


y™* exp(—y/b) 
p(y) = i 
bl’ (m) 





O<y<x0, O<m, (34) 
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leads at once to 








ni! nn (/n\T(2k+m) 
an= yi ( ) ——}?* (35) 
I'(m) k=0 \k 2*k! 
where 
z= E(y*/2)=m(m+1)b?/2. (36) 


C. Square Root of the Sum of Squares Distribution 


Cramér (reference 5, p. 236) has shown that the 
distribution in question is defined by 


2y*" exp(— y*/2c*) 





p(y)= —, O<y<x, O<g. (37) 
20/2cal' (g/2) 
This choice of p(y) leads to 
n! n (n\V(k+q/2) 
I'(g/2) 0 \k k! 
where 
z= E(y*/2)=qc*/2. (39) 


III. NUMERICAL EVALUATION 


As indicated by (4) the probability of detection is a 
function of the bias level x» and the mean M, and 
standard deviation ¢, of the probability density function 
p(y). If the ratio M,/o; is taken constant the straight- 
forward application of the Edgeworth expansion of 
(13) yields curves of the probability of detection vs 
signal-to-noise power ratio z. It was found that for the 
ratio M,/o,=2,4,6, and w= 14 the resulting curves of 
P(z, uo), 0<2z< 100, are very insensitive to the choice of 
p(y). Hence in Fig. 1 only the normal form of p(y) is 
included. The case M;/o,= © is, of course, the Marcum 
or Kaplan and McFall case: 

lim P(M,, o1, Xo) =exp(— yo?/2) 


a) 
x f x exp(—.2°/2)Io(xyo)dx 


= 1—F (uo, Vo), (40) 


where vo= yo?/2 and 


F(x, y)=exp(—y) f exp(—#)Io(2(yt)))dt, (41) 
0 


STONE 


which has been extensively tabulated by the U. S. 
Bureau of Mines.® 

An alternative procedure is the straightforward use 
of numerical integration to evaluate 


P(M,, o1, Uo) = i-f p(y) F (uo, v?/2)dy. (42) 


In all cases considered there was excellent agreement 
between the Edgeworth series and numerical integration 
results. At least for M,/o,=2 it was essential that the 
asymptotic series be cut off with the ¢®(/) term. 


IV. LINEAR DETECTOR 


In general there seems to be no simple form for the 
moments in the case of a linear detector. The results of 
Rice and Marcum are quickly extended to the randomly 
modulated carrier case: 


a,=2"?T (1+n/2) 
x f p(y) iFi(—n/2; 1; —y?/2)dy, (43) 

0 

and, in particular, 


a= (rs) f p(y) exp(—y"/4) 
0 


XL(y?+2)Io(y?/4) +950 (y2/4) dy. (44) 


The hypergeometric function is defined by the series, 


« (ad), x" 
iF (a; 6; x)= >> ——, 
n=0 (b), n! 
(a),=a(at+1)---(a+tn—1), (a)o=1. (45) 
Note that ,F;(—n/2; 1; —y*/2) is a finite polynominal 
if m is a positive even integer, and that for m otherwise 
the series converges for all values of y. Use of the first 
four lines of the Edgeworth series (12) requires that 
n in (43) take values from 1 to 5. For the three choices 
of p(y) the even moments are easily found in closed 
form, but the odd moments may require numerical 
evaluation of the integrals in (44), (46), and (47): 


a3=3(4 yf p(y) Ly" 1(— 1/2; 2; —y*/2) 
0 
+2:F1(—1/2; 1; —y?/2) Jdy 


= (x/8)! f p(y) exp(—y*/4)L*+6y?+-6)I0(y?/4) 


+y?(y?+4)li(y?/4) Jey, 


® Brinkely, Edwards, and Smith, Table of the Temperature 
Distribution Function for Heat Exchange Between a Fluid and a 
Porous Solid (U. S. Bureau of Mines, Pittsburgh). 


(46) 
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and 
15 * 
a= (4/2) f P(y)Ly4iF 1 (— 1/2; 3; — 9/2) 
0 


+8y?,F)(—1/2; 2: —4? /2) 


+8,F;(—1/2; 1; —y?/2) ]dy 
= (n/a f p(y) exp(—y?/4) 
0 , 


XL (y®+ 14y4+45 92+ 30) Jo(92/4) 
+ (y+ 12y4+23y°)I1 (92/4) dy. (47) 


Middleton and Johnson’ have tabulated the hyper- 
geometric functions above, while the Bessel functions 
are tabulated in Watson.*® 
This numerical procedure would be mandatory for 
all a, in the case where p(y) is obtained only in tabular 
form. For p(y) in analytic form there seems to be no 
closed formula for the odd moments, except for the 
case (C) in Sec. II. After an obvious change of variable 
the square root of the sum of squares form of p(y) 
would yield 
2"*P (1+n/2) r* 
«,.2=———_———_- f ube! 
cr (q 2) "0 
Xexp(—u/c?),F\(—n/2;1; —u)du. (48) 


Use of the Laplace transform pair of Van der Pol and 
Bremmer® (p. 399) leads to 


a,=2""*T(1+n /2)oF\(—n ae q a; bs —<¢*), 


0< <1, (49) 
where 
x (a),(b), x” 


oF (a,b; ¢; x") = ixi!<1. (50) 


n=0 (C),, n! 


Since c? may exceed unity for large values of signal-to- 
noise power ratio it may be necessary to use the analytic 


7D. Middleton and V. Johnson, Cruft Laboratory Tech. Report 
No. 140, Harvard University, 1952. 

8G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, Cambridge, 1950). 

*B. Van der Pol and H. Bremmer, Operational Calculus (Cam- 
bridge University Press, Cambridge, 1950). 
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extension form of Whittaker and Watson” (p. 289): 
oF \(—n/2, g/2; 1; —c*) 


n+q 
r(-— 
2 


@/2) ( n+2 
y q/ ly ao ) 
2 
n+q 
xeraFi( =n /2, —n/2;1-- -" —1 e) 


u+q 
C2) 
2 


seein. 2 
r(—n/ar(7—) 
2 


n+q 
xeni( 9/2, q/2; itt, —1 a). 








Vv. CONCLUSIONS 


From Fig. 1 it appears that the random nature of 
signal amplitude may have an important effect on the 
probability of detection by a single pulse. This effect is 
exaggarated if the over-all criterion of detection is 
such that only one pulse return out of many must 
exceed the bias level. Admittedly, there has been little 
information published about the nature of the distribu- 
tion of amplitude of signal return from a target, but the 
calculations described above seem to show that the 
probability of detection is quite insensitive to the form 
of the distribution. 
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A new continuous ultrasonic viscometer employing a pulsed resonant exponentially damped magneto- 
strictive strip is described and treated theoretically. Properties of viscoelastic materials affecting the propa- 
gation of transverse elastic waves are derived and are related to the response of the viscometer. Typical! 
applications of the use of the ultrasonic viscometer are presented. 


I. INTRODUCTION 


ONTINUOUS viscosity measurement has long 
been a neglected but highly desirable instrumenta- 
tional objective. In research and development, untold 
hours have been spent in measuring viscosity using 
point-by-point methods while following temporal vis- 
cosity functions during change of temperature, pressure, 
the composition of the materials being measured, etc. 
In production, many processes have been controlled on 
a temperature/time basis rather than a preferred vis- 
cosity basis owing to the lack of a suitable continuous 
viscometer. An even more serious production limitation 
has been the necessity for using batch techniques, when 
continuous flow methods could have been utilized if a 
satisfactory continuous viscometer had been available. 
For high precision in the laboratory, flow through 
capillaries, flow through calibrated orifices, velocity of 
falling weights, drag forces on rotating or linearly 
moving elements, and the like are all methods which 
have been used to measure viscosity. When single 
measurements of high accuracy are desired, these tech- 
niques have often proved satisfactory. For use with 
non-Newtonian materials,' even these elementary forms 
of viscometers must be used with caution since the gross 





Fic. 1. The ultrasonic viscometer showing probe and 
electronic computer. 


* Presented at the Annual] Meeting of the Society of Rheology, 
Franklin Institute, October 30-31, 1952. 

1In this paper, a non-Newtonian material is one for which rate 
of shear is not directly proportional to shear stress as the magni- 
tude and/or the frequency of the shear stress is varied. Effects 
of frequency are included in this definition, since some materials 
showing no measurable non-Newtonianism owing to variations in 
magnitude of shear stress do exhibit change in viscosity as fre- 
quency of shear varies. Some silicone oils behave in this way. 


macroscopic motions which are inherent in all these 
methods affect the properties of the materials being 
measured. 

Thus, the need for specification of flow velocities, 
orifice sizes, angular velocities of rotating members, 
etc., i.e., the need for specification of rate of shear or 
velocity gradient imparted to the material being meas- 
ured by the measuring instrument, itself, has been found 
to be an essential characteristic of such viscometers. 

For most production control requirements, the high 
accuracy and precision that are often essential in the 
laboratory when making single measurements can be 
relaxed somewhat if an automatic and continuous 
method is available. The few such viscometers employed 
in the past included elements such as rotating members, 
orifices, capillaries, and moving plungers. Over limited 
ranges of temperature and pressure and simple applica- 
tions with materials that do not clog the elements of 
these instruments or in which the disturbing influences 
of the viscometers themselves are unimportant, these 
methods have been useful. For the greater number of 
production control and research problems, however, the 
many practical difficulties involved here obviate the use 
of such techniques. 

A new continuous ultrasonic viscometer’ that utilizes 
the interaction of ultrasonic elastic waves with the 
materials in question to measure viscosity has been 
evaluated over the past two years by many industrial 
firms and research" institutions. 

It has proved tobe satisfactory for a large number of 
different applications ranging from the control of 
polymerization in the plastics industry to the quantitive 
study of blood coagulation for medical research and 
clinical use.’ 


II. DESCRIPTION OF THE ULTRASONIC 
VISCOMETER 


The ultrasonic viscometer comprises a small probe, 
an electronic computer and a connecting cable as shown 
in Fig. 1. This photograph illustrates the standard 
laboratory model. The basic probe is about the size of a 


2 Ultra-Viscoson, developed by the Rich-Roth Laboratories, 
Hartford, Connecticut, manufactured by Cincinnati Division, 
Bendix Aviation Corporation, Cincinnati, Ohio. 

3 Yesner, Hurwitz, Rich, Roth, and Gordon, Yale J. Biol. 
and Med. 24, No. 3 (December, 1951); Hurwitz, Yesner, and 
Cooke, Lab. Investigation 1, No. 4 (January, 1953). 
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NEW METHOD 
fountain pen, although both smaller and larger units are 
constructed to meet specific requirements. A stainless 
steel tube is the housing for a magnetostrictive trans- 
ducer. Ultrasonic vibrations are excited by an electrical 
signal from the computer in a strip of special magneto- 
strictive alloy projecting from the end of the hermeti- 
cally sealed tube. When the probe is immersed in a 
liquid, the metal strip acts as a source of transverse or 
shear elastic vibrations which radiate into the liquid. 
As will be seen in the succeeding sections, the vibrations 
in the strip are damped in accordance with the elastic 
and dissipative properties of the material being meas- 
ured. 

The probe is connected to the electronic computer by 
a cable which can be as long as one mile. The computer is 
an analog type in contrast to the digital, and its function 
is to produce an electrical output which is a function of 
viscosity X density. 

The characteristics of the ultrasonic viscometer that 
lead to its wide applicability are listed below. These are 


(1) Automatic, continuous—no moving parts. 

(2) All metal—hermetically-sealed probe. 

(3) Continuous operation from — 190° to +650°F. 

(4) Continuous operation from vacuum to 1000 psi; Special 
probes can be constructed for any pressure. 

(5) Standard full-scale ranges are 0-1 to 0-50 000 cpsXg/cc. 

(6) Probe and computer can be separated by as much as one 
mile. 

(7) Full reading obtained with 2 cc sample or larger. 

(8) Once fully immersed, additional immersion does not affect 
reading. 

(9) Not affected by flow of material or mechanical vibration, 
unless properties of material are affected by such treatment. 

(10) Accuracy better than +2 percent of full scale below 1000 
better than +5 percent of full scale above 1000. 

(11) Reproducibility better than +1 percent of full scale over 
all ranges. 

(12) Response time less than 1 _ second. 

(13) Probe is passive element—ultrasonic energy does not 
affect material since peak displacement amplitude is less than } 
micron. 

(14) Probe readily installed in kettles, pipe lines, reactors, etc. 
or used with laboratory glassware. 

(15) High corrosion resistance. 

(16) Output de millivoltage provided for actuating recorder/ 
controllers. 

(17) Multiplicity of probes can be used with one computer. 

(18) Temperature compensation to correct for viscosity change 
caused by temperature variation is readily accomplished. 

(19) Can be used to measure properties of films as well as 
material in bulk. 


III. GENERAL THEORY OF THE PROBE 


The most important element of the complete ultra- 
sonic viscometer system so far as the theory is concerned 
is the thin narrow rectangular metal strip which can be 
seen in Fig. 1 projecting from the cylindrical barrel of 
the probe. In all models, both dimensions of the cross 
section of the strip are very much smaller than the 
length. The thickness and width of the strip are very 
much less than one wavelength of the elastic vibration 
which is excited by an impulsive signal from the com- 
puter. Consequently, if the strip is in a vacuum (or air) 
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Fic. 2. Section of probe blade. 


so that the movement of its surface is unimpeded, once 
an elastic disturbance is established, it will propagate 
along the strip with a velocity of propagation equal to 
the so-called “long bar’’ velocity.‘ If internal losses are 
negligible, the disturbance will propagate along the strip 
without suffering any attenuation. If this same strip is 
now immersed in a viscous liquid, its surfaces are no 
longer unimpeded—the velocity will be reduced, and 
the elastic disturbances will be attenuated as it propa- 
gates along the strip. The viscometer operates by 
measuring the attenuation of an elastic wave which is 
magnetostrictively induced in the metal strip of the 
probe as a function of time. The relations between the 
characteristics of the viscoelastic medium and the 
probe output are derived in the following sections. 

We consider a section of a rigid strip dimensioned as 
shown in Fig. 2. We wish to obtain expressions for the 
amplitude of particle vibration for a compressional 
plane wave traveling in the x direction that is impulsive- 
ly excited as functions of the boundary conditions at 
the surfaces of the strip consistent with the condition 
that dw. This latter fact immediately simplifies the 
problem since we need only concern ourselves with 
boundary loading effects on the two flat surfaces 
parallel to the xz plane—the ends and edges of the strip 
have negligible area compared to these, so will affect the 
results to a negligible degree. 

With the strip in a vacuum, for a compressional plane 
wave in a rigid medium and for an infinitesimal volume 
of material, we can write 





OE AX, 
Px =— (1) 
OP ax 
and 
dg 
X= E—, (2) 
Ox 


‘ Velocity of propagation of compressional! elastic wave in a wire 
in which the diameter is very much less than one wavelength. 

5 The Ultra-Viscoson will operate with transverse waves polar- 
ized in the plane of the strip or with torsional waves if a round rod 
is used instead of a strip. The analysis is similar in these other 
cases, so only the compressional mode, which is the case of most 
immediate importance, is discussed here. 
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where p,,= density of strip, = particle displacement in 
x direction, and E= Young’s modulus. Obviously, the 
equation of motion, Eq. (1), must be modified to take 
care of general surface conditions other than vacuum 
loading, for if the strip is immersed in a medium other 
than vacuum, it will experience surface retarding or drag 
forces due to the reaction of the medium back on the 
strip. 

We will make the assumption that no slip or ampli- 
tude discontinuity exists at the interface between the 
strip and the viscoelastic medium.*® In this case, the 
surface loading is completely specified if we know the 
driving point impedance of the medium, i.e., the ratio 
of stress to particle velocity in the medium at the 
surface of the probe. Thus, 

i 
Zo= ’ 
dt/dt 





(3) 


where }',=shear stress in x direction on area normal to 
y axis. If we now consider an infinitesimal length of 
strip of unit cross-sectional area, by Newton’s first law 
and Eq. (3), we have 
. Zy od aE 
dx—=p»dx—, 
d at or 


Xspaz—Xz—2 





where d= thickness of strip (see Fig. 2). 
The factor 2 is required to take account of immersion 
of both flat surfaces of the strip. By introducing Eq. (2) 


: Ox: ; 
and noting that Xapas=Xet 3 dx for small dis- 


placements, we obtain the revised wave equation, 


et od aE 
— —mcat 


Cm ’ 


or ot Ox" 


where 

k= Zo/pmd 
and 

Cat E/ pm. 


This wave equation includes all effects due to the 
material in which the strip is immersed in the complex 
constant k. 

In order to solve this wave equation for the particle 
displacement, the actual boundary conditions that are 
imposed on the strip must be introduced. For many 
practical reasons beyond the scope of this paper, the 
strip is rigidly held at its center and only one-half of its 
length Z is immersed in the material to be measured. 
(The solution for the many other possible boundary 
conditions are readily obtained by following a procedure 
similar to that used here.) Since the strip is held at its 
mid-point, only solutions having a node at the center 
are permitted. The condition that only half the strip 
is immersed is readily handled by including only half 


* This assumption has proved to be true in all materials ex- 
perimentally examined, including even mercury. 


AND 


>. ZR. ERIC 
the damping term in the wave equation. This is an 
approximation that is strictly correct for small damping, 
but it introduces negligible error throughout the oper- 
ating range of the present instrument. We, therefore, 
must solve the wave equation 
at dé ot 
—+k—= —— (4) 
of = at Ox* 
for impulsive excitation consistent with the stated 
boundary conditions. 

The complete solution of Eq. (4) in terms of the real 
and imaginary parts of & is involved but straight- 
forward so it is not given here. The final result, the 
particle displacement at any point along the strip as a 


function of time, becomes 
nTx 





£(x,t) = Ee @- 8) sin——,  n=1, 3, --- (5) 
where . 
Ro . 
a=———[}({4*+ B}— A) } 
ZPm 
Xo 
= —-——+ [4 ((4°+ BY} 4-4) } 
2pmd 
Zo= Rot jXo= pmdk, 
and 


NTCm\" Xo \? Ro \* 

(PAS) 

L 2pmd 2pmd 
RoXo 


Bu——. 
2pmd? 





These are the general equations for the response of the 
probe in terms of the driving point impedance of the 
material in which it is immersed. The amplitude is seen 
to comprise a sinusoidal oscillation of frequency which 
decays exponentially with time. The amplitude of the 
damped oscillation is distributed sinusoidally along the 
strip with a maximum at the free end and a zero at the 
center. 


IV. DRIVING POINT IMPEDANCE OF 
VISCOELASTIC MATERIAL 


We are concerned in this section with the general 
relationships that govern the driving point impedance 
of a viscoelastic material that exhibits both viscosity 
and rigidity so that the probe performance Eq. (5) can 
be solved for any given material. 

Since little is known about the true viscoelastic be- 
havior of the huge number of industrially important 
non-Newtonian materials including emulsions, colloids, 
suspensions, slurries, high polymers, and the like, 
particularly as regards the variations of rheological 
characteristics over a wide frequency spectrum, a 
viewpoint must be adopted that will enable us to pro- 
ceed despite our limited understanding of the constitu- 
tion of the materials to be measured. In all the work 
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that follows, we will consider the problem from a 
phenomenological point of view. We arbitrarily will 
interpret all strains in the material that are in time 
phase with the applied stress as resulting from a single 
over-all rigidity coefficient function, and all strains that 
are 90° out of time phase with the applied stress as 
resulting from a single over-all viscosity coefficient 
function. Because any steady-state alternating strain 
can be resolved into these two time phase components, 
this approach does not reduce the generality of the 
analysis. 

In the general case, the particular rigidity and vis- 
cosity coefficients that can be used to describe the 
behavior of a viscoelastic material at one frequency 
differ from those at any other frequency. It follows, 
therefore, that the coefficients we will be using are 
functions of frequency. As we will treat operation over a 
limited frequency range, in order to simplify notation, 
indication of this functional dependence on frequency 
will in general be omitted. It is important to note that 
with non-Newtonian materials, the ultrasonic viscom- 
eter measures frequency dependent dynamic viscosity 
rather than simple zero frequency unidirectional flow 
viscosity. The synthesis of these frequency functions in 
terms of frequency invariant rheological constants is 
beyond the scope of this present paper, although it has 
been the subject of many earlier papers.’ 


A. Wave Equation and Properties of its Solution 


In accordance with this point of view, the shear 
stress, Y,, produced in a viscoelastic medium by a trans- 
verse elastic wave of frequency w traveling in the y 
direction is related to the shear strain by 


0g re 
Y,= e+ u) ’ 
dy dldy 


where g=g(w)=shear rigidity coefficient function, 
n=n(w)=shear viscosity coefficient function, and 
t=particle displacement in x direction. Since 





et OY, 
iis ’ 
oP ay 


where p is the density of the viscoelastic material, we 
obtain the wave equation governing shear wave propa- 
gation in a general viscoelastic material 


ve GE aE 
nd ars pO (6) 
oe ay até’ 


In order to solve this equation for the particle dis- 
placement corresponding to a particular frequency of 





7W. P. Mason, Piezoelectric Crystals and Ultrasonics (D. Van 
Nostrand Company, Inc., New York, 1950), chap. 14; Smith, 
Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949); J. D. Ferry, 
J. Am. Chem. Soc. 64, 1323 (1942); Ferry, Sawyer, and Ashworth, 
J. Polymer, Sci. 2, 593 (1947); T. Alfrey, and P. Doty, J. Appl. 
Phys. 16, 700 (1945) ; W. Philippoff, Physik. Z. 35, 884, 900 (1934). 
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particle vibration, we assume in the usual way £(y, é) 
=elveiv'’ where [' is the propagation function. It 
follows by straightforward substitution that 


jop 7 
r= +{ (7) 
n+¢/jw 
§=[AeTv+ Bel vei! (8) 
and ' 
Y2=T'(g+ jon)[— Ae + Be™ Jet", (9) 


Here the displacement £ is represented as the summa- 
tion of a wave traveling in the positive y direction and 
one traveling in the negative y direction with amplitude 
coefficients A and B, respectively. 

If no discontinuities are present in the medium so 
that waves, once excited, propagate outward from the 
source without being reflected, Eq. (8) becomes, 


E= foe Puei!, (10) 


where & is the displacement amplitude at y=0. 

Many of the important operating characteristics of 
the Ultra-Viscoson result from the nature of the 
propagation function, I’. By resolving I into its real and 
imaginary components, Eq. (10) becomes 


wip? 
E= fo exp| = ( 


) _ stan wn/g 
——— sin(——"*)»} 
gtwn ? 
pI tan“ wn/g 
xexp| jal ( ) cos(——"*) J. (11) 
g+wr? 2 


When written in this form, the first exponential factor, 
the attenuation term, clearly shows the frequency de- 
pendence of the attenuation, while the second factor 
shows the dispersive phase velocity when viscosity is 
present—velocity being a function of frequency. An 
important quantity which we will use later, is the skin 
depth 6 of the shear wave. We define 6 as the path length 
for the amplitude to fall to 1/e (36.8 percent) of its 
initial value—it thus becomes analogous to a similar 
quantity widely used in electromagnetic theory. In the 
general case, 


gore! | tan'(on/g) 
[fe] 


wp? 








The phase velocity c can also be readily obtained from 
Eq. (11). We have 


[a] [ne 
= yg wenn § 


C= 
p° 2 





In purely rigid materials »=0, these expressions 
reduce to the simple form, 


5,= 2 


Co= (g/p)}. 
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These will be recognized as the familiar expressions for 
propagation of plane shear waves in rigid solids. 
Similarly, for purely viscous materials g=0, we obtain, 


This special solution for viscous liquids was first studied 
by Rayleigh.*® 

The wavelength for these two special cases is simply 
obtained by use of the general relation \= 2rc/w. 


2r 
Ay= —(g/p)}, 


WwW 


X,= 2 (2n/wp)'= 276, 


and 


For the viscous case, the extremely rapid attenuation 
per wavelength can be seen from the last result. Only 
0.187 percent of the initial amplitude remains one wave- 
length from the source of excitation. It follows also that 
all particle vibration of any significant amplitude takes 
place well within } wavelength from the source of ex- 
citation and phase shifts greater than 180° are of no 
practical importance. 


B. Wave Impedance—General 


An important quantity termed the characteristic 
acoustic wave impedance 2 is the ratio of stress to 
particle velocity when either an outgoing wave or an 
incoming wave is considered acting alone. By letting 
B=0Oand A=0 in turn in Eqs. (8) and (9) and by differ- 
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_ Fic. 3. Driving point impedance of viscous film vs 
thickness in skin depths: g=0. 


®Lord Rayleigh, Theory of Sound Vol. II, p. 317 (Dover 
Publications, New York, 1945). 
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entiating Eq. (8), we have’ 


a. . g\}! 
=— = +| joo(o+—)], 
0&/dt jw 


where the positive sign is to be chosen for propagation in 
the positive direction, and the negative sign for propa- 
gation in the negative direction. For rigid materials, 
this reduces to the familiar expression, 





a 


(12) 


Z09= + (pg)'= pc, (12a) 
while for viscous materials, we obtain 
Zoq= + (won/2)(1+)). (12b) 


We note that for rigid materials the characteristic 
impedance is real and independent of frequency, so that 
the particle velocity is always in phase with the stress 
for a wave propagating either outward or inward. In 
viscous materials, the phase shift between these two 
components is 45°, while the magnitude increases as the 
+ power of the frequency. In the general viscoelastic 
medium, the phase shift can have any value between 
zero and 45° depending on the ratio wn/g. 

The effect that the liquid has on the probe for any 
general conditions can be wholly described if the acoustic 
impedance of the material at y=0 is known for the 
conditions assumed. If we terminate a given quantity of 
material by some arbitrary impedance Zz, located at 
y=1, by using Eqs. (8), (9), and (12), we can write 


zo AeT!— Be? "] 
Z1=2R2=-— : —— 
[AeT'4 Bel] 





Solving for the ratio B/A, we obtain, 


B =") 
pa etl. 
A l2ot+Zr 





(13) 


In general, the impedance at any point of the medium is 
given by 
AeTv— Bet 
z,-2| | 
Ae-Tv+ Bety 
Since we are particularly concerned with the impedance 
at y=0, the so-called driving point impedance Zo, we 
set y=0, and by substituting Eq. (13), after some trigo- 
nometric manipulation we find, 





1+ (Zo Zr) tanhI/ 
o= | (14) 


(zo/Zr)+tanhIl 


This expression completely describes the driving point 
impedance as seen by the probe in terms of the charact- 
eristic impedance of the medium, the impedance of any 


* The negative sign is introduced since acoustic wave impedance 
is usually employed with pressure rather than stress and, in 
accordance with usual sign conventions, a positive pressure 1s 
equivalent to a negative stress. 
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termination, and the position of this termination. This 
result is completely analogous to a similar well-known 
expression used in long line electrical transmission 
theory,” and therefore its solution for particular cases is 
greatly facilitated by employing graphical representa- 
tions such as impedance charts and circle diagrams long 
used in the communications field. 


C. Driving Point Impedance in Special Cases 


The response of the probe under some particular 
conditions will be discussed in a later section. In order 
to evaluate the operation of the probe, however, in 
accordance with Eq. (5), it is necessary to know the 
driving point impedance of the viscoelastic material in 
each case. In general, the probe is either immersed in an 
unbounded or infinite volume (several cc usually suffices 
for this purpose), or else it is employed to measure 
properties of bounded volumes or thin films. For the 
latter case, the bounding medium is usually air, so we 
can derive the driving point impedance for this case by 
setting Zr=0 in Eq. (14). Thus, the general expression 
for impedance when a gas or vacuum is the bounding 
medium becomes 


Zo= Rot+jXo=20 tanh, (15) 


where Ro=real part of impedance and X»= imaginary 
part of impedance. 


Case I: Zo of Rigid Material 


For an ideal rigid material having no viscosity, from 
Eqs. (12a), (7), and (15), we have, 


Ro=0 


Xo= (pg)! tan[wl (o/g)*]. 

The resistance is always zero and the reactance 
function goes through excursions from + through 
zero to — © as the argument of the tangent function 
goes through odd 2/4 values. The poles correspond to 
path lengths equal to odd values of \,/4, while the zeros 
occur for path lengths equal to multiples of \,/2. This 
isa simple case of resonance. Of course, for infinite path 
lengths, the resonances do not occur and we have 


and 


Ro= (pg)'= pc, 
and 


Xo=0. 
. Case II: Zo of Viscous Material 
® 
For a viscous material, from Eqs. (12b) and (7), we 
have, 


(=) rsinh26— sin26) 
2 


2 | cos?é+ sinh?6 
Xo=-{ — ———_——], 
2\ 2 L cos’6+ sinh’é J, 


_°J. C. Slater, Microwave Transmission (McGraw-Hill Book 
Company, Inc., New York, 1942), chap. 1. 








1 (= ir sinh20+ sin26 } 
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Fic. 4. Driving point impedance of viscous liquid vs viscosity : 
1=0.01 cm, p=1.0 g/cc, wo=1.88X 10° rad/sec, g=0. 


wp\! 
o= (=) 7 
2n 
These functions are plotted in Fig. 3. For constant 7, 
these graphs can be used to determine the value of / 
required for simulation of an unbounded or infinite 
medium. For large values of /, corresponding to the 


unbounded case, the components of the impedance 
(which is Zo by definition) become, 


Ro= Xo= (wpn/2)}, 


where 


which equals unity on the normalized ordinate scale 
employed. For very small values of /, 


Ro= 0, 
Xo= wl. 


Of greater importance in practice, however, is the case 
in which / is constant but the properties of the materials 
vary. Figure 4 illustrates this for assumed /=0.01 cm, 
p= 1.0, and w= 27r(30X 10°). 


Case III: Zo of Viscoelastic Material 


Following a similar procedure we find 


1 /wen\?! sinh2x 
“(Yb 
au.4 cos*y+ sinh? 


sin2y 
— 0.223 ( ) 
cos*y+ sinh*x 
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These functions are plotted in Figs. 5 and 6 as functions 
of 61 and viscosity, respectively. The oscillations are 
explained in Sec. VI. 


V. PROBE RESPONSE IN UNBOUNDED VOLUMES 


_ General explicit solutions for the ultrasonic viscometer 
response, i.e., a and 8 of Eq. (5) cannot be obtained be- 
cause transcendental functions are involved. In this 
section, we will consider the response of the instrument 
when the probe is immersed in volumes of material 
sufficiently large so that no reflections from outer 
boundaries of the liquid are possible; this is termed the 
infinite volume case. The amount of material required 
for this to be true is usually only several cubic centi- 
meters because of the enormous attenuation in liquids 
which prevents propagation of transverse waves to any 
appreciable distance in the ultrasonic frequency range 
under discussion. 

By substituting the characteristic impedance Eq. (12) 
of a general viscoelastic material in Eq. (5), we obtain 
general expressions for a and @ for the infinite medium 
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throughout the major part of the operating range of the 
instrument 
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When these inequalities are employed, the general 
equations simplify to 
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We can further simplify these relations for the two 
limiting viscoelastic conditions; purely rigid and purely 
viscous materials. For the rigid materials we have 
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In both instances, the frequency is essentially equal to 
the undamped frequency throughout the range of 
operation—the frequency falling by less than 10 percent 
as @ increases by many orders of magnitude. 


VI. PROBE RESPONSE IN BOUNDED VOLUMES 


The previous section relates to the boundary condi- 
tions met most frequently. This section concerns the 
response of the probe when immersed in bounded 
volumes that produce reflections between the surfaces 
of the strip and the bounding medium. These reflections 
in turn, lead to standing wave systems in the material 
being measured, and we find that the probe response 
becomes a function of the properties of both the material 
and those of the bounding medium. Since attenuation 
of shear waves is so high, the cases presented here 
pertain to thin films of viscous materials and rigid 
materials of somewhat greater thickness. 

The response of the probe when thin films are being 
measured can be obtained from the general equations 
derived above, Eq. (5). The method employs the follow- 
ing steps: 

(1) From the properties of the material and the 
thickness of the film, we obtain Rp and Xo as in Sec. V. 

(2) A and B of Eq. (5) then follow directly by 
straight-forward manipulation. 

(3) aw and @ of Eq. (5) are directly obtained by calcu- 
lation using results of steps 1 and 2. 
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_Fic. 6. Driving point impedance of viscoelastic liquid vs 
nie 1=0.01 cm, p=1.0 g/cc, wo=1.88X10° rad/sec, 
&/an= 10. 
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Fic. 7. Attenuation and frequency vs viscosity of viscous film: 
1=0.01 cm, p=1.0 g/cc, wo= 1.88 10° rad/sec, g=0. 


This procedure was followed in the preparation of Figs. 
7 and 8 which show a and £ as functions of viscosity for 
a purely viscous film and a viscoelastic film in which it 
is assumed that the ratio g/wn=10 is invariant. These 
two figures should be compared to the corresponding 
impedance graphs of Figs. 4 and 6. 

Figure 7 for a viscous film is physically explained 
quite simply. At low viscosity, the thin film represents 
an infinite medium, and a is proportional to the } 
power of 7, while 8=w», a constant. As 7 increases, the 
film is no longer thick enough to simulate an infinite 
volume, and energy is reflected back to the probe from 
the air boundary. In order that any appreciable energy 
be returned to the probe, the film must be much less 
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Fic. 8. Attenuation and frequency vs viscosity of viscoelastic film: 
1=0.01 cm, p=1.0 g/cc, wo= 1.88 108 rad/sec, g/wn = 10. 








948 W. ROTH 
than \/2 since, as discussed earlier, the attenuation per 
wavelength is enormous. Therefore, the energy is re- 
turned to the probe substantially in phase with the 
radiated energy. This results in a net reduction of damp- 
ing and a decrease in a. As the viscosity increases fur- 
ther, more and more energy is reflected back in phase 
and a@ is reduced slowly toward zero as n approaches 
infinity. Since, in any practical case, » approaches a 
finite maximum limiting value, a approaches a limiting 
minimum value. The frequency 6 shows a small percent 
reduction in the region of the peak in a, followed by a 
leveling to a constant minimum value insensitive to 
further increase in viscosity. 

For a viscoelastic film, Fig. 8, a and 6 show a radically 
different behavior. The case plotted is for a material 
having a high degree of rigidity so that propagation 
without appreciable damping can occur. The alternate 
minima and maxima in a@ as 7 increases from low values 
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Fic. 9. Skin depth vs viscosity : f= 28 kc/sec. 


are produced by in-phase and out-of-phase super- 
position of the reflected and radiated energy. The phase 
relationship shifts continuously as 9 and g increase since 
the constant actual thickness film assumes continuously 
decreasing thickness when expressed in wavelengths. 
The peaks in @ occur for odd 4/4 thicknesses, while the 
minima occur for even \/4 thicknesses. The final peak 
in a occurs when the film is \/4 thick, and the reflected 
energy returns 180° out of phase with the radiated 
energy. As » and g increase further leading to a film 
less than \/4 thick, more and more energy returns in 
phase, and a continually decreases as shown. 

The frequency 6 also shows sensitivity to the multiple 
resonances. In Fig. 7 6 never exceeds the undamped 
value wo, but in this present case it is possible for the 
frequency actually to increase above wo. This will be 
noted particularly in the region of the last peak in a. 
This unusual behavior is produced by the presence of 
rigidity. At a thickness around \/4, the metal strip of 
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Fic. 10. Viscosity of colloidal Bentonite vs time: no agitation. 


the probe is surrounded by a sheath of material that 
acts like a material having a rigidity coefficient ap- 
proaching infinity. This rigid sheath effectively increases 
the apparent Young’s modulus of the strip, thus 
increasing the resonant frequency of the probe. Once the 
region of \/4 is exceeded, 8 falls quickly and then ap- 
proaches a limiting value slightly less than wo as in the 
previous case. 


VII. FUNCTION OF ELECTRONIC COMPUTER 


The electronic computer is an important part of the 
ultrasonic viscometer for convenient practical utiliza- 
tion of the probe, since it generates the impulse that 
sets the probe into vibration and it produces an elec- 
trical output proportional to a. The computer is an 
analog computer because it solves for the damping 
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Fic. 11. Viscosity of whole human blood »vs time during clotting. 
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NEW METHOD FOR 
coefficient a, which is a mechanical quantity, by estab- 
lishing an electrical analog of the probe vibrations and 
operating upon it rather than upon the actual mechan- 
ical vibrations. Both the electrical analog which is 
established by the computer and the probe have the same 
a and £, but it is more convenient to employ electric 
automatic computing elements to measure these 
quantities than to employ mechanical elements 

The computer produces both a current and a voltage 
proportional to a as given by Eq. (5). The current actu- 
ates a microammeter for direct reading, while the volt- 
age is made available for actuating auxilary recorder/ 
controllers. For the largest number of applications, the 
ultrasonic viscometer is used under conditions corres- 
ponding to the infinite volume case of Sec. V. In these 
applications, Eq. (17) with g=0 is such an excellent 
approximation that a parabolic scale can be employed 
on the output current meter to square all terms. The 
meter reading therefore becomes, from Eq. (17b), 


meter none Kidy (18) 

meter reading= K 29, 
where K, and Ky are system constants determined by 
the specific design of both the probe and the electronic 
circuitry. The instrument thus becomes direct reading 
in units of viscosity X density. Cgs units have been 
chosen; the output meter is calibrated to read centi- 
poises X grams/cc directly. 

For Newtonian liquids, the standard instrument is di- 
rect reading in absolute units over a range of 4 decades. 
For all other viscoelastic materials, the ultrasonic 
viscometer reads an apparent viscosity—that is, it 
indicates the true viscosity of a Newtonian liquid that 
would damp the probe to the same extent as the non- 
Newtonian material in which it is actually immersed. 
It can be seen from Eq. (17) that if g is about the same 
order of magnitude or greater than 8n, a will be affected 
by the rigidity of the material. With the standard unit, 
for g to affect a under the condition of infinite volume, 
g must exceed 10° or 10° dynes/cm? at the measuring 
frequency employed. It is rare, therefore, for rigidity 
to affect the measurements to any extent in other than 
because ™ rigidity 
values of liquids and semisolids do not ordinarily 
attain such high values. In the treatment of bounded 
volumes, however, we have seen that rigidity can 
markedly affect the results, because standing wave 
resonances can be set up in the material. 


VIII. OPERATING CHARACTERISTICS AND DATA 


The standard ultrasonic viscometer operates at about 
28 kc/sec, although special units have been constructed 
for use in the range from 10 to 150 kc/sec. Figure 9 is a 
plot of the skin depth 6 as a function of n at 28 kc/sec. 
Since 6 is the path length for the amplitude to fall to e~ 
or 36.8 percent of its value at the surface of the probe, it 
can be assumed that a path length of, say, 56 where the 


CONTINUOUS VISCOSITY 


MEASUREMENT 949 


a oe ae | Seer 

"No | = 
| 
= 
























Gmsfc) 
3 


Ft 


X\- 


Viscosity € PS x 








eS i 2 ee ae 
OV 237 4ST ECTESHR 12D 
,anemneat. 1. Seeman, %8 — 





Fic. 12. Viscosity of ceramic glaze vs percent addition 
of thickener and thinner. 


amplitude will be only 0.7 percent of its initial value is 
equivalent to a medium of infinite extent. This locus is 
shown dotted in Fig. 9. It is clear, therefore, that the 
instrument measures the viscosity of extremely thin 
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Fic. 13. Viscosity of rubber latex film vs time: 
thickness=0.05 cm. 
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Fic. 14. Viscosity of thin boiling starch vs time during 
conversion : 290 g starch, 750 cc water, temperature in “C 


layers without affecting, or being affected by, liquid 
outside this immediate region. 

The maximum amplitude of motion of the vibrating 
strip occurs at the instant following application of the 
exciting impulse. This peak amplitude is less than 4 
micron and it decays to zero at a rate proportional to 
e~*', Thus, the ultrasonic energy radiated by the probe 
is so minute that no disturbance of material in which 
the probe has been immersed has ever been observed. 
The probe, as such, does affect some materials, but this 
phenomenon is not related to the presence of ultrasonic 
energy. Since this effect is useful, it warrants brief 
discussion here. 

A weil-known thermodynamic principle first set forth 
by Gibbs states that any substance present in a liquid 
that reduces surface or interfacial tension will migrate 
to surfaces or interfaces that may be present. Thus, if 
colloidal clay particles are placed in a beaker of water 
and thoroughly mixed, after several minutes the con- 
centration of clay along the walls of the beaker and at 
the air-liquid interface will be higher than that in inte- 
rior regions since the clay particles reduce interfacial 
tension. If agitation is present, of course, this migration 
cannot take place. With such materials, if the probe is 
immersed, the reading will start at a low initial value 
and increase exponentially to reach a final stable value 
in the order of 5-10 minutes. 

The explanation of this behavior is that clay particles 
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migrate to the water-metal interfaces of the probe and 
coat the probe with a higher concentration of clay. 
Since a layer only several microns thick approximates 
an infinite volume in this type of material, the measured 
viscosity increases to a maximum as determined by the 
higher clay concentration and remains there. If agita- 
tion is introduced, the viscosity reading will immediately 
fall to the initial value until agitation is stopped, after 
which it will again climb. This effect, which is shown 
in Fig. 10, has been found in colloids, adhesives con- 
taining volatile solvents, drilling muds, clay slips, 
printing inks, slurries, and the like and can be used as an 
additional means for studying the properties of this 
most complex class of materials. In solutions or mixtures 
containing substances that lower surface tension but 
have a lower viscosity than the principal constituent, 
the viscosity will have an exponential decrease rather 
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Fic. 15. Viscosity of thermosetting resin film ts time: 
Temperature = 300°F. 


than increase as in the above case. This is shown by the 
initial peak and subsequent decline found in curves of 
blood coagulation (see Fig. 11). This effect of particle 
migration has been shown to be independent of the 
ultrasonic vibration of the probe itself, by removing 
the electrical exciting impulses for timed intervals. 
Upon reconnection, the readings immediately assume 
the identical values on the exponential curve as were 
previously obtained with no interruption of probe 
vibration. 

Typical data taken with the ultrasonic viscometer on 
non-Newtonian systems are presented in Figs. 12 
through 15. On Newtonian systems the viscometer 
indicates classical flow viscosity. It is interesting to 
compare Fig. 13 with the theoretical curve for a thin 
film, Fig. 7. The close correlation indicates that the 
viscosity of the rubber latex film changed logarith- 
mically with time during the drying period. 
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Comments on “The Dirac Delta Function and the 
Summation of Fourier Series’’* 


EricH R. BERGER 
Vienna University of Technology, Karlsplatz 13, Wien IV, Austria 
(Received April 9, 1953) 


S I consider the mentioned paper to be a very important one 
for the treatment of Fourier series, I wish to point out some 
errors, which could trouble anyone using the given formulas. 


(1) According to the definition (1), 
+r 
fo F@s@dx=F 0); 


and as 6(x) is an even function, we get 


f " F(x)8(x)dx= 4F (0) 


only. For this reason, Eq. (4) yields 


2 1 
a= f, 5(x) coskxdx=—, 


and (7) yields 


oC 
3+ > cosnx=7-5(x), 
1 


not (7/2)5(x), as stated. 
By the same reason, in Eq. (15) we have to put 


f * 6-18 (2t)dt=} f. * ¢-stl2§ (t)dt=}, 


not 3. But these two mistakes in (7) and (15) cancel each other 
and had no influence upon the result. 
(2) The function 


lays cosnx ]=6(x) 
Ls 1 


is not exactly the Dirac delta function, but a periodically repeated 
é function with the period 2x. On the contrary, in Eq. (15), x/4 is 
the Laplace transform of the normal 6 function, not the repeated 
one. Anyway, that difference does not matter if we consider the 
interval 0<x<zx only. 

To avoid mistakes, I should propose for the repeated 6 function 
the notation 


(1/m)C+2 cuns}= £ 5(x—2nz). 
1 —2 


(3) In example 2, there is an error in Eq. (27), 
¥ (x) =[Y(0)— 4] coshx— (x/2)|sinhx| + }, 
and also in Eq. (29), 


Sf" V(@ae=2r. 
That yields 
Y (0) = $+ (x/2) ctghr. 
So we get the result 


x cosh(x—x) 
2 ~—ssinhr 
according to the formula given by Kneser,' with a=x—x and u=1. 
(4) In example 1, Y’ is discontinuous at zero; thus Y’(+0) <0, 
and zero is only the mean value of the right-side and the left-side 
limits. So one might be puzzled by the fact that in the Laplace 
transformation one has to start with Y’=0 and not with the 
right-side limit. The reason is that the impulse, represented by the 
6 function, is distributed equally on both sides of the axis. The 
left half changes Y’ from the left-side limit to zero, the right 


Y(x)=43+ (0<x<n), 
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half changes it from zero to the right-side limit. Thus, zero is 
really the correct value for Y’ to begin with. 

(5) The use of the Laplace transformation is not essential for 
this method. It is also possible, and sometimes easier, to solve the 
differential equation by the normal way, and to calculate the 
integration constants by means of the boundary conditions. 


For example, in example 1, the differential equation is 
(15): ¥”+¥=43—(x/2)[6()+6(t—7)] 
with the general solution 
Y(t)=A cost+B sint+} (0<t<z). 
Integration of Eq. (15) between —e and +e yields 


y | 4 [7 Vat=e—(/2) 





and with e—0 
y’ | *=—4/2. 


As Y’(—0)=— ¥’(+0), we obtain Y’(+0)=—-7/4 and therefore 
B=—7/4. As the period of Y is x, Y(0)=Y(x), and thus A=0. 
So we get the result 


Y()= }—T sint (0<t<r), 
according to the result of the Laplace transform method. 


* M. R. Spiegel, J. Appl. Phys. 23, 906 (1952). 
1 Kneser, Integralgleichungen (1922), second edition, p. 157, Eq. (1). 





Measurements of Stacking Faults in Cold- 
Worked Alpha Brass* 


B. E. WARREN AND E. P. WAREKOIS 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 20, 1953) 


ARRETT"' has suggested that stacking faults on the (111) 
planes should contribute to the broadening of the x-ray 
reflections from a cold-worked face-centered cubic metal. Pater- 
son’s* recent treatment of this problem predicts peak shifts as a 
result of stacking faults and hence gives a method for uniquely 
proving their existence and measuring the probability of occur- 
rence. The (111) reflection moves toward large angle and the 
(200) reflection toward small angle, so that the separation of 
these two peaks decreases as a result of stacking faults. For the 
(222)—(400) pair the opposite effect is predicted. 

Filings of 70-30 brass were pressed into flat briquets and the 
reflections recorded on a Norelco spectrometer using Co Ka. To 
minimize positioning errors of the sample, all peaks were recorded 
on a single run, and measurements were made only of the distance 
between the centers of gravity of the neighboring lines (111)- 
(200) and (222)—(400). Figure 1 shows the measured peak separa- 
tions for a cold-worked sample given subsequent one-hour anneals 
at various temperatures. The left-hand side corresponds to the 
cold-worked filings, and the right-hand side to well-annealed 
material. The effect of cold work in the sample is to decrease the 
(111)—(200) separation by 0.15° and to increase the (222)—(400) 
separation by about 0.34°. 

From Paterson’s theory, stacking faults produce a peak shift 
Ah;= +3v3a/4x, where a is the stacking fault probability. In 
spectrometer coordinates, the shift in degrees is 


tan@ cos? g270v3a 
hyn? P 


where ¢ is the angle between the normal to the diffracting planes 
and the normal to the (111) planes on which the stacking faults 
exist. Allowing for the fact that stacking faults on a particular 
set of (111) planes will produce shifts on only } of the (111) powder 
pattern reflections, the change in the (111)—(200) peak separation 
for 70-30 brass and Co Ka is given by 4(28) 111)~200) = 6.0a. For 


A(20°) = + 





(1) 
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Fic. 1. Peak separations (111)-—(200) and (222)—(400) for cold-worked 


70-30 brass filings given subsequent 1-hour anneals at various temperatures 
until well annealed. Radiation CoKa. 


the cold-worked brass filings represented by Fig. 1, the reciprocal 
of the stacking fault probability is then 1/a=6.0/0.15=40. On the 
average there is a stacking fault once every 40(111) planes. 

Using log plots* of the Fourier coefficients to separate particle 
size and distortion broadening, average particle size dimensions of 
about (Lioo)=80A and (Li::)=180A are obtained. It turns out 
that most of this apparent particle size broadening results directly 
from the stacking faults, and there is very little true particle size 
or fragmentation broadening. In cold-worked brass there is both 
particle size and distortion broadening, but the major part of the 
particle size broadening results from stacking faults. For the high 
angle refiections the broadening is due mostly to distortion (a root 
mean square strain ((e))#= 0.008), and for the low angle reflections 
it is due mostly to stacking faults. If slip occurs on (111) by a 
series of half-dislocations, an odd number produces a stacking 
fault and an even number leaves the proper sequence of planes. 
If the probabilities are equal, a stacking fault on the average 
every 40(111) planes means slip on the average every 20 planes. 

* Research sponsored by the U. S. Atomic Energy Commission. 

1C. S. Barrett, Imperfections in Nearly Perfect Crystals (John Wiley and 
Sons, Inc., New York, Pee ig Chap. III. 


2M. S. Paterson, J Appl. Phys. P23. 805 (1952). 
+B. E. Warren 4 B Averbach, J. Appl. Phys. 23, 497 (1952). 





A Limitation of the Reversion Method 


W. J. CUNNINGHAM 
Yale University, New Haven, Connecticut 
(Received March 9, 1953) 


URING the past year two papers'* have appeared con- 

cerning the so-called reversion method of obtaining an 
approximate solution for certain kinds of nonlinear differential 
equations. The method is applicable to equations of the form 


Zixt+Zat+---+Znx"=f (0), (1) 


where Z;, ---, Z, are differential operators involving the inde- 
pendent variable /, f(t) is a forcing function, and d is a parameter 
introduced to facilitate the solution. Ultimately \ is allowed to 
become unity. An approximate solution for Eq. (1) is found as 


X=Axi+Mx2+Aaxs+ °°, (2) 


where x), 2, «++ are functions of ¢, with each x; being determined 
from a linear equation dependent only upon functions found 
previously. Formulas are given allowing the direct calculation 
of each x;. 


THE 


EDITOR 


The reversion method of solution is quite similar to the per- 
turbation method.’ This latter method is applicable to nonlinear 
equations in which the nonlinear term appears multiplied by a 
small parameter, say a. An approximate solution is obtained as a 
power series in the small parameter, as 


X=Xotaxita%xet+:--. (3) 


The similarity between Eqs. (2) and (3) is evident. 

\ difficulty may arise in applying the perturbation method if 
the differential equation is one having an oscillatory solution, 
as for example, 


@x/dP+werxt+axr=0. (4) 


If the series of Eq. (3) is substituted into Eq. (4) and an attempt 
made to evaluate each x;, so-called secular terms appear with 
amplitudes growing without bound. In order to remove these 
terms, it is necessary to allow the frequency of the solution to 
differ from wo, as 


w=wertabi+a%b.4+ oR, (5) 


Functions ;, bs, -- - are chosen during the analysis so as to remove 
the secular terms as they arise. 

It would appear that if an attempt is made to use the reversion 
method with an equation similar to Eq. (4), so that operator 
Z,= (@/d?+-«,*), the elaborate formulas for x;, x2, ---, developed 
in the references, will not yield correct results. Besides the assump- 
tion of Eq. (2), some condition such as Eq. (5) must be used 
simultaneously. This additional condition has not been employed. 

It would seem that the difficulty of the appearance of secular 
terms has been overlooked in the references and that this difficulty 
should be pointed out. Examples given in the references involve 
only equations in which secular terms do not arise. For such 
equations, the formulas of the reversion method are applicable and 
solutions are simply and readily obtained. 

1L. A. Pipes, J. Appl. Phys. 23, 202 (1952). 

2G. I. Cohn and B. Saltzberg, J. Appl. Phys. 24, 180 (1953). 


3N. W. McLachlan, Ordinary Nonlinear Differential Equations (Oxford 
University Press, London, 1950), p. 43. 





Crossed Electron Beam Technique for 
Displaying Short Pulses* 
Pau. D. COLEMAN AND Murray D. SiRKIs 


Electrical Engineering Department, University of Illinois, Urbana, Illinois 
(Received April 21, 1953) 


HE principal problem in producing submillimeter waves by 
Doppler radiation oscillators’ is that of obtaining a tightly 

space bunched, high-energy, electron beam. An experimental 
study of the bunching problem requires a method capable of 
measuring 1-5 Mev electron beams with “effective” pulse times of 
less than one micromicrosecond. A crossed electron beam scheme‘ 
under investigation in the Electrical Engineering Research Labo- 
ratory of the University of Illinois shows promise of meeting the 
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Fic. 1. Crossed electron beam tube. 
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above requirements. A verification of the basic idea at low voltage 
(8 kv) has been obtained and is briefly presented in this letter. 

The low voltage device is shown in Fig. 1. An 8-kv, 0.115-ma, 
pulsed (2-usec) Pierce gun is used for the test beam. This pulsed 
beam is collected and passed through a noninductive resistor, 
the resulting pulse being displayed on a synchroscope. A 1.45-kv 
CRT gun, powered by a second synchroscope, is used to probe the 
test beam, the resulting Coulomb scattering pattern being dis- 
played on a fluorescent screen as indicated. 

If / is the space distance over which the pulsed beam (space 
length d, velocity v) is scattering the swept probe beam (sweep 
speed v,), then by equating corresponding times 


1/v,= (l—d) /2. (1) 


It is seen that the length of the pedestal on the screen will be 


l= — ~d<sweep length. (2) 


ts 


As a first approximation for long pulsed beams, it will be assumed 
that while the probe beam is crossing the pulsed beam, the scatter- 
ing can be represented as that from an infinite line charge. In 
cylindrical coordinates (r=1/u, 6), the equation of motion of a 
charge g is® 
[2 

a (3) 

df Zremovo7t 
where ¢9=//v is the ratio of current to velocity of the pulsed beam, 
and 7% is the charge velocity at closest distance of approach 1/Uy 
(at which point 6= 7/2) 

The series solution of Eq. (3) is 


™ ” qeo T 2 
nf {Na 
. 1 4rremovo?\2 


The semiscattering angle 4 is obtained by setting u=0. 
The conservation of energy equation is obtained by integrating 
Eq. (3) once 
Jo U o 
4 : In—, (5) 
TEM ovo u 


ne » 2 


Vo" = Ug 





where 7, is the probe beam velocity at position w. 
Figure 2 shows a comparison of the trace obtained from the 
scattered beam and the current pulse trace measured by the 





(b) 





Fic. 2. Comparison of scattered beam trace with current trace. (a) Trace of 
scattered beam. (b) Current trace on synchroscope. 


synchroscope. The computed displacement is 0.18 inch, and the 
measured displacement is 0.19 inch. The corresponding times 
associated with the current pulse are given in Table I. 
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TABLE I. 








By scattering By synchroscope 





Top 2.32 usec 


2.13 usec 
Bottom 4.49 psec 


4.49 usec 








A Lecher wire® deflecting system with sweep velocities greater 
than the velocity of light is under investigation for measuring a 
1.5-Mev bunched beam produced by a 10-cm microwave cavity 
accelerator’ using the crossed beam technique. 


* Work supported by Air Force Cambridge Research Center. 

1 Research Laboratory of Electronics Quarterly Reports, Massachusetts 
Institute of Technology, 1948. 

2P. D. Coleman, “Theory of Generation of Submillimeter Waves by 
Accelerated Electrons,’’ AF18(600)-23 Engineering Report No. 1.1, Elec- 
trical Engineering Research Laboratory, University of filinois. 

3H. Motz, J. Appl. Phys. 22, 527 (1951). 

4 Quarterly Report Nos. 1 and 2 on Contract AF19(604)-524, Electrical 
Engineering Research Laboratory, University of Illinois. 

5 See, for example, Whittaker, Analytical Dynamics (Dover Publications, 
New York, 1944), p. 80. 

6H. Von Foerster, ‘‘Beam Analyzer,’ Technical Reports Nos. 5-2 and 
5-3, N6-ori-71 Task XIX, Electrical Engineering Research Laboratory, 
University of Illinois. 

7P. D. Coleman, “Electron Acceleration and Bunching with a Single 
Microwave Cavity to Energies of 1-1.5 Mev,’’ AF18(600)-23 Engineering 
papest No. 2, Electrical Engineering Research Laboratory, University of 

inois. 





On Damage to Specimens by Shadowing 
Bombardment.* I. Experiment 
K. Tokuyasu 


Laboratory of Electron Microscopy, Kyushu University, Fukuoka, Japan 
(Received April 6, 1953) 


LECTRON microscopical studies of polyvinyl acetate par- 
ticles shadowed singly or doubly from opposite directions 
revealed such distorted figures as shown [Fig. 1(b) and (c)], 
differing from the original sphere forms of unshadowed particles 
[ Fig. 1(a) ]. The distortion indicates that the shadowing bombard- 
ment may result in damage to such spheres. This material softens 
easily by heating as is well known. If heated before shadowing, 
the heated particles show flattened images [Fig. 1(d)]. But once 
shadowed, the particles have a strong resistance to flattening by 
the heating. This fact indicates at least that the surfaces of the 
particles may be made more rigid by the shadowing bombard- 
ment. As the shadowing bombardment may consist of the direct 
bombardment by the shadowing ray and the effect of the radiation 
from the filament, it will be necessary to decide whether the 
former or the latter is more effective than other. For this purpose 
the particles exposed only to the radiation from the filament were 
examined, and it was concluded that the damage by the radiation 
alone is negligible. Thus, it is reasonable to attribute the change in 
the particles to the direct bombardment of the shadowing ray. 

When the particles were mounted on a collodion film, of thick- 
ness about 20 my, and the opposite surface of the film was 
shadowed vertically with a reasonable weight of Cr, the particles 
were not noticeably damaged. This suggests that the damage by 
the bombardment may not be able to penetrate even such a thin 
film and, accordingly, it may be able to damage only the surface 
in the case where samples themselves are shadowed. 

For studying the strength of the pressure that may be caused by 
the bombardment, carbon black particles shadowed obliquely 
after just being shadowed vertically were taken off the supporting 
film by repeated shakings, and patterns drawn by Cr on the sup- 
porting film were examined. Such examinations revealed that the 
particles were not moved at all by the oblique shadowing and 
that the pressure caused by the bombardment might be negligibly 
small. 

In Part II,' it is shown that the pressure caused by the bom- 
bardment seems to be negligible but that the damage given to 
the thin layers of sample surfaces does not appear to be so small. 

Though the explanation of actual distortion forms produced by 
shadowing are omitted here, the possibility that surface thin 
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Fic. 1. Various figures of polyvinyl acetate particles: (a) unshadowed; 
(b) by single shadowing with 15 mg of Cr; (c) by double shadowings, of 
which directions are indicated by arrows, with 5 mg and 7 mg, lightly 
printed; and (d) heated before the shadowing. Prints of positive. X22 000. 


layers of organic or biological samples may be denaturated in 
general by the shadowing bombardment seems to be important 
since such damage may be one of the causes for the difference 
between sizes of shadowed and unshadowed samples.?“ In fact, 
thin surface layers of such samples seemed to be denaturated by 
the shadowing bombardment in the experiments in our laboratory. 
For instance, the shadowed surface layers of the silkworm poly- 
hedra, which are the crystal-like inclusion bodies of the silkworm 
virus disease and are soluble in a dilute alkali, showed a strong 
resistance to the alkaline treatment, and it was possible to observe 
the films of the surface thin layers of the polyhedra.® 

* This paper was presented, in part, at the meeting of the Electron 
Microscope Society of Ja n held in Kyoto, December, 1951. 

1K. Tokuyasu, J. Appl. Phys. 24, 954 (1953). 

2S. F. Kern and R. A. Kern, J. Appl. Phys. 21, 705 (1950). 

4S. G. Ellis, J. Appl. Phys. 23, 728 (1952). 


4H. Kahler and J. Lloyd, Jr., J. Appl. Phys. 21, 699 (1950). 
5K. Tokuyasu (to be published). 





On Damage to Specimens by Shadowing 
Bombardment.* II. Calculation 


K. Tokuyasu 


Laboratory of Electron Microscopy, Kyushu University, Fukuoka, Japan 
(Received April 6, 1953) 


F a small quantity of Cr at 0°C is heated to the boiling point 
in the filament, it would gain roughly the energy £, 


E=mcit cal, (1) 


where m is the weight of Cr in g, c: is the specific heat of Cr in 
cal/°C g, and ¢ is the boiling point of Cr in °C. The quantity of Cr 
stems not to lose its energy E to the shadowing ray during the 
process of evaporation, because there is nothing around it with 
which it can interact, except the filament, and it may not be able 
to give any part of its energy to the filament having a higher 
temperature than itself. And also, if we suppose that the vacuum 
is so high that the mean free path of the Cr ray is much longer 
than the distance between the filament and the sample surfaces 
and if the energy radiated from Cr in space during transit is 
negligible, the energy E may not be lost during the transit process 
of the Cr ray. , 

Thus if the solid-angular distribution of the shadowing ray is 
uniform and, accordingly, the distribution of the energy carried by 
the ray is uniform, the energy brought by the ray to the sample 
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surface a” Xa” will be approximately given by 


mcta? 
teR?- 10" (2) 


where R is the distance from the filament to the plane in cm. 

As described in Part I,' the thickness of the damaged part by 
the bombardment may be so thin that only one sheet of the 
collodion film can protect the sample from the damages. Though 
such thickness may vary according to various kinds of samples, 
we assume, at first sight, that the thickness d is 30 mu. If the 
volume a™*Xa™Xd™ and the weight (ma?) /(4rR?- 10") g of Cr 
that arrived to the area a”“Xa™* were assumed to be heated 
uniformly by the energy (2), the temperature increment s would be 


_ mat /(# cym \° 
‘=ZR/ io tar) © (3) 
where ¢2 is the specific heat of the sample in cal/°C g and p is the 


density of the sample in g/cm’. If we take R= 10 cm, m=10 mg, 
¢,:=0.1 cal/°C g, t=2200°C, c2=0.5 cal/°C g, and p=1 g/cm’, 


s=about 760°C (4) 


is obtained from Eq. (3). But in truth the energy seems to be 
used in various ways besides heating; the breaking of the chemical 
bonds in the sample, the interaction between Cr molecules and 
constituent molecules in the sample, recrystallization of Cr film, 
and so on. Accordingly it appears that the energy of the shadowing 
ray may be released locally to the outermost layers and, as a 
consequence, the damage suffered by these layers can be relatively 
great even though the energy of the shadowing ray itself may be 
smal]. The calculations described above are not thoroughly accu- 
rate but seem to be sufficient to understand the phenomenon 
qualitatively. 

If the sample is assumed to be a perfect elastic body, the rough 
value of the velocity of the shadowing ray is calculated from the 
energy E assuming that the whole energy appears as kinetic 
energy and the quantity of Cr,m, is assumed to be evaporated 
during 1 second, the pressure » caused by the bombardment will 
be calculated as follows: 


p=m(2ct)*/2rR? dyne/cm’. (5) 


We take the same values as the ones of m, c:, and R in the calcu- 
lation (4) and obtain p=about 3.3X10~* dyne/cm?. Though the 
calculation is rough, it may be enough to suppose that the pressure 
is negligibly small. It seems to be noticeable that the percentage 
error based on the damage may be bigger on the measurement of 
the dimension of the smaller sample. 





* This paper was pyaar’. in part, at the meeting of the Electron 
Microscope Society of Japan held in Kyoto, December, 1951. 
1K. Tokuyasu,.J. Appl. Phys. 24, 953 (1953). 





X-Ray Transmission Studies of Large Imperfect 
Crystals* 
GEorRGE L. ROGOSA AND GUENTER SCHWARZ 


Department of Physics, Florida Staite University, Tallahassee, Florida 
(Received March 16, 1953) 


TUDIES of the transmission of x-rays in the Laue diffraction 
case have been made mainly for calcite and quartz crystals 
which approach perfection.’ In those studies it has been found 
that the transmitted intensity may undergo large changes as the 
crystal is rotated through a diffracting position. The intensity 
change may be an increase, decrease, or a combination increase- 
decrease depending on the thickness of the crystal and the wave- 
length of the radiation. These three cases have been classified, 
respectively, as anomalous transmission, extinction, and asym- 
metrical transmission. The cases may also be classified according 
to the product yof, where wo is the ordinary linear absorption 
coefficient and # is the crystal thickness.‘ For yof>>1, one has the 
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case of anomalous transmission, while yolK1 gives extinction. transmission curves for LiF crystals at MoKa:, and Cu Kay 
Asymmetrical transmission corresponds to pof~1. wavelengths have been recorded. Figure 1 shows the diffracted 
Using the experimental set-up described earlier’ reflection and and transmitted intensity for a LiF crystal of 10-mm thickness 

















Fic. 2. Transmitted and reflected intensities for a LiF crystal showing asymmetrical transmission. 

















Fic. 3. Transmitted and reflected intensities for a LiF crystal showing anomalous transmission. 
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and at a wavelength of 0.708A. The numerous diffraction peaks 
indicate that the large crystal is made up of smaller crystals with 
slightly different angular orientations. The shape of the trans- 
mitted curve classifies the various crystal diffracting regions as 
belonging in the extinction class. This means that po/<1, and 
since wo=2.5 cm™ at this wavelength, ¢ must be much smaller 
than 4 mm for the diffracting regions. uol for a perfect 10-mm LiF 
crystal would be 2.5, giving an entirely different transmission 
curve. Figure 2 shows a recorded curve at a wavelength of 1.54A, 
where yo for LiF has a value of about 30 cm™. Here the diffracting 
regions are of large enough extent to give the asymmetrical trans- 
mission case. For ol = 1, one would have a / value of about 0.3 mm. 
Figure 3 shows the anomalous transmission case for a 1.2-mm LiF 
crystal again at 1.54A, with the 110 planes used for the diffracting 
planes. 

Since the shape of the transmitted curve is dependent on the 
extent of the perfect crystal diffracting region and the wavelength 
of the radiation, the recording of the transmission curve can give 
information on the size of the single crystal diffracting regions 
inside large crystal pieces. 

* This work has been supported by a grant from the National Science 
Foundation. 

1G. Borrman, Physik. Z. 43, 157 (1941); Z. Physik 127, 297 (1950). 

27H. N. Campbell, Acta Cryst. 4, 180 (1951); J. Appl. Phys. 22, 1139 
DL. Rogosa and G. Schwarz, Phys. Rev. 87, 995 (1952). 


«W. H. Zachariasen, Proc. Natl. Acad. Sci. 38, 378 (1952) and private 
communication. 





Contour Lines on the Shadowed Side in the 
Electron Microscope* 
K. Toxkuyasu 


Laboratory of Electron Microscopy, Kyushu University, Fukuoka, Japan 
(Received April 6, 1953) 


ERN and Kern! reported that “there is a difference in the 

position of the Fresnel diffraction lines on the shadowed 
and unshadowed side of a polystyrene sphere for any given 
setting of the objective lens.” If the negative charging of the un- 
shadowed side was responsible for this phenomenon as supposed 
by them, electric conductive materials such as carbon black or 
flakes of Cr would not show such phenomenon because the electric 
potential of the unshadowed side would be same as the one of 
the shadowed side. And further, if such nonconductive material 
as Fe,O; was used as a material for shadowing instead of Cr, such 
phenomenon might not be found. 

Nevertheless, in our experiments such phenomena were found on 
the images of shadowed specimens without relation to whether the 
specimens and the material for shadowing are conductive or non- 
conductive (Figs. 1 and 2). Furthermore, a more accurate de- 
scription of the phenomenon than Kern’s may be that contour 
lines on the shadowed side appear more vaguely than those on 
the unshadowed side, since our examinations revealed that contour 
lines on the shadowed side are more vague both in the over-focus 
of the unshadowed side and in the under-focus (Fig. 2). Thus the 
charging does not seem to be responsible (even if it exists), for this 





Fic. 1. Positive images of carbon black particles in over-focus. (a) un- 
shadowed, (b) shadowed with Cr, and (c) with FexOs. 45 000. 
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Fic. 2. Positive images of a portion of Cr flake in (a) under- and 
(b) over-focus. Shadowed with Cr. Arrow indicates direction of shadowing. 
x65 000. 


phenomenon and, accordingly, “‘a difference in the position of the 
Fresnel diffraction lines’ seems not to be evidence for the existence 
of specimen charging. 

The physical properties of the shadowed and unshadowed side 
will differ at the point that the former side has the metal cap and 
the portion of the supporting film of the former side is covered 
with the metal film. If the existence of the metal cap causes the 
vanishing of the contour lines on the shadowed side, both 
shadowed and unshadowed sides of the flakes of Cr shadowed with 
Cr will not show clear contour lines because both sides consist of 
same material. When the flakes were examined, however, the 
contour lines were visible only on the unshadowed side (Fig. 2). 
Further, when unshadowed specimens were mounted on the 
collodion films covered with metal films having various thickness 
and were examined, it was observed that the appearance of the 
contour lines dulls gradually in proportion to the thickness of the 
metal film. This evidence suggests that the metal cap is not the 
chief reason responsible to the phenomenon. 

In the final analysis, whether or not the portion of the sup- 
porting film of one side is covered with a metal film seems to be 
most probably responsible. In other words, it may be the most 
reasonable explanation of the phenomenon that_when’the scatter- 
ing power of the supporting film for the electron beams is small, 
the contour lines are visible; but if the power becomes bigger 
owing to the superposition of the metal film on the supporting 
film, the contour lines become obscure. 

* This paper was presented at the meeting of the Electron Microscope 


Society of Japan held in Tokyo, June, 1952. 
1S. F. Kern and R. A. Kern, J. Appl. Phys. 21, 707 (1950). 





Dielectric Constant Measurements at 8.6-mm 
Wavelength 


Paut HERTEL, Jr., A. W. STRAITON, AND C. W. TOLBERT 
University of Texas, Austin, Texas 
(Received April 24, 1953) 


HE dielectric constants and conductivity reported here were 

determined by measuring the attenuation and phase shift 

of 8.6 millimeter electromagnetic waves as they passed through a 
sample of the dielectric. 

The output of an 8.6-millimeter klystron oscillator was split in 
a magic tee. The signal from one of the tee outputs went to a 
small horn on which a flat container was placed. Small amounts 
of the sample were added to the container to vary the thickness 
of the sample. The signal passing through the sample was picked 
up by another horn antenna and compared to the second output 
of the magic tee. A calibrated attenuator and a calibrated phase 
shifter in this reference line provided a means of measuring the 
effect of the added amount of sample. From graphs of the meas- 
ured attenuation and phase shift versus thickness of the sample, 
the propagation factors were obtained. 

From the attenuation and phase shift per unit of length thus 
obtained, the dielectric constant and conductivity were deter- 
mined. These values are given in Table I. 

The measured values for water agree closely with those which 
may be calculated using the work of Saxton and Lane.! Their 
theoretical values are given in Table II. 
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TABLE I. 
Temperature Dielectric Conductivity 
Dielectric “— constant mhos/meter 
Distilled water 30 21 60 
Distilled water 23.5 23 55 
Saturated salt water 
(6.2 normal solution) 25 21 53 
Tap water 24 24 56 
Ethyl alcohol 24 3.6 3.2 
Dry soil (as found) 24 3.0 0.51 
TABLE II. 
Temperature Dielectric Conductivity 
Dielectric /— constant mhos/meter 
Distilled water ‘ 30 24.4 62.1 
Distilled water 20 18.6 $4.7 
Saturated salt water 
2.0 normal solution) 30 ; 20.6 57.6 








The ethyl alcohol measurements are in close agreement with 
the values calculated from absorption coefficient and index of 
refraction data obtained by Lane and Saxton.? Their values are 
given in Table ITI. 











TABLE III. 
Temperature Dielectric Conductivity 
Wavelength < constant mhos/meter 
0.62 cm 20 3.45 2.10 
1.24 cm 20 4.21 3.01 








The dielectric constant for the soil sample agree closely with 
the value of 2.8 previously reported (3) for measurements made 
on a soil sample taken at the Off Campus Research Center of The 
University of Texas. No comparison can be made for the con- 
ductivity since the water content was not determined. 


1J. A. Saxton and J. A. Lane, Wireless Engr. 29, 269-275 (1952). 

2 J. A. Lane and J. A. Saxton, Proc. Roy. Soc. (London) 213, 400-408 
(1952). 

3A. W. Straiton and C. W. Tolbert, J. Franklin Inst. 246, No. 1, 13-20 
(1948). 





Effect of Biaxial Orientation on the Ultimate 
Strength and Crazing of Linear Polymers* 
C. C. Hstao and J. A. SAUER 


The Pennsylvania State College, State College, Pennsylvania 
(Received March 23, 1953) 


NE of the most important properties of a material, from 
either a theoretical or a practical standpoint, is the ultimate 
strength. Until now, little useful knowledge has been obtained in 
connection with the breaking strength of materials and their 
related properties.!? The general difficulties are mathematical as 
well as experimental. This is particularly true for high polymers. 
Recently, however, the understanding of the effect of uniaxial 
orientation on the ultimate strength of linear high polymers has 
been advanced through the development of a theory which permits 


, calculation of strength as a function of orientation in terms of 


strain change.* Experimental results*:* are found to agree fairly 
well with theoretical calculations. 

By extending the theory to the case of biaxial orientation, the 
strength is found to be related with strains in the following 
manner: 


4 x/2 dp 
Same)" ff (1+e2)!+[sin'6+ (1+¢,)* cose} 


where Se, is the ultimate breaking strength in the X direction at a 
state of biaxial orientation corresponding to strain changes of e, 





So, 
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Fic. 1. Effect of orientation on ultimate strength of linear polymers. 


and ey, in X and FY directions, respectively, and So is the strength 
of this linear polymer without any preferred orientation. * 

Using graphical solution for the case of a symmetrical biaxial 
orientation, i.e., ¢-=«,, the result is plotted as shown in Fig. 1. 
For comparison, the effect of uniaxial orientation on the ultimate 
strength of linear high polymers measured in the direction of 
orientation, is also shown in the same figure. This latter curve can 
also be represented by the following formula :3 


=? (1+ .,)! 
~ “1+(1+e)h” 


where Se, is the ultimate strength in the X direction of uniaxial 
orientation at a state of orientation corresponding to a strain 
change of e, in that direction, and So is again the strength of this 
material without any preferred orientation. 

For large specimens, experimental agreement has been found of 
laminated Polyflex sheets with approximately 300 percent orienta- 
tion in each of the two, say X and Y, perpendicular biaxial direc- 
tions. As predicted by the theory, the actual ultimate strength 
was found to be about 6800 psi, which is just about 26 percent 
higher than its amorphous strength of 5400 psi. A more thorough 
experimental investigation is being carried out, and it is hoped 
that a detailed report will be made in the future. 

This statistical theory analyzes the effect of orientation of linear 
polymeric molecules on strength by considering the microstrength, 
as it may be called, of each fundamental unit and its particular 
direction of orientation. By introducing the assumption that there 
remains no change in volume after the material is oriented, various 
consequences of the assumed model can be worked out. It should 
be pointed out that some of the influential factors such as the 
structure and the molecular weight, as well as the stress concen- 
tration of the material, are automatically taken care of. However, 
other factors such as the temperature and the rate of testing will 


Sez 





Fic. 2. Fracture surface of biaxially oriented polystyrene. 
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have to be controlled, if a significant comparison is to be made. 
The size of the specimen seems to be surprisingly important in 
this type of investigation, as the ultimate breaking strength 
increases rapidly as the size of the specimen reduces. 

An interesting phenomenon is observed of the biaxially oriented 
polystyrene relative to crazing,*.’ as can be predicted from the 
theory, just described. Figure 2 shows the fracture surfaces of a 
300 percent biaxially oriented polystyrene tested at a constant 
strain rate of about 2X 10~ per sec. A clear crazed fracture surface 
is shown as a result of the biaxial orientation that numerous long 
chain molecules are being lined up in parallel with the fracture 
surface, whereas an unoriented specimen will not show any sign 
of crazing at the same testing rate. This phenomenon of crazing 
can easily be demonstrated by subjecting biaxially oriented 
polystyrene film under tension, in one direction, until suddenly 
numerous crazing cracks are observed perpendicular to this one of 
the biaxial directions. 

* This work was made possible Seoush the assistance of the National 
Science Foundation Grant NSF-G100. 

1A. A. Griffith, Trans. Roy. Soc. (London) A221 (1921). 

2T. Alfrey, Jr.. Mechanical Behavior of High Polymers (Interscience 
rr, Inc., New York), 1948. 

. C. Hsiao, J. Appl. Phys. 23, 1189 (1952). 

‘y. Bailey, India Rubber World 118, 225 (1948). 

5M. S. Sap Puppo. “The Effect of Molecular Orientation on the Tensile 
Properties of Polymethyl Methacrylate,"’ thesis, Massachusetts Institute 
of qchectewy. 1952. 

*C. . Hsiao ord . Sauer, J. Appl. Phys. 21, 1071 (1950). 

7J. k Sauer and Cc. Hsiao, “Stress Crazing of Plastics,"’ presented at 
the Rubber and Plastics Division of the American Society of Mechanical 


Engineers Annual Meeting, December, 1952, New York (also published in 
the June, 1953 issue of India Rubber World). 





A Method of Determining Electrical Resistivities 
at Low Temperatures 
Davip C. BAIRD AND WILLARD S. BoyLe 


Royal Military College, Kingston, Ontario, Canada 
(Received March 23, 1953) 


N order to correlate the thermal and electrical conductivities 
I of certain copper specimens at liquid helium temperatures it 
was found that resistivity measurements had to be made on rela- 
tively thick samples. Because of the extremely low resistance 
(of the order of one micro-ohm) that had to be measured, it was 
difficult to obtain accurate results using conventional dc methods. 
It was found, however, that by forming the sample into a closed 
ring, the resistance could be easily determined from the decay 
time of a single induced current pulse. The principle of the method 
is not unlike that of the relaxation time technique used in setting 
lower limits to the resistivity of superconductors. 

The copper sample, about 2 mm thick, was formed into a ring 
4 cm in diameter. A coil consisting of about 200 turns of fine wire 
was mounted coaxially with and adjacent to the specimen and the 
output of this coil was taken directly to a wide band dc amplifier 
on the Y axis of an oscilloscope. The current pulse in the specimen 
was induced by breaking the current in a solenoid wound on the 
outside of the Dewar, thus eliminating the need for heavy current 
leads running into the helium bath. The self-inductance of a single 
circular loop of wire can be calculated from 


L=0.01257a(log.16a/d—2+-4), 


where a is the radius of the loop, d the diameter of the wire, and 
5 a factor to take account of skin effect, which, since the time 
constants involved were about 1/50 sec, can be neglected. The 
time constant of the loop is then L/R so that a measurement of 
the decay time leads directly to the resistance of the loop. This 
decay time could be determined to within 1.0 percent by placing 
millisecond brightening pulses on the oscilloscope trace and using 
a recurrent sweep so that the decay extended over six or more 
complete sweeps (see Fig. 1). Systematic errors which might arise 
from the finite time constant of the exciting circuit and damping 
effects due to coupling between the specimen and other circuits 
are well below one percent. 
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Fic. 1. Oscillograph trace of decaying current pulse with 
millisecond marker pulses. 


Figure 1 shows a photograph typical of a series from which the 
resistivity of an annealed sample of Johnson and Matthey HLS. 
brand copper (quoted as 99.999 percent pure) was calculated for 
the temperature range from 1.5° to 4.2°K. The results presented 
in Fig. 2 indicate that the resistivity is effectively constant over 
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Fic. 2. Resistivity of annealed copper. 


this range. This is in agreement with the results obtained by 
MacDonald! and others for samples of comparable purity. 

It should be noted that in forming the ring a certain amount of 
work hardening is introduced into the sample. For the particular 
specimen used this increased the residual resistance by about 
5 percent above the annealed value. This, of course, may be re- 
moved by re-annealing. Apart from its application to low  re- 
sistance measurements, the method has the advantage of the 
very short time required for any particular observation. 

The authors wish to acknowledge assistance obtained in dis- 
cussion with Dr. J. B. Brown and Dr. J. Reekie. 


1D. K. C. MacDonald, Phys. Rev. 88, 148 (1952). 





The Radiation Fields of a Horizontal Dipole in. 
a Semi-Infinite Dissipative Medium 
JAMES R. Wait 


Radio Physics Laboratory, Defense Research Board, Ottawa, Canada 
(Received February 27, 1953) 


N-a recent interesting paper’ Roy Harold Lien derives ex- 

pressions for the electric fields of an oscillating horizontal 
dipole placed in a semi-infinite dissipative medium. As stated in 
the paper, the final formulas hold only at low frequencies. Lien 
tacitly neglects the displacement currents in the insulating 
medium, thus ruling out the possibility of a surface wave along 
the interface. Apparently his results are valid only when the 
distance from dipole to observer is a small fraction of the free 
space wavelength. A much more optimistic picture of the situation 
is obtained by including the effects of the displacement currents 
in the insulating medium as outlined below. 

In the cylindrical coordinate system p, ¢, z, the dissipative 
medium y, ¢, o and the insulating medium y, ¢o occupy the half- 
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spaces z>0 and z<0, respectively. The dipole of moment ? is 
placed normal to the z axis at p=0, z=/, and ¢ is measured from 
its axis. The square of the refractive index m is x—jo/weo where x 
is ¢/e9. The expressions for the field components are given by 
Lien’s Eqs. (25), (26), and (27) in terms of the direct and 
image fields plus two functions U and V. The main difficulty is 
the evaluation of the infinite integral for V which appears in 
Eq. (28). Lien writes n*/ for n%/+-m in the denominator of this 
integral which gives a result [Eq. (38)], valid when |n*|>>1, in 
terms of modified Bessel functions. Another approximation is 
found by writing jnk for m where k is the wave number. The 
result, which holds when |n?|>>1 and p>>z+-4, is the integral 


a  Jo(Xp) exp[— jnk(z+h) Addr 
Ve OT Bite - 
Essentially this is the same approximation made by Sommerfeld? 


in his analysis for dipoles situated in the insulating medium or 
interface. Using Sommerfeld’s integration gives 





V = 2¢—** pF (p)e-inkisth), (2) 
where F(p) is the “attenuation factor” given by 
F(p)=1—j(rp)te-? erfc(jp4), (3) 


erfc is the complement of the error function, and # is the numerical 
distance —4jkpn~*. F(p) has been adequately tabulated by 
Norton.’ U has the same form as (2) but with p replaced by 
— hjkpn?. 

+ When these values for U and V are substituted in Lien’s 
Eqs. (25), (26), and (27) for the field components the results, 
if kp, | jnkri|, and | jnkro| are all much greater than one, are 


E,~cn“k cosoV, (4) 
E,=—ck* cosoV, (S) 
Eg=—cjkp™ singV. (6) 


For frequencies so low that p<1, the E, and E, fields vary as the 
inverse distance because F(p) is near unity. In all cases the 
attenuation depends mainly on the sum of the distances of the 
dipole and observer from the interface. The Ey component varies 
as the inverse square of the distance for small numerical distances. 
Evidently the signal in the insulating medium propagates chiefly 
as a displacement current when the separation of dipole and 
observer is much greater than the sum of their distances from 
the surface. 


1R. H. Lien, J. Appl. Phys. 24, 1 (1953). The factor k on the right-hand 
side of Lien’s Eqs. (39) and (40) should be omitted. A factor cos¢ should 
be added to the right side of Lien’s Eq. (49). 

2A. N. Sommerfeld, Ann. Physik 81, 1135 (1926). 

3K. A. Norton, Proc. Inst. Radio Engrs. 24, 1367 (1936). 





Deduction of the Maximum Torsional Stress in 
a Shaft with Notches 


SENNOSUKE MOMMA 
Institute of High Speed Mechanics, Tohoku University, Sendai, Japan 
(Received January 19, 1953) 


N this paper an approximate solution is derived for a twisted 
shaft with circumferential notches periodically situated along 
its length. The solution for the extreme case, where the dimensions 
of notches are infinitely small, has been obtained previously by 
Neuber.! The present solution, however, is of sufficient accuracy 
for practical use even in the range of moderate dimensions of 
notches. 

As all stresses for the present problem vary periodically with z, 

we may take for the stress function the expression? 
onset E Al “= cos, (1) 

4 n=} a a 

where 2a is the period of notches, and @ is the mean twist in a 
period. At the points where r is large as compared with a, we have 
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the approximate relation 


(tt) ot, 88 

a) x(2nr)\ 8nx/’ 

where the minimum radius of the shaft is assumed as unity. 
Assuming that 


i 24x(—1) n+1 Dg—nrr,/a 
" (an)*{1— (15a/8nr) 





Eq. (1) reduces to 
o=o'+ Pr lo Itexp=(r—re) +2 exp (r—r0) cos"), (2) 


Hence the contour of the axial section of the shaft is given by 
o=C. (3) 


Equation (3) contains three arbitrary constants P, C, and ro, so 
we can specify the pitch, depth, and radius of curvature of the 
notch. Taking for an example the pitch and depth of notches as 
0.3 and 0.1, respectively, the forms of notches are obtained from 
Eq. (3) for various values of ro. They are shown in Fig. 1. The 
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Fic. 1. Forms of notches, when a =0.15 and h =0.1. 


corresponding values of radius of curvature are obtained from 


p= pex{ !cosh™(1—r) {og 3 lo 1—exp=(1-n)) | 


+2(1-exp"(1-n)). (4) 


The maximum stress is readily obtained from Eqs. (1) or (2), as 


Tmax aii 3P ties 
2T/x(1+h)> 4C ‘edited re) 





2xP exp-(1 —1) 


"at 1~exp(1-rd) 


where h is the depth of notches and T is the torque acting on the 
shaft. The maximum stress is calculated from Eq. (5) for the 
notches shown in Fig. 1, and its relation to p is shown in Fig. 2, 
together with the corresponding ones for a single notch, calcu- 
lated by two different formulas, previously obtained by Sonntag 
and Okubo, respectively.? It may be seen from the figure that 
the stress concentration deduces perceptively when notches are 
situated in a row. For smaller value of p/h we find a considerable 
discrepancy between the two formulas for a single notch of the 
previous writers. The discrepancy is too large even for practical 
use, while theoretical justification for the two is not so easy, 
since these formulas are approximate ones, derived from some- 
what different assumptions. The data obtained in this paper, 
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of curvature, when a =0.15 and A =0.1 
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Fic, 3. The ratio of maximum stresses, when a =0.15 and h =0.1. 





however, will be a good reference for the justification of the two 
formulas, since the ratio of maximum stress for a single notch to 
that for multiple notches may not be affected perceptively by p/h, 
considering the known fact that the ratio is independent of p/h if 
notches be sharp and infinitely small.! From the curves in Fig. 2 
this ratio is obtained using the results by Sonntag and Okubo, 
respectively, and it is shown in Fig. 3. 

In conclusion, the writer wishes to express his hearty thanks to 
Professor H. Okubo for his kind suggestions in this study. 

1H. Neuber, Kerbspannungslehre (Verlag Julius Springer, Berlin, 1937), 
” #'S. Timoshenko and J. N. Goodier, —— of Elasticity (McGraw-Hill 
Book Company, Inc., New York, 1951), 04. 


+R. Sonntag, Z. angew. Math. Mech. ", %3 (1929). H. Okubo, J. Appl. 
Mech. 19, 16 (1952). 





Polystyrene and Lucite Rod Antennas 


GISWALT VON TRENTINI 


Laboratorio de Electronica, Fabricaciones Militares, 
Buenos Aires, Argentina 


(Received March 16, 1953) 


HEN designing antennas of dielectric rods excited in the 
dominant mode, one depends mainly on experimental 
measurements. 

With decreasing diameter the power guided externally along 
the rod increases, and thus the radiation also increases. By suit- 
able tapering of the cross section along the rod, the field distribu- 
tion (amplitude and phase velocity) can be influenced, and an 
end-fire’ antenna with an appropriate directivity can be con- 
structed.! 

Apart from the length, cross section, and dielectric constant, 
the loss in the dielectric material is an essential parameter. This 
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Fic. 1. Experimental arrangement of the dielectric rod antenna in a 
circular wave guide. Wavelength =3.21 cm. All dimensions are in milli- 
meters. 























causes not only absorption by line losses but also a changed field 
distribution along the rod, i.e., a modified radiation pattern. 
Therefore results with rods of material having the same dielectric 
constant but different loss will not’ be equivalent. 

Horton and McKinney’ published various experimental series 
showing the marked differences between polystyrene and Lucite 
antennas. The rods used by these authors had a diameter of 
0.879 at the end of the wave guide and were tapered slightly or 
not at all. Since the influence of the losses is greatly reduced in 
thinner rods, it is necessary to compare these forms. 

Various rods with circular cross section and gradual taper were 
fitted snugly in a circular wave guide of 22-mm inside diameter. 
They were tested in the TE,, mode at free space wavelength of 
\o=3.21 cm. The directional patterns were measured using the 
dielectric rod antennas as a receiver. The dielectric rod was tapered 
in the interior of the wave guide to avoid strong reflections. The 
external dielectric rod length was in all tests 5Xo. 

A polystyrene and a Lucite rod of identical dimensions (see 
Fig. 1) with D=12.5 mm (=0.39A9) and d=8.5 mm (=0.265Ao) 
showed almost the same results and high efficiency. The difference 
in gain was only 0.4 db. In each case the rod support was con- 
structed of foam material of low loss and dielectric constant 1.05. 
If the foam support is replaced by one of polystyrene or Lucite, 
only a moderate change resulted. Finally the rod and support 
were made in one piece, and the following results were obtained : 


Polystyrene antenna: gain approximately 16.1 db; half-power 
beam width 31.9° (H plane) and 30.1° (£ plane); side lobe 
— 14 db (A plane) and —13 db (E£ plane). 

Lucite antenna: gain approximately 15.3 db; half-power beam 
width 30.4° (H plane) and 28.3° (E plane); side lobes 
—13 db. 


Hence the difference in gain was 0.8 db and the radiation patterns 
were almost similar. 

The largest gain of approximately 16.8 db was obtained with a 
slightly thicker polystyrene rod with D=16 mm, d=8.5 mm (see 
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Fic. 2. Directional pattern of the polystyrene rod antenna in the H plane. 
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Fig. 1). The radiation was strongly symmetrical about the prin- 
cipal axis of the rod and the H-plane pattern is shown in Fig. 2. 
An identical Lucite rod already had a 1.8-db decrease in gain and 
a slightly different radiation pattern. 

The fundamental difference compared to thicker rods could be 
proved by placing a metal disk (25-mm diameter) near the end 
of the rod. With the thin rod (Fig. 1) the received power decreased 
by approximately one-half, whereas with a thicker rod of un- 
changed cross section (0.79 diameter) and equal length the power 
fell below y's. In the first case the reception occurs along the side; 
in the second case, however, mainly at the plain end of the rod. 

Conclusion: The absolute gain of a thinner, twice linearly- 
tapered rod, is somewhat increased and the losses of the dielectric 
are less accentuated compared to other forms of construction. 

+ ©. Mueller and W. A. Tyrrell, Bell so Tech. J. 16, 837 (1947). 


* Math Fernmeldetech. Z. 2, 33 (19 
c W. Horton and C. M. McKinney, J. Appl. Phys. 22, 1246 (1951). 





Surface Wave Propagation over a Coated Conductor 
with Small Cylindrical Curvature in 
Direction of Travel 
Kazuo HorIucuHi 


Laboratory of Communication Instruments, Waseda University, Tokyo, Japan 
(Received March 20, 1953) 


E have already some knowledge of the various properties 
of Harms-Goubau’s surface-wave propagation. But the 
theoretical analysis of field in the neighborhood of the bend of 
the surface wave line is difficult. Such rigorous analysis must be 
made in the coordinate system of ring-type, but the outline of 
such field can be suggested in the system of plane conductor as by 
Attwood.! 
This letter shows the deviation of his 7M wave over the coated 
plane conductor caused by a small curvature ¢@ in the direction of 
travel. 


Adopt the coordinate system whose line element ds is de- 
fined as 
ds?=dx*+-dy*+ (1+oey)*d??, oy<K1 

as in Fig. 1, then the field whose components £,, H,, and Hy 
vanish and whose ¢, ¢ factor is expj(wi—8f) is expressed in general 
by H, which satisfies the equation 

fH, ool: 

oy" 





—+28cy)H,=0, P=P—wpe 








Fic. 1. Geometry for the problem. 
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and by the following EZ, and Ey: 





B 
Ey=—~———#z, 
* we(1-+ey) 
ert oH, 
™ jwe dy” 


Now, consider the dielectric film with the thickness a over a 
perfect conductor surface having a small curvature o in the 





5 5 1.0 
= SEES, Lor ae 0.8 


Ww 0.6 
* NK A —->> yight scale | 
_— _ Sex — wae, ae Teer 0.4 
\\ Iss 






































2 w\ 

‘NY 

film | \ 
1 = —— 
left | scalea—|*-~ 
. | ee 
7 ba — 
0 3 4 6 8 10 


Fic. 2. Field distribution in y direction. Curves A, C, and D denote the 
distributions of Hzs, Ef: and Eys, respectively. Curves B and E denote the 
corresponding exponential distributions. 


¢ direction only, as in Fig. 1. Then the fields in the region 2 are 
expressed as follows: 


Hz2=— <a [cos (ney) +o{—! a sin (hey) 


-1(F +1)y cos(hay)+7 (2 +1) sin (hay) 
ijt) comtte }) 
+i;, P atl cos(hey) ¢ }, 
Ey=- Medora sin (iy) 
—- F +3) cos(iny)+7 (Z+1) sini) 
1 ) | 
+i( Fat cos(hzy) iat 
, ; 3 
Ex2= jA2| sin (hey) +e he cos (/izy) 


(#1) ya n+ a(£41) ; 
+(E-1 y sin (hay) +577 iat cos (/2y) 


“5 iat sin (iy) (Sr cos(hey) ¢ |, 


where 2=wy2e2.—8>0 and ¢,/ factors are omitted. In the 
region 3 the fields are 


H.3= andl exp(— hry) | 1+ F e+ i(E- ty}, 


E= PAs exp(— by) [101 Fe (Z- 3)y tH 


Ex3=jA; exp(— ~by)| +04 ZH Ft 1)» 3-(Z-1)}], 


! 
i 
' 
i 
' 
j 
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where kf? = ?—w*y;¢;>0, ¢, / factors are omitted and 


As= Azexp(tea)| sin a)+e4 ts nt) 


+ 
~J (A+ i)| cos (hss) +[-% kt wath 


“A(G)e2(E-)] sooo} 
he F+)+a(F pa 1) sin (Asa) 


Figure 2 shows the distribution of this field in the region 3 for the 
case of a=0.001 meter, c=0.5 and f=10000 mc, where electric 
and magnetic field are normalized to make, respectively, the A; 
and (we;/k3)A;3 unity. 

Using 80, 4o and ko which are given by Attwood and satisfy the 
equations 


h k 
— tan (haa) =—, k?=pe— 
é €3 


2 


wye= —h,?, 


the phase constant §’ and induced attenuation constant a@ are 
determined as follows from the continuity of the y direction 
impedance at the boundary y=a: 


Ba? Races hres . 4 
B’ Bot = DheaLhaoes * Bsoes +Bea Tas rebin 


oJ) 
tale ind JN! » = 
x(1+72)}/tast h 
i. * + Th ated 
go Bo? "a ad) \/{ A+ 2a <2}, 
me ae) 
ae "ia ho? + sin (2/29) 


Moreover, the average power radiated in the y direction per 
unit area of x, ¢ surface is given as 


Poawes 
2k? 


for y2a. In addition, lines of electric force in the region 3 are 
expressed by the formula 


C sin (wt— B$) = exp(ksy) [1 =o F(Z - t)y}), 


where C is a parameter. 

From the above formulas it is suggested that a bend in this sort 
of transmission line produces attenuation and the field intensity 
around the line is intensified on the outside of the bend. These 
results have been verified by Dr. Mastumoto in experiments con- 
cerning the bend of the Goubau line, in particular the coated 
strip line. 


Py,=A:A2* sin*(h2oa) -exp[2k30(a— y) ] 


1S. S. Attwood, J. Appl. Phys. 22, 504 (1951). 





Effect of Particle Size on Magnetic Loss Tangent 
of Obstacle Type Artificial Dielectrics 


J. M. Ketty anp J. O. STENOIEN 
Boeing Airplane Company, Physical Research Unit 
(Received April 29, 1953) 


RTIFICIAL dielectrics consisting of a metal powder sus- 

pended in a dielectric binder have been shown to possess a 
magnetic loss tangent. In a recent publication! it was suggested 
that the magnitude of this loss tangent for particles of a particular 
shape and composition should depend on the average size of the 
particles. 

Experimental verjfication of this phenomenon has been ob- 
tained: With paraffin wax as the dielectric binder, wave-guide 
samples were made using two commercially available aluminum 
powders—Alcoa No. 322 standard varnish powder and Alcoa 
No. 422 extra fine lining powder. Both these powders consisted of 
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Fic. 2. Photomicrograph of Alcoa aluminum powder No. 422. 
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Fic. 3. Magnetic loss tangent as a function of volume concentration of 
metal in paraffin wax for two sizes-of aluminum flakes. 
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aluminum flakes together with approximately 3 percent stearic 
acid. The average particle size is apparent from the photographs. 

The graph shows clearly that the smaller particle yields an 
artificial dielectric with smaller magnetic loss. The dielectric loss 
for both powders was negligible. Also indicated is the linear rela- 
tion between magnetic loss tangent and powder concentration. 
The index of refraction for the 5 percent mixture is 3.3. 


1 Kelly, Stenoien, and Isbell, J. Appl. Phys. 24, 258 (1953). 





The Effect of Neutron Bombardment Upon the 
Magnetic Susceptibility of Several Pure 
Oxides 


J. D. McCLELLAND AND J. J. DONOGHUE 


North American Aviation, Inc., Atomic Energy Research Department, 
Downey, California 


(Received April 24, 1953) 


EUTRON bombardment has been found to produce an 
increase in the paramagnetism of several pure oxides. The 
specific susceptibility of the oxides were measured by the Faraday 
method using fields which ranged from 8000 gauss to 16 000 gauss. 
An experimental error of one percent is assigned to the values 
reported below. The irradiations took place in a Hanford reactor 
at 30°C with integrated neutron fluxes, 0.5110" nvt and 3.76 
X10" nvt where the nvt’s refer to neutrons with energies in 
excess of 500 kev. Table I gives the experimental results. 
All of the oxides studied are diamagnetic. Neutron irradiation 
produces lattice defects which could give rise to a spin para- 
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TaBLe I. 








Specific susceptibility x 10* 





Material No irradiation 0.52 X10%nvt 3.7610" nvt 
SiOz (fused) —0.430 —0.402 —0.390 
SiO: (crystalline) —0.434 —0.390 —0.374 
Al:Os; (alumina) —0.353 —0.337 —0.329 
AlzO: (sapphire) —0.375 —0.375 —0.373 
MgO -3.5A120; (spinel) —0.338 —0.338 —0.340 
MgO —0.253 —0.249 —0.235 








magnetism. If it may be assumed that a spin of } be associated 
with each defect, as would be the case for a trapped electron, it is 
possible to estimate the number of such defects from the decrease 
in the diamagnetic susceptibility. Such an assumption leads, in 
the case of the long exposure, to an apparent defect concentration 
of 3.2X10-* defects per molecule for crystalline SiOz, 2.110 
for the fused SiOz, 2.4X10-* for the alumina, and 0.5X10™ for 
the MgO. No measurable change occurred in the case of the 
sapphire Al.O; or the spinel MgO-3.5 Al,Os. 





Erratum : Growth of Cadmium Sulfide Crystals 
(J. Appl. Phys. 24, 660-661 (1953)] 


M. E. BisHop AND S. H. LIEBSON 
Naval Research Laboratory, Washington, D. C. 


N the fourth paragraph, fourth line, the words “of sulfur” 
should be deleted. 


In the sixth paragraph, the third line, the word “sulfide” should 
be deleted. 
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On September 9, 1953, a three-day Conference on Nuclear 
Engineering will convene at the University of California, 
Berkeley. It is presented by the University’s Departments of 
Engineering at Berkeley and Los Angeles, in cooperation with 
Northern California sections of the A.I.Ch.E., A.I.E.E., and 
A.S.M.; Southern California sections of the A.S.M.E., 
A.I.Ch.E., and A.S.M.; and the Committee on Atomic Energy 
Education of the A.S.E.E. The major purpose of the Confer- 
ence is to provide a high-level technical program of contributed 
papers by and for personnel working in nuclear engineering 
and closely related fields. 


On August 19-21; WESCON (Western Electronic Show and 
Convention), jointly sponsored by IRE (7th Region) and 
WCEMA (West Coast Electronic Manufacturers’ Associa- 
tion), will be held in the Municipal Auditorium, San Fran- 
cisco. Technical sessions will feature 25 sessions on antennas, 
propagation, electron devices, circuits, computers, airborne 
electronics, microwave techniques, servos and telemetering, 
instrumentation, transistors, nuclear-radiation measurements, 
and medical electronics. Booth exhibits will feature products 
of 275 manufacturers, and special field trips and social events 
are planned for both delegates and their wives. 


Five new members have been appointed to the staff of the 
National Science Foundation. 

The new staff members, their position with the Foundation, 
and their previous positions, are: 

Harry Alpert, study director for social science research, 
Program Analysis Office, from the Bureau of the Budget. 

James W. Cole, Jr., program director for scientific man- 
power, Division of Scientific Personnel and Education, from 
the University of Virginia. 
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Walter R. Kirner, program director for chemistry, from the 
National Research Council. 

Raymond W. Mayhew, physical science administrator, 
Division of Scientific Personnel and Education, from the 
U.S. Navy. 

H. Kirk Stephenson, program director for earth sciences, 
from Los Alamos Scientific Laboratory. 


Karl Hilding Beij, acting chief of the Hydraulics section of 
the National Bureau of Standards, retired April 30, 1953, 
after more than 32 years of distinguished service at the Bureau. 


George A. Hornbeck has joined the Combustion Section of J 
the Missile Development Division at the National Bureau of 
Standards where he will engage in research on molecular 
spectroscopy. 


Dr. Abraham S. Friedman has joined the Thermodynamics 
Section of the National Bureau of Standards, where he is 
heading a group of scientists investigating the properties of 
various deuterium compounds. 


Shirley A. Johnson Jr., (CQ) one of the region and nation’s 
foremost young research administrators, has been named 
permanent director of the Denver Research Institute of 
the University of Denver. 


Dr. James J. Brophy has been promoted to supervisor of the 
physics of solids section at Armour Research Foundation of 
Illinois Institute of Technology. 


Dr. Elmer H. Schulz to director of research and Dr. Mau- 
rice J. Day to assistant director for program development at 
Armour Research Foundation of Illinois Institute of Tech- 
nology. 





